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Preface 


Complex analytic geometry is a subject that could be termed, in short, as 
the study of the sets of common zeros of complex analytic functions. It 
has a long history — it started with the discovery of complex numbers in 
the 16th century and then bloomed as the theory of analytic functions 
of one complex variable, including the Cauchy integral formula, in the 
19th century. While the foundation for the case of several variables was 
laid by H. Cartan, K. Oka et al., the transcendental method was brought 
in algebraic geometry by G. de Rham, W.V.D. Hodge and K. Kodaira 
and the modern form of the subject was established in the mid-20th. At 
about the same time it was enriched by the works of M.F. Atiyah, R. Bott, 
S.-S. Chern, H. Grauert, P. Griffiths, A. Grothendieck, H. Hironaka, 
F. Hirzebruch, B. Malgrange, J.W. Milnor, L. Schwartz, J.-P. Serre, 
I.M. Singer, R. Thom, H. Whitney et al. in various related areas. This 
trend has been kept growing to the present time and will go on, involv- 
ing many new ideas and themes. As such, the subject is closely related 
to many other fields of mathematics and other sciences, where numerous 
applications have been and will be found. 

The subjects taken up in this book are rather classical, however we 
look at them from the localization viewpoint. This means that we are con- 
cerned with, among others, local invariants that arise naturally in complex 
analytic geometry and their relation with global invariants of the man- 
ifold or variety, the Poincaré-Hopf index theorem being a prototype of 
this. The idea is to look at them as residues associated with the local- 
ization of some characteristic classes. Two approaches are taken for this — 
topological and differential geometric — and the combination of the two 
brings out further fruitful results. For this, on the one hand we give detailed 
description of the Alexander duality in combinatorial topology. On the 
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other hand we give thorough presentation of the Cech-de Rham cohomol- 
ogy and integration theory on it. This viewpoint provides us with a way 


for clearer and more precise presentations of the central concepts as well 
as fundamental and important results that have been treated only globally 
so far. It also brings new perspectives into the subject and leads to further 
results and applications. 


Here are some key features of the book: 


1. Detailed description of the dualities and the intersection 


product in combinatorial topology 

The Poincaré, Alexander and Lefschetz dualities on C® manifolds are 
proved using tiangulations and the dual cellular decompositions. The 
Thom isomorphism and the Thom class are treated in this context. 
The intersection product is also defined combinatorially (cf. Chapter 4). 
These are extended to the case of singular varieties as well (cf. Chap- 
ters 13 and 14). 


. Effective use of Cech-de Rham cohomology 

This cohomology naturally combines the de Rham cohomology and 
the Cech cohomology of locally constant functions. In the global situa- 
tion, it gives a canonical correspondence between the two cohomologies, 
which leads to the canonical de Rham theorem. The relative version 
is conveniently used to describe the Alexander duality, the Thom class 
and various localizations in terms of differential forms (cf. Chapter 7). 
We may also consider Cech-Dolbeault cohomology in a similar manner. 
In the global situation, this leads to the canonical Dolbeault theorem 
(cf. Section 11.4). Although it is not treated here, the relative ver- 
sion has many applications including the localization theory for Atiyah 
classes and explicit representation of Sato hyperfunctions and related 
operations. 


. Topological and differential geometric definitions of 

characteristic classes 

The Chern classes of a complex vector bundle and the Euler class of 
an oriented real vector bundle are defined topologically, via obsrtuc- 
tion theory. For general Chern polynomials the corresponding classes 
of a complex vector bundle are defined differential geometrically, via 
the Chern-Weil thoery. Modifying this theory, the classes are naturally 
defined in the Cech-de Rham cohomology using difference forms for 
several connections. The relative (localized) version is also discussed in 
each framework (cf. Chapters 5 and 8). A direct proof is given, includ- 
ing the relative case, of the fact that the differential geometric Chern 
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class is the image of the topological one by the canonical morphism 
from the cohomology with integral coefficient to that with complex 
coefficient (cf. Section 10.5). 


4. Combination of algebra, geometry and analysis 
The theory of analytic functions of one variable is a model of mathe- 
matical theory, where algebra, geometry and analysis are organically 
combined. We attempted to do similar things in the higher-dimensional 
case, see in particular Chapters 12 and 13. 


The book starts off with basic materials on analytic functions of one or 
several complex variables in Chapter 1. These functions are also referred 
to as holomorphic functions and are the ones we are mainly concerned 
with. We introduce the notion of the germ of a holomorphic function 
and study the structure of the ring of germs of holomorphic functions. 
The Weierstrass preparation theorem allows us to treat the ring almost 
as a polynomial ring. It continues by introducing, in Chapter 2, com- 
plex manifolds and analytic varieties, the spaces we work on. We study 
the relation between germs of varieties and ideals in the ring of germs of 
holomorphic functions. Particularly noteworthy is the Nullstellensatz (zero 
locus theorem), which we prove in the case of principal ideals. As for 
the general case, we quote some structual results and give a proof based 
on these. We also discuss dimensions of varieties. This chapter includes 
some remarks on the underlying real structures as well, because of their 
importance. 

In Chapter 3, fiber bundles, in particular vector bundles, are discussed. 
The homotopical structure of Stiefel manifold is studied for the obstruction 
theoretical definition of characteristic classes of vector bundles. The cellular 
structure of Grassmann manifold, which carries a unversal vector bundle, is 
analyzed. Some notions concerning differentiable structures are also made 
precise. 

We deal with, in Chapter 4, the topics mentioned in the item 1 above, 
i.e., the Poincaré, Alexander and Lefschetz dualities, the Thom isomor- 
phism and the intersection product in combinatorial topology. In Chap- 
ter 5, we define characteristic classes of vector bundles topologically via the 
obstruction theory. Their localizations by frames and the associated topo- 
logical residues are also introduced. In Chapter 6, we review differential 
forms and their integrations. Such topics as integration along fibers and 
non-singular foliations are also presented. 

In Chapter 7, we discuss the Cech-de Rham cohomology in detail (cf. the 
item 2 above). After the de Rham and Cech cohomologies are reviewed, 
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they are combined to form the Cech-de Rham cohomology. The de Rham 
cocycles and the Cech cocycles of locally constant functions are naturally 
thought of as being Cech-de Rham cocycles and this leads to the canonical 
isomorphism between the de Rham cohomology and the Cech cohomology 
of locally constant functions. We then present the integration theory on 
Cech-de Rham cohomology introducing the notion of a system of honey- 
comb cells. Combining with combinatorial topology, we establish various 
canonical isomorphisms (Theorem 7.4). The canonical de Rham theorem 
immediately follows from this. We discuss the relative Cech-de Rham co- 
homology and prove the relative Cech-de Rham theorem (Corollary 7.8). 
It is expressed explicitly in terms of integration on topological chains and 
provides a bridge between topological localizations and differential geo- 
metric localizations. It also allows us to describe the dualities in terms 
of differential forms. The Thom class is expressed explicitly in the relative 
Cech-de Rham cohomology. As an application, we prove the Lefschetz fixed 
point formula in this context. 

In Chapter 8, characteristic classes of vector bundles are defined differ- 
ential geometrically via the Chern-Weil theory. The Bott difference forms 
are then conveniently used to modify the theory to have the classes in 
Cech-de Rham cohomology. This way of representing characteristic classes 
is particularly effective in dealing with the localization problem (cf. item 3 
above). In Chapter 9, we discuss some topics related to vector bundles with 
metrics. Among them are harmonic forms (real and complex), Dolbeault 
cohomology, Kodaira-Serre duality, Hodge structures, Kahler manifolds, 
Atiyah classes of holomorphic vector bundles and Bott-Chern classes of 
Hermitian vector bundles. 

We explain the fundamental idea of localizing characteristic classes 
in Chapter 10. We then present the residue theorem and give explicit 
expressions of the residues. Various types of localizations are exhibited. In 
particular, the differential geometric localizations of Chern classes of vector 
bundles by frames is discussed in detail. In Chapter 11, we present various 
tools and notions that are common in complex analytic geometry and are 
used in later chapters. In particular, we discuss complex analytic spaces, 
generalizations of varieties, in some detail. 

In Chapter 12, we study the residues associated with localizations of 
Chern classes by families of sections of holomorphic vector bundles on com- 
plex manifolds. The residue is expressed explicitly (Theorem 12.2) in the 


case the singular set has an expected dimension, called the “proper case” . 
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It shows that, in order to find the residue in the proper case, it suffices to 
know the residue at an isolated singularity. We give topological, analytic 
and algebraic expresions of the residue at an isolated singularity. The local- 
ized duality (Theorem 12.8) between the Chern class localized by a family 
of sections of a holomorphic vector bundle and the class of the complex 
space defined by the family of sections also follows from Theorem 12.2. It 
is effectively used in the localized intersection theory later in Chapter 14. 
In Chapter 13, we attempt to do similar things for residues of vector bun- 
dles on singular varieties. We discuss Poincaré, Alexander, Lefschetz and 
Thom morphisms for singular varieties in combinatorial topology. We then 
present de Rham and Cech-de Rham theories for singular varieties and 
express the above morphisms in terms of integration of differential forms. 
We discuss Chern classes and their localizations both from topological and 
differential geometric viewpoints and show that they are essentially the 
same. We express the residue explicitly (Theorem 13.9), as in the case of 
manifolds. It again shows that, in order to find the residue in the proper 
case, it suffices to know the residue at an isolated singularity. We give 
topological, analytic and algebraic expresions of the residue at an isolated 
singularity. We also give examples and discuss related topics. The localized 
duality (Theorem 13.18) between the Chern class localized by a section of 
a holomorphic vector bundle and the class of the complex space defined by 
the section also follows from Theorem 13.9. 

We discuss, in Chapter 14, intersection products of the homology classes 
of complex subspaces in a complex manifold or in a singular variety. They 
are treated from the residue theoretical viewpoint and the intersection prod- 
ucts are localized at the set of intersection. In the case of manifolds, the 
intersection product in general is defined combinatorially in Chapter 4, as 
mentioned above. It is an operation dual to the cup product in cohomology. 
In general, expected formulas do not hold for the intersection product of 
the classes of subspaces. The intersection products we consider involve, in 
some form or another, spaces defined by a family of sections of a vector 
bundle so that localizations of Chern classes and the associated residues 
are involved. For the residues, expected formulas always hold, thus in the 
proper case, for subspaces defined by a family of sections, they also hold. 
As to the intersection product in sigular varieties, we do not have general 
combinatorial ways of defining it. Thus we consider intersection products 
of homology classes that come naturally as the images of the Poincaré or 
Alexander morphism and use the cup product in cohomology. For this, as in 
the case of manifolds, we consider intersection product involving subspaces 
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defined by a family of sections and develop the theory in parallel with that 
case. We then specialize the above considerations to the case of intersection 
products in singular surfaces. Finally we study the case where a variety and 
a complex space defined by a section intersect in a dimension greater than 
expected. 

In Chapter 15, we discuss the Riemann-Roch theorem in the form 
A. Grothendieck formulated (cf. Theorem 15.11). It consists of the 
embedding part and the projection part. We examine the former in detail, 
as an application of our localization process by the exactness of vector bun- 
dle sequences, and prove a prototype of the localized Riemann-Roch theo- 
rem for embeddings on the level of Cech-de Rham cocycles (Corollary 15.1). 
It immediately yields a theorem in the universal situation (Theorem 15.4). 
We then present three variations of the localized Riemann-Roch theorem 
for embeddings (Theorems 15.5-15.7). For the projection part, we outline 
the proof quoting relevant materials. The Grothendieck-Riemann-Roch 
theorem contains the Hirzebruch-Riemann-Roch theorem as a special case. 
The latter is also generalized as the Atiyah-Singer index theorem, which we 
briefly recall in Notes at the end of the chapter. 

The book is supplemented with two appendixes, one on commutative 
algebra and the other on algebraic topology. 

Exercises provided in the text are meant to help better understand the 
materials and should mostly be done rather straightforward. 

Here is a word about the use of terminologies “natural” and “canon- 
ical”. A canonical morphism is the one that is induced from a natural 
idetification or correspondence of the objects. What is natural is somewhat 
a subjective matter. For example, we could embed the ring of integers Z 
into the complex numbers C by assigning to 1 in Z any non-zero complex 
number. In this case, we think the assignment 1 +> 1 is natural and the 
morphism H,(X;Z) — H,(X;C) induced on the homology of a space X 
by this identification is canonical. As a typical example appearing in the 
text, Cech-de Rham cochains naturally combine de Rham cochains (differ- 
ential forms) and Cech cochains of locally constant functions, as mentioned 
above, and the isomorphism between the de Rham cohomology and the 
Cech cohomology given via the Cech-de Rham cohomology is canonical. 

Some symbols are used to denote different objects. For example, the 
letter m is used for the order of a convergent power series, the dimension of 
a C®™ manifold and so forth, the letter D for a number of purposes and the 
notation (fi,..., f;-) for the map with component functions f;, i =1,...,7, 
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as well as the ideal generated by the germs of the f;’s. Hopefully it will be 
clear from the context what it means and there will be no confusion. 


Besides calculus and linear algebra, basics of the following are desirable 
prerequisites: 


(1) Analytic functions of one complex variable (reviewed in the text as 
needed). 

(2) Commutative algebra (reviewed in Appendix A). 

(3) General topology. 

(4) Algebraic topology (reviewed in Appendix B). 

(5) Differentiable manifolds (reviewed in the text as needed). 


There are numerous literatures on these subjects and the citations made 
in Notes at the end of each chapter should be supplemented with “for 
example” . 
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Chapter 1 


Analytic Functions of 
Several Complex Variables 


An analytic function is a function that can locally be expressed as a con- 
vergent power series. In the case of one complex variable, it is equivalent 
to saying that the function is holomorphic, meaning that it is differential- 
ble with respect to the complex variable. As a function of the real and 
imaginary parts of the variable, it can also be rephrased by saying that the 
function is continuously differentaible and satisfies the Cauchy-Riemann 
equations (cf. Theorem 1.1 below). 

We start by discussing convergence of multiseries, which is necessary for 
the case of several variables. We then review basics on analytic functions 
of one complex variable, notably the Cauchy integral formula, which has 
a significant influence throughout the book. The case of several variables 
follows with relation to the one variable case. The terms “analytic” and 
“holomorphic” will be treated as synonyms hereafter. Regular and singular 
points of a holomorphic map are defined and the behavior of a holomorphic 
map near a regular point is clarified (Theorems 1.4, 1.5 and 1.6). 

The notion of the germ of a holomorphic function is introduced and 
the algebraic structure of the ring of germs of holomorphic functions is dis- 
cussed. The Weierstrass preparation theorem (Theorems 1.10) allows us to 
treat convergent power series as polynomials to some extent. These are used 
to analyze the local structure of the set of common zeros of holomorphic 
functions, i.e., analytic varieties, in the next chapter. 

In the following, we denote by C the field of complex numbers and 
C” the product of n copies of C. An element z in C” is expressed as 
z = (%,..-,2n) with each z;, 7 = 1,...,n, in C and the set C” has a 
natural complex vector space structure of dimension n. The norm of z is 
defined by 


llzll = Vial? +--+ + lenl?, 
which makes C” a topological vector space. 
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Recall that, starting from the field R of real numbers, we may form 
a real vector space R™ of dimension m with the Euclidean norm. For a 
point z = (z1,...,2,) in C”, we write z; = x; + /—1y; with x; and y; the 
real and imaginary parts of z;. Identifying z with (#1, y1,..-,2n,Yn), We 
may identify C” with R?” and by this identification, the above norm in C” 
coincides with the Euclidean norm in R?”. 


1.1 Multiseries 


Let No denote the set of non-negative integers. Suppose a complex number 
c, is assigned to each v = (1,...,Y,) in Nj. We call the formal infinite 
sum 


s Cy = s Cy, ...Un, 
Vy Vis e03UR=O 
a multiseries, or a series for short. 


Definition 1.1. A series }>c, converges to a complex number C if, for 
every positive number ¢, there exists N in No with the following property: 


Ni Nn 
for every (Nj,...,Nn) in NG with N; > N, ps vee S- a —C| <E. 
14=0 Un =0 
If this is the case, we write C = )>c, and call it the sum of the series. 
We say that S>c, is convergent if it converges to some complex number. 
Note that if a series )* c, is convergent, its sum is uniquely determined. 
We also say that °c, is absolutely convergent if the series S> |c,| is 
convergent. From the definition we have: 


Proposition 1.1. A series }>c, is absolutely convergent if and only if 


the set 
1s [eal 


ver’ 


rcNs, finite} 


is bounded. In this case the sum )>|c,| is the supremum of this set. 


In general, for a convergent series )* c, and a finite set I’ in Nj, we set 


~ ~ ~ 
> t= , Cy — > Cys 
Vv 


v¢él ver 
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Thus if a series > c, is absolutely convergent, for every positive number e, 
there exists a finite set I such that )7,gp || < €. 

In the case n = 1, i.e., the case of simple series, if a series }>c, is 
convergent, the set {c,} is bounded. Also in this case, if it is absolutely 
convergent, it is convergent by the Cauchy criterion. In the case n > 1, we 
may not have the boundedness of {c,}, even if }> c, is convergent. However 
we have: 


Proposition 1.2. If a series )~ c, is absolutely convergent, it is convergent. 
Moreover the sum C = )\c, does not depend on the order of summation, 
i.€., for every byection p : No + NG, the simple series ae 0 Cy(p) converges 
to C. 


Proof. Take a bijection y : No — Nj. By Proposition 1.1, the simple 
series ya Cy(pn) is absolutely covergent, and thus convergent. We denote 
its sum by C,, and show that 5>c, converges to Cy so that C, = C and 
it does not depend on wy. For this, let ¢ be an arbitrary positive number. 
Then there exists No in No such that 


No co 

om Ei 
> eae) -C,| 5 and y 7, eegsl"s 3 
p=0 w=Not+l 


Set Ip = y({0,...,.No}) and choose N in No so that Io Cc [0,.N]”. For 
(Ni,...,Nn) with N; > N, we set ly = {v|0<v; < N;}. Then we have 


> a — Cp] <| 0 wv - Co] + Ss lep| <€. 


vel, velo vel, Io 


Example 1.1. Let z = (z1,...,2,) be a point in C” with 0 ¥ |z;| < 1. 
For each v in Nj, we set 2” = z{*---+ 2’. By Propositions 1.1 and 1.2, the 
series }>,, 2” is convergent and 


eee ul 1 
du? oe ae 


Vv 


By the convention 0° = 1, the above holds for every z with |z;| < 1. 


Next we consider series whose terms are functions. Thus let R be a 
subset in C”. Suppose we have, for each v, a complex valued function f, 
defined on R. We denote by || f,||z the supremum of | f,,(z)| on R. 


Definition 1.2. A series > f, is normally convergent on R if the series 
Y° || fv lle is convergent. 
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Note that if a series )> f, converges normally on R, the series > f,,(z) 
converges absolutely for each z in R and it defines a function F on R: 


FaA= > fe: 


Proposition 1.3. If a series )~ f, converges normally on R, it converges 
uniformly on R, t.e., we may take N in Definition 1.1 independently of z 
in R, with cy and C replaced by f.(z) and F(z), respectively. 


Proof. Given a positive number «. Take é’ so that 0 < «’ < e. By the 
normal convergence of >> f,, there exists a finite set Ip in NG such that 
ver Iflla < ¢’. Take N in No so that Ip C [0,N]”. For (Ni,..-,Nn) 
with N; > N, we set ly = {v |0< 1; < N;}. Then for an arbitrary finite 
set I’ in NG’, we have 


+ Les Y Mlle<e. 
verNIy, verNIy 


Hence we have 


<el<e. 


Jd £@)- FR =| 4 


vel, vély 


From the above we see that, for instance, if f, is continuous for each v, 
the sum F = 5° f, is also continuous. 

Series we are particularly interested in here are “power series”. In the 
following, for z = (z1,...,2n) in C” and v = (4,...,v,) in NG, we set 


Vv 
esate eer, lp) =p t---+y, and vi=™!---y!. 


Also, for a point a = (a1,...,@,) in C” and an n-tuple p = (p1,..., Pn) of 
positive real numbers, we set 


A(a,p) ={z€ C” | 2 — ai] < pi} 


and call it the polydisk with center a and polyradius p. We may express it 
as a product of one-dimensional disks: 


A(a, p) = A(ai, pi) x +++ x Alan, pn). 
For a fixed a, they form a fundamental system of neighborhoods of a. 


Definition 1.3. A power series with center a is a series )> f, such that 
each f, is of the form 


f(z) =ca,(z— a)”, CreC: 
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In the above, we adopt the convention as in Example 1.1. For power 
series, we have the following fundamental lemma: 


Lemma 1.1. If a series }>c,(z — a)” converges absolutely at z = w, 


the series is normally convergent on the closure A(a,p) of every polydisk 
A(a, p) with pi < |w; — a;|. 


Proof. Without loss of generality we may assume that a = (0,...,0), 
the origin in C”. For p as above, we may find an n-tuple t = (t1,...,tn) of 
real numbers with 0 < t; < 1 and p; < t,|w;|. Since the series S* |c,w”| is 
convergent, there is a constant K such that |c,pw”| < K for all v. If z isa 
point in A(0, p), 


|cv2"| < |ev|p” < Kt” 


and the lemma follows from Example 1.1. 


Remark 1.1. As is seen in the proof, the same result holds under the 
assumption that {|c,w”|} is bounded. Thus if n = 1, only the convergence 
of the series }> c,(z — a)” at z = w is sufficient to have the same result. 


1.2 Analytic functions of one complex variable 


We recall some basics on analytic functions of one complex variable. Let 
U be an open set in the complex plane C and f a complex valued function 
on U. 


Definition 1.4. We say that f is analytic at a point a in U if there is a 
power series }7..) c.(z — a)” which converges at each point z in a neigh- 
borhood of a and satisfies 
f(z) = lez -a)” 
v>0 
in a neighborhood of a. We say that f is analytic in U if it is analytic at 
every point in U. 


In general, let r be a non-negative integer. Recall that a function of 
real variables is of class C’, C” for short, if its partial derivatives exist up 
to order r and are continuous. By convention, C° means continuous. If all 
the partial derivatives exist, we say it is C™. 

If we write z = x + /—1y with x and y the real and imaginary parts, 
we may think of f as above as a function of (#,y). If f is analytic in U, it 
is C® in U. 
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Definition 1.5. We say that f is holomorphic at a point a in U if the limit 
h) — 
im Jet) — f(@) 
h-0 h 
exists. We say that f is holomorphic in U if it is holomorphic at every 
point in U. 


The above limit, if it exists, is denoted by at (q) and is called the deriva- 
tive of f at a. If f is holomorphic in U, we may think of af as a function 
on U. 

If f is analytic in U, it is holomorphic in U and the derivative is also 
analytic in U. 


Cauchy integral formula: Let f be a holomorphic function on a neigh- 
borhood of the closure of a disk A in C and y = OA the boundary of A 
oriented counterclockwise. Then for z in A, 


Syl f(Qd¢ 
faa mae a (1.1) 


Remark 1.2. The above formula holds more generally if we replace A with 
a relatively compact open set U in C such that U is a real two-dimensional 
submanifold of C with piecewise C® boundary QU. In this case y = OU 
consists of a finite number of piecewise C® simple closed curves oriented 
as the boundary of U (cf. Section 3.7 below). 

This will be generalized later to the case f is C*° (Theorem 11.8 below). 


For a function f on an open set U in C, we write f =u+  /—1lv with 
u and v the real and imaginary parts. 


Theorem 1.1. The following are equivalent: 


(1) f ts analytic in U. 

(2) f is holomorphic in U. 

(3) f is C! in (x,y) and satisfies the “Cauchy-Riemann equations” in U: 
Ou Ov Ou Ov 


Ox Oy’ Oy Ox’ 
Note that, if we introduce the operators 
0 1/0 0 6) 1/0 6) 
az Be eo Bays OP Bg 3\Ge * > By 
we may express the Cauchy-Riemann equations as 


Of 
ae 
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If this is the case, we have at a et 
In the following, we use the words “analytic” and “holomorphic” inter- 
changeably. Here are some basic facts that we need. We denote by D a 


connected open set in C. 


Uniqueness of analytic continuation: Let f and g be holomorphic 
functions on D. If f = g on a neighborhood of a point in D, f = g on D. 


Open mapping theorem: Let f be a non-constant holomorphic func- 
tion on D. Then f is open as a map D > C. 


Maximum principle: Let f be a holomorphic function on D. If there 
is a point z in D such that |f(zo)| > |f(<)| for all z in a neighborhood of 
zo, then f is constant on D. This may be thought of as a special case of 
the open mapping theorem. 


We finish this section by reviewing the following: 


Meromorphic functions 


Let f and g be holomorphic functions in a neighborhood of a point a in C. 
Suppose g has no zeros away from a, then f/g is defined and holomorphic 
away from a. We examin the behavior of f/g near a. If f is not identically 
equal to zero in a neighborhood of a, we may write 


f(z) =(e-a)'fi(z), gz) = (2 - a) ga(z) 


with & and k’ non-negative integers and f; and g,; holomorphic functions 
without zeros in a neighborhood of a. There are two cases: 


(1) & > k’. In this case, we have 
F(z) =(z- aye filz) 
g(2) gi (2) 
so that f/g extends to a holomorphic function in a neighborhood of a. 
If k > k’, the function has a zero at a. We call m = k — k’ the order of 
the zero. 
(2) k <k’. In this case, we have 
f2)_ 1 Ale) 
g(z) (2 a)R* gi(z) 
We say that f/g has a pole at a and call m = k’ — k the order of the 
pole. 
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Definition 1.6. A meromorphic function y on an open set U in C is a 
holomorphic function on the complement of a (possibly empty) set S of 
isolated points in U such that y has a pole at each point of S. 


Note that in a neighborhood of each point of U, y may be written 
y = f/g, where f and g are holomorphic and g is not identically equal to 
zero. 


Remark 1.3. 1. In fact, every meromophic function y on an open set U 
in C may be written y = f/g, where f and g are holomorphic functions on 
U and g is not identically equal to zero in any connected component of U. 
This is a property particular to open sets in C. 


2. If we denote by Oy the set of holomorphic functions on an open set U 
in C, then the usual addition and multiplication of functions give Oy the 
structure of a ring (in fact a C-algebra). In particular, if U = D is a non- 
empty connected open set, then Op is an integral domain (cf. Section A.2), 
by the uniqueness of analytic continuation. Moreover, by 1 above, the set 
Mp of meromorphic functions on D may be thought of as the fraction field 
of Op. 


1.3. Analytic functions of several complex variables 


Let f a complex valued function on an open set U in C”. 


Definition 1.7. We say that f is analytic at a point a in U if there is a 
power series 


Deeley = SP ey (1 — 1) (Zn = On)” 
V1,.--,Un>0 


which converges absolutely at each point z in a neighborhood of a and 
satisfies 


F(z) = Do ale - a)” 


in a neighborhood of a. We say that f is analytic in U if it is analytic at 
every point in U. 


Note that, in the case n = 1, Definitions 1.4 and 1.7 are equivalent 
(cf. Remark 1.1). 

If f is analytic in U, it is continuous in U by Lemma 1.1 and it is 
analytic in each variable z; separately, since in a neighborhood each point 
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a in U we may rearrange the power series as a convergent power series in 
2; — a; by Proposition 1.2. In fact we have: 


Theorem 1.2. For a complex valued function f defined on an open set U 
in C”, the following conditions are equivalent: 


(1) f és analytic in U. 
(2) f is continuous and is analytic in each variable z; inU,i=1,...,n. 


Proof. It remains to show that (2) implies (1). Let a be a point in U 
and choose p so that A(a, p) is contained in U. For each i we denote by 7; 
the boundary of A(a;,p;) oriented counterclockwise. By a repeated use of 
the Cauchy integral formula (1.1), for z in A(a, p), 


_ 1 f (G1, 22,--+5 Zn) 
QrV/=1 Ja, Cn i 


f(z) dq, 


af NO oa. Gas) 
-(=5) es / Gn — 2n a 


n 


ce ee eee 


where the last multi-integral is to be performed on y = 71 X ++: X Yn. Note 
that we used the continuity of f in the last equality. 
On the other hand, noting that 


aves. : and a <1 
er. ey 9 
G-—% G—-a1l—-B& i 
we have a power series expansion 
co Vy Un 
1 1 (z1 — a1) (Zn — An) 


G1 — 241 Cn — 2n veeee (Cy -— a, yt! (a= an) tt’ 


which converges normally with respect to ¢ on y. Hence we may inte- 
grate term by term and we have a power series expansion, which converges 
absolutely at z: 


f(2) = Sez a)" 


a= { 1 yf | Flies dG 8G, 
Vv reat ae 6 (Gait h(a yet 


with 
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It is known that we may remove the continuity condition in (2) above 
(Hartogs’ theorem). 

In general, let f be a complex valued function defined on an open set 
U in C”. Writing z; = 2; + /—ly;, we may think of f as a function of 
the real variables (21, 41,.--,;2%n;Yn). We recall that (cf. Theorem 1.1) a 
C* function f is analytic in the variable z; if and only if it satisfies the 
Cauchy-Riemann equation 


Of _ 
Oz; 


0. (1.2) 


If f is analytic in U, by Lemma 1.1, it is C' in U, in fact it is C™, since 
we may differentiate it term by term when expressed as a power series and 
the resulting series also converges normally in the same domain. Thus from 
Theorem 1.2, we have: 


Theorem 1.3. For a function f defined on U, the following are equivalent: 


(1) f is analytic in U. 
(2) f is C! and satisfies (1.2) in U, fori =1,...,n. 


In the following, we call an analytic function also a holomorphic function 
and use the words “analytic” and “holomorphic” interchangeably as in the 
case of one variable. 

Note that, for a holomorphic function f, the “partial derivative” Of /0z; 
coincides with the derivative of f considered as a holomorphic function of 
the single variable z; and, for every v, the (higher) partial derivative 


Ov f clari 


Oz” Oz{* +++ Oz” 


exists and is holomorphic in U. If f(z) = }>c,(z — a)” is a power series 
expansion of f, then each coefficient c, is given by 
=. Hoke 
Cy ape (a). 


This series is called the Taylor series of f at a. 


Definition 1.8. 1. Let U be an open set in C” and f : U > C” amap. We 
say that f is holomorphic if, writing f componentwise as f = (fi,..., fr), 
each f; is holomorphic. 

2. Let U and U’ be two open sets in C” and f : U + U' amap. We say that 
f is biholomorphic if f is bijective and if both f and f~! are holomorphic. 
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Proposition 1.4. Let U and U’ be open sets in C” and C", respectively, 
and let f :U + U' and g:U’—C be maps. If both f and g are holomor- 
phic, the composition go f is also holomorphic. 


Proof. First we note that go f is C!. If we denote coordinates of C” by 


(z1,---,2n) and those of C” by (wi,...,w,), using the chain rule we have 
Ogof gets “. Og Of; 
Oz; ae 1 Bu; F 5s, (2) 4 yy OW; (F(2)) 02; (2) 


Then we have the proposition as each term in the right-hand side is zero 


by the Cauchy-Riemann equations. 


For a holomorphic map f from an open set U in C” to C", we write 


f =(fi,.-.,f,) and set 


dh ah 
O( fis. fr) _ i. as 
O21, <5 Rn) of , of 

Oz, ~~ On, 


We call it the Jacobian matrix of f with respect to z. The rank of f at a 
point a in U is the rank of the Jacobian matrix at a. 


Definition 1.9. We say that a point a in U is a regular point of f if the 
rank of f at a is maximal possible, i.e., min(n, 1). Otherwise we say that a 
is a singular point , or a critical point, of f. 


Note that, if a is a regular point of f, there is a neighborhood U, of a 
in U such that every point in U, is a regular point of f. 

In the case n = r, the determinant of the Jacobian matrix is called the 
Jacobian of f. In this case, a is a regular point of f if and only if 


Oy ata) 
det 5 Ce # 0. 


If we denote by u; and vu; the real and the imaginary parts of f;, we have: 


2 
det Otis Vis eis Upis Ua) = |ldet Ol fasatoadti) ; (1.3) 


O21 Yige0 +4 hn Ua) Ol 2ig.085 2a) 


Exercise 1.1. Verify the identity (1.3). 
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The following three theorems describe the nature of a holomorphic map 
near its regular point. Thus we consider maps f from a neighborhood 
of the origin 0 in C” to C”. Without loss of generality, we may assume 
f(0) = 0. We express this situation by writing f : (C”,0) + (C",0). Also 
f : (C",0) > (C”, 0) being biholomorphic means there exist neighborhoods 
U and V of 0 such that f is a biholomorphic map of U onto V. 

First we prove the following using the corresponding theorem in the real 
variable case: 


Theorem 1.4 (Inverse mapping theorem). Let f : (C",0) > (C",0) 
be a holomorphic map. If 0 is a regular point of f, then f ts btholomorphic. 


Proof. By (1.3) and the inverse mapping theorem in the real variable 
case, there exist neighborhoods U and U’ of 0 such that f is a bijective 
map from U onto U’ with C! inverse f~!. A computation similar to the 
one in the proof of Proposition 1.4 shows that f~! is also holomorphic. 


From the above, we have the following. Although the proofs are the 
same as the real case, we give them for the sake of completeness. 


Theorem 1.5 (Implicit mapping theorem). Let f : (C",0) > (C*,0) 
be a holomorphic map. Suppose n > k and 0 is a regular point of f. 
Renumbering the functions and the variables if necessary, we may assume 


det So Bo #0 
Then there exists a holomorphic map y : (C"—*,0) — (C*,0) such that 
F(G1(Ze415---52n)) +++) Pe (Zk415---32n)) Zet15++-32n) =O 
for (Zk41,--+;2n) in a neighborhood of 0. 
Proof. Set 2’ = (21,...,2~) and 2” = (2p41,..-,2n) and define a holo- 


morphic map g : (C”,0) — (C”,0) by g(z) = (f(z), 2”). Then 0 is a 
regular point of g and thus g is biholomorphic by Theorem 1.4. We write 
g-! = (a,b) with a: (C”,0) > (C*,0) and 6: (C",0) = (C"-*, 0). Then 


f(a(z), b(z)) = 2’, b(z) = 2”. (1.4) 


Thus if we set y(z”) = a(0, 2”), y is the desired holomorphic map. 


Remark 1.4. In the above situation, we may solve the equation 


fists Fee ss en) = 0 
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for z1,...,2% as functions y1,...,¢% Of (ze41,---,2n) in a neighborhood of 
0 and the set f~1(0) is the graph of the map y = (%1,..., x). 

The following gives a local normal form of a map near a regular point: 


Theorem 1.6. 1. Let f : (C4,0) + (C",0) be a holomorphic map. Sup- 
posed <n and 0 is a regular point of f. Setting k =n—d and denoting 


by w = (w,...,Wa) coordinates on C4, we may assume that 
O( fr+1; sinks » Fn) 
det —————~ (0) 4 0. 
O(wy,..., Wa) ( ) * 


Then there exists a biholomorphic map h: (C",0) > (C",0) such that 
(ho f)(wi,..., Wa) = (0,...,0,wi,..., wa). 


2. Let f : (C",0) > (C*,0) be a holomorphic map. Suppose n > k and 0 
is a regular point of f. We may assume that 

O(fi,---5 fr) 

——* (0) £0. 

Aes wae) ) - 
Then there exists a biholomorphic map h: (C",0) > (C",0) such that 


(f Of) (Zisess, 2hpesss Say = Bityerag ee): 


Proof. 1. We set z’ = (z,...,2,) and 2” = (2p41,-.--,%n) and identify 
C4 with {0} x C4 c C” by identifying w with (0, 2”), zp4; = w;. Define a 
map g : (C",0) > (C”,0) by g(z) = f(z”)+(2’, 0). Then it is biholomorphic 
and h = g~! is the desired biholomorphic map. 

2. If n = k, f is biholomorphic and thus set h = f~!. If n > k, let 
g : (C",0) > (C”,0) be as in the proof of Theorem 1.5 and set h = g7!. 
Then from (1.4), we see that it is the desired map. 


det 


Remark 1.5. In the case 2 above, we may think of (fi,..., fr, Ze41,---; Zn) 
as a coordinate system on a neighborhood of 0 in C”. 


The following theorems can be proved as in the one variable case or 
reducing to that case. We denote by D a connected open set in C”. 


Theorem 1.7 (Uniqueness of analytic continuation). Let f and g be 
holomorphic functions on D. If f = g on a neighborhood of a point in D 
then f =g on D. 


Theorem 1.8 (Maximum principle). Let f be a holomorphic function 
on D. If there is a point zo in D such that |f(zo)| > |f(z)| for all z in a 
neighborhood of zo, then f is constant on D. 
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1.4 Germs of holomorphic functions 


In this section we discuss basic local properties of holomorphic functions. 

Let H denote the set of pairs (U, f) of a neighborhood U of 0 and a 
holomorphic function f on U. We define a relation ~ in H as follows. For 
two elements (U, f) and (V,g) in H, we say (U,f) ~ (V,g) if there is a 
neighborhood W of 0 such that W C UNV and that the restrictions of f 
and g to W are the same. Then it is easily checked that ~ is an equivalence 
relation in H. The equivalence class of (U, f) is called the germ of f at 0 
and is denoted by f, or simply by f if there is no fear of confusion. 

We let @,, denote the quotient set H/ ~. The set @,, has the structure 
of a commutative ring with respect to the operations induced from the 
addition and multiplication of functions. It has the unity which is the 
equivalence class of the function constantly equal to 1. We call @, the ring 
of germs of holomorphic functions at 0. In fact it contains the field C as 
the germs of constant functions and has a natural C-algebra structure. 


Remark 1.6. In algebraic terms the ring @,, is expressed as follows (cf. Sec- 
tion A.1). We may introduce an order relation in the set of neighborhoods 
of 0 by reverse inclusion, i.e., U < V if V CU. Then it becomes a directed 
set. For a neighborhood U we denote by Oy the ring of holomorphic func- 
tions on U and for V C U let ryy : Oy — Oy be the restriction. Then 
(Ou,rvu) is a direct system (cf. Definition A.8) and we may write 

Cn = lim Ou"; 


U350 


the direct limit on the set of neighborhoods of 0. 


If we denote by C{z,...,2n} the set of power series that converge 
absolutely in some neighborhood of 0, this set also has the structure of a 
ring. Since (U, f) ~ (V,g) if and only if f and g have the same power series 
expansion, we may identify @, with C{z,,..., Zn}. 

We start with some fundamental properties of the ring @,,. For termi- 
nologies and basics of commutative algebra, we refer to Appendix A. In the 
following, we adopt the convention that C° = {0} and @ =C. 


Proposition 1.5. The ring G,, is an integral domain. 


Proof. Suppose fg = 0 for germs f and g in @,. Then there is a 
connected neighborhood U of 0 such that f(z)g(z) = 0 for all z in U. If 
f #0, there is a point z such that f(z) 4 0. By the continuity of f, we 
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may find a neighborhood U, of z such that f(z’) 4 0 for all z’ in U,. Since 
the restriction of g to U, must be identically equal to 0, we get g = 0 by 
Theorem 1.7. 


By the above proposition, we may form the fraction field of @,,, which we 
denote by -4@,,. Each element in .@,, is expressed as f /g and two expressions 
f/g and f'/g’ stand for the same element if and only if fg’ = f’g. We 
call an element of 4%, a germ of a meromorphic function at 0 in C”. 


Proposition 1.6. A germ wu in @,, is a unit if and only if it is the germ 
of a function u with u(0) 4 0. 


Proof. If wu isa holomorphic function in a neighborhood of 0 with u(0) 4 
0, then 1/u is a holomorphic function in a neighborhood of 0. Thus the 
germ of u is a unit in @,. The converse is obvious. 


If we denote by m the set of non-units in @,, it is an ideal in @,. 
Proposition 1.7. The ideal m is the unique maximal ideal in @,,. 


Proof. Let I be an arbitrary ideal in @,. If J contains a unit, then 
I=60@,,. If I does not contain units, then JC m. 


Note that the quotient @,,/m is canonically isomorphic with C. The iso- 
morphism is given by assigning to the class of f the value f(0). Recall that 
a ring with a unique maximal ideal is called a local ring (cf. Section A.2). 

We analyze the structure of the ring @, by induction on n. For this, 
we pay attention to a specific variable, which will be z,. First, for a germ 
f in @,, we write f = Vy|>0 ayz”. 


Definition 1.10. If f 4 0, the order of f is the integer m such that a, = 0 
for all vy with |v| < m and a,, 4 0 for some 1 with |vp| = m. The order of 
the germ 0 is defined to be +o. 


Thus the order of f is a positive integer if and only if it is not 0 or a 
unit. The above notion of order does not depend on the coordinates, while 
the next one does. 


Definition 1.11. The order of f in z, is the order of f(0,...,0,2n) as a 
power series in z,. We say that f is regular in zp, of order m, if the order 
m of f in Zp, is a positive integer. 


Thus f is regular in z, of order m if and only if f(0,...,0,2n) has a 
zero of multiplicity m at zp, = 0. 
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Lemma 1.2. If the order of f ism, then we may find a suitable coordinate 
system (C1,..-,;¢n) of C” such that the order of f in G, is m. 


Proof. As the case f = 0 is obvious, we assume that f 4 0. If we set 
Fim = Vyvjam Wz", then fm # 0. Thus, there is a point c = (ci,...,en) #0 
such that fin(c) # 0. There exists an n x n non-singular matrix C’ whose 
n-th row is c. If we set ¢ = zC~1, f(CC) is of order m in ¢. Since 
fm((0,...,0,1)C) = fm(c) £0, we see that f(¢C) is of order m in Gn. 


Remark 1.7. The above arguments work for a finitely many germs in @,. 
Thus, a finite number of germs in @, whose orders are positive integers 
can be simultaneously made to be regular in some variable, by a suitable 
change of coordinates. 


We show that the ring @, possesses certain properties similar to the 
ones polynomial rings do. Thus we set z’ = (21,...,2n—-1) and let @,_1 
denote the ring of germs of holomorphic functions in z’. We consider the 
ring O,—-1[Zn] of polynomials in z,, with coefficients in G,_1: 


On—1[2n] = {Go + Q12n +++ + ap2z7 |r ENo, ai € Gr-1}, 
which is considered as a subring of @, and contains @,_1 as a subring. 


Definition 1.12. Let m be a positive integer. A Weierstrass polynomial 
in 2, of degree m is a germ h in @,,_1[2n] of the form 


21 
h=a0t+ @GQizn+::>+@m-120 + 2p, 
where @o, @1,...,@m_—1 are non-units in O,_1. 


Thus a Weierstrass polynomial in z,, is a non-unit in both @,_1[z,] and 
O,,. Note that in the above, h(0,...,0,2n) = 2”. Hence hA is regular in 
Zn of order m. In general, for every germ f in O,, we may write in a 
neighborhood of 0 


f(z) =a0 + a12n +337 $Gmz7" +--+: 


with a; holomorphic functions in z’. The germ f is regular in z, of order 
m if and only if ag, a@1,...,@m_—1 are non-units in @,,_; and ay», is a unit in 
O,-1. In this case, a7} (ao +@12n ++: +@mz7”) is a Weierstrass polynomial 
in Z, of degree m. The Weierstrass preparation theorem below shows that 
such a germ f is essentially equal to a Weierstrass polynomial of degree m. 
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We first prove the following: 


Theorem 1.9 (Weierstrass division theorem). Let h be a Weier- 
strass polynomial in zp, of degree m. Then, for every germ f in Oy, there 
exist uniquely determined germs q in G, andr in @,-1[Zn| with degr <m 
such, that 

f=qher. 


Moreover, if f is in @n_1[Zn], so is q. 


Proof. We choose p = (p1,.--,;Pn), pi > 0, small enough so that the 
germs f and h have representatives on an open set containing A(0,p). As 


h is regular in z,, taking a smaller p if necessary, we may assume that 
h(z) £0 for z = (21,..-,2n) with |z1| < p1,..-,|2Zn—1| < Pn—1,;|2n| = Pn- 
We denote by ¥ the path in the z,,- plane that turns counterclockwise along 


the circle |zn| = pn. If we set 
Gag 
ary -1 x h(z',C) C= on 
then g(z) is holomorphic in A(0, p). If we further set r(z) = f(z)—q(z)h(z), 
using the Cauchy integral formula 


oul F259) 


we compute 


r(z) 


1 / The ¢) A(z’, ¢) _ A(z’, Zn) 
G. 


7 2nV/-1 y A(z’, ¢) C — Zn, 
The first function in the integrant does not depend on z,, and the second is a 
polynomial in z,, of degree less than m, since h is a Weierstrass polynomial 
in z, of degree m. Thus we see that r is in @,,_1[Z,] and degr < m. 

To show the uniqueness of gq and r, suppose f = qh +r=qh+r’. 
Choose p as above. Then we have 


riz, Zn) = r(Z' Zn) = (a(z’, Zn) ia eae Zn) )h(z", Zn) 


in A(p,0). For each fixed a’ in A(p’,0), p’ = (p1,---,Pn—1), h(a’, Zn) 
has m zeros in A(p,,0), counting multiplicities. On the other hand, the 
left-hand side above is a polynomial in z,, of degree at most m—1 and thus 
r'(a’, Zn) — r(a’, Zn) = 0 in A(pn,0). Therefore r’ = r and also q’ = q, as 
O,, is an integral domain. 

The last statement is the division algorithm for polynomials. 
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Theorem 1.10 (Weierstrass preparation theorem). Let f be a germ 
in Oy, which is regular in Zp, of orderm. Then there is a unique Weierstrass 
polynomial h in z, of degree m such that f = uh with u a unit in Oy. 


Proof. We introduce new variables w = (w1,..., Wm) and we set Onin = 
C{w, z} and On4n-1 = C{w, 2’}. We set 
p(w, 24) = Wm + Wm1en Ee bw 1 +2 
and think of it as a Weierstrass polynomial in @n4n—-1[Zn] of degree m. 
Since @, is naturally a subring of O,,4n, by the Weierstrass division the- 
orem, there exist unique germs qg in @,,4n and r in @n4n-1[Zn] of degree 
less than m such that 
f=aqp+r. (1.5) 
We write 
r(w, 2’, 2n) = bm(w, 2’) + bm—1(w, 2’ )en + +++ + b1(w, 2’)2m" 
with b1,...,b6m in @nin—1. If we set w = 0 and 2’ = 0 in (1.5), we get 
f(0, Zn) = q(0, 0, 2,2 + by, (0,0) + bm—1(0, 0)%_ + +++ + 5,(0,0)2"-?. 
Since f is of order m in zp, ¢(0,0,0) =c #0 and 
bi (0,0) =--- = bm—1(0,0) = b,,(0, 0) = 0. 

If we differentiate the both sides of (1.5) with respect to w;, noting that 
Op/Ow; = z"-4J, we get 
Obm | Obm—1 F Ob; m=1, 


meee vA 


Ow; Ow; 
Setting w =0 and z’ = 0 again, we see that 


Ob; w= {> for i= J, 


Ow; 0 for i> j. 
Thus 
deg 2s Ori) (0,0) = (-c)™ £0 
(wi, oe Wm) 


and by Theorem 1.5, there is a holomorphic map y : (C”~!,0) > (C™,0) 
such that 
bi (y(z'), 2’) =: =b 
If we substitute w = y(z’) in (1.5), we get 
F(Z, an) = a(e(2’), 2, 2n)(P(2"), Zn). 

If we set u(z’, 2n) = e(y(2’), 2’, 2n) and h(z’, zn) = p(y(2’), zn), then f = 
uh with u a unit in @,, and h a Weierstrass polynomial in z,, of degree m. 
The uniqueness of such u and h is not difficult to see. 
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Remark 1.8. By the above theorem and Remark 1.7, for a finite number 
of germs, each of which is not 0 or a unit in @,,, we may find a coordinate 
system (21,...,2n) such that each germ is expressed as the product of a 
unit and a Weierstrass polynomial in z,,. 


Next we discuss some important properties of the ring @, which follow 
from the above theorems. First we observe that: 


Lemma 1.3. Leth be a Weierstrass polynomial in @,-1[2n]. Then h is 
irreducible in Gy -1[2n] if and only if it is irreducible in G,. If it is not 
irreducible, all of its factors are Weierstrass polynomials in G,—1[Zn]. 


Proof. Suppose h is not irreducible in @,. Then we may write h = fi fo 
with f;, 7 = 1,2, non-units in @,. Since h is regular in z,, both f; and fz 
are regular in z, and by the preparation theorem, we may write f; = u;hi, 
i = 1,2, with u; units in @, and h; Weierstrass polynomials in @,,-1[Zn]. 
By the uniqueness, we have h = hyhg, and thus h is not irreducible in 
Cn 1 [Zn] 5 

Conversely suppose A is not irreducible in @,_1[z,]. Then h = gigo 
with g;, i = 1,2, non-units in @,_1[z,]. If one of gi or go, say gi, were a 
unit in @,,, we would have ug; = 1 for some u in @, and gz = uh. From 
the last part of the division theorem, we would then see that u € Gn_1[Zn], 
which contradicts the fact that g; is a non-unit in @,_1[z,]. Thus g; and 
gz are non-units in @,, and h is not irreducible in @,,. 


Theorem 1.11. The ring Gp, is a unique factorization domain. 


Proof. We proceed by induction on n. First, we have G9 = C, which 
is a unique factorization domain, a UFD for short. We assume that 0,1 
is a UFD. Take a germ f in @, which is not 0 or a unit. By changing 
the coordinate system on C” if necessary, we may assume that f is regular 
in z,. By the Weierstrass preparation theorem, there is a unit u in Oy 
such that wf is a Weierstrass polynomial in @,,-1[Z,], which is a UFD by 
the induction hypothesis and Gauss’ lemma (Theorem A.15). Since uf is 
not 0 or a unit, it can be expressed as a product of irreducible elements in 
On-1[2n]. Then the theorem follows from Lemma 1.3. 


Since a unit in @, has m-th roots for every positive integer m, 
every germ f, which is not 0 or a unit, has the irreducible decomposition 
(cf. (A.11)) of the form 


is Nan ae 
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Recall that, in a UFD, an element is irreducible if and only if it is prime. 
Theorem 1.12. The ring G,, is Noetherian. 


Proof. We proceed by induction on n. We have @ = C, which is Noethe- 
rian. We assume that @,_; is Noetherian. 

Take an arbitrary ideal J in @,,. If I = 0, we have nothing to prove. If 
I #0, we choose a non-zero element h in J. By the Weierstrass preparation 
theorem, we may assume that h is a Weierstrass polynomial. Thus A is in 
INGn-1[Zn]. Since ING@,-1[2Zn] is an ideal in @,,-1[Z,], which is Noetherian 
by the induction hypothesis and the Hilbert basis theorem (Theorem A.17), 
it has a finite number of generators gi,...,g,;. We show that they also 
generate the ideal I over @,,. Take an element f in J. Changing the 
coordinate system of C” if necessary, we may assume that f is regular in 
Zn. Then by the Weierstrass division theorem, we may write f = qh+r 
for some q in @,, and r in @,,_,[z,]. Since the germs f and h are in J, 
sois r. Thus r is in 1M @,_-1[2n]. Since h and r can be written as linear 
combinations of gi,...,g, over @n-1[2n], the germ f is a linear combination 


of gi,.--,Gr over On. 


We give another application of Theorem 1.10. For a point z in C”, let 
@,,,, be the ring of germs of holomorphic functions at z, which is naturally 
isomorphic with @,. For a germ f in @,, we denote by f, the germ of f at 
z near 0). 


Proposition 1.8. If f and g are relatively prime in Gy, then fz, and g- 
are relatively prime in O,,. for all z sufficiently close to 0. 


Proof. If f or g is a unit, the proposition obviously holds. Thus we 
assume that f and g are non-units. By the preparation theorem, we may 
assume that they are Weierstrass polynomials in z, (cf. Remark 1.8) and 
are relatively prime in @,_1[z,] (cf. Lemma 1.3). Thus by Theorem A.16, 
there exist elements a and b in @,_1[z,] and ce 40 in @,,_1 such that 


af +bg=c. (1.6) 


Note that the above equality holds in a neighborhood U of 0 in C” where 
all the germs involved have representatives. 

We may assume that U is of the form U = U’ x U” with U’ a neigh- 
borhood of 0 in C"~! and U” a neighborhood of 0 in C = {z,}. As f 
is regular in zp, taking a smaller U’ if necessary, we may assume that for 
each z’ in U’, f(z’, Zn) is not identically zero as a function of zp, in U”. 
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Let a be a point in U. If f(a) 4 0 or g(a) 4 0, fa and gq are relatively 
prime in @,,,. Thus assume that f(a) = g(a) = 0. If fa and ga have a 
common factor hg in G4 with h(a) = 0, hg also divides cq by (1.6) so that 
the function h(z’,z,) defined near a = (a’,a,) depends only on 2’. Thus 
h(a’, Zn) vanishes identically in z,. This contradicts the fact that f(a’, zn) 
is not identically zero as a function of z,. 


We finish this section by discussing the Riemann extension theorem in 
the several variable case. 


Theorem 1.13. Let D be a connected open set in C” and g a function 
holomorphic and not identically 0 in D. We setV ={z€D| g(z) =0}. 
If f is a function holomorphic in DNV and is locally bounded, 1.e., each 
point z in D has a neighborhood U such that f is bounded in (DX V)NU, 
there is a unique function bi holomorphic in D and equal to f on DNV. 


Proof. The case n = 1 is the classical Riemann extension theorem. Thus 
we assume that n > 2 and reduce the problem to this case. 

First we note that, by the assumption and Theorem 1.7, V has no 
interior points. In particular, for every point z in V, the germ g, is not 
0 or a unit. For the existence, it suffices to show that each point z in V 
has a neighborhood on which there is an extension f of f. Without loss of 
generality, we may assume z = 0. After a change of coordinates if necessary, 
we may assume that g is regular in z,, in fact we may assume that g is a 
Weierstrass polynomial in z,. We choose p = (p1,.--,Pn),; Pi > 0, small 
enough so that g has a representative on an open set containing A(0, p) 
and that g(z) £ 0 for z = (z’, z,) with z’ € A(0,p’) and |z,| = pr, where 
we set 2’ = (21,...,2n—1) and p’ = (p1,...,Pn—1). Denoting by y the path 
in the z,-plane turning counterclockwise along the circle |z,| = pn, we set 


ra i Fe; ¢) 
= d . 
i= =a eo ac 
Then f is holomorphic in A(0,p). For each fixed z’ in A(0,p'), f(z’, 2n) 


is holomorphic in z, in an open set U containing A(0,p,) except for a 
finite number of points (the zeros of g(z’, zn)) and is locally bounded. Thus 
by the Riemann extension theorem in one variable case, f(z’,Z,) has a 
holomorphic extension in U. Therefore by the Cauchy integral formula, f 
is an extension of f in A(0,~). The uniqueness follows from the uniqueness 


of analytic continuation. 


Corollary 1.1. If D and V are as in Theorem 1.13, DX V is connected. 
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Proof. If D\V is not connected, there are non-empty open sets U; and 
Uz such that DNV = U, UU, and U; NU2z = 9. The function f, defined by 
f(z) =1 for z € U, and f(z) =0 for z € Us, has no extensions. 


Notes 

For Section 1.2, there are a number of textbooks. Here we list [Cartan 
(1961)]. See 15.12 Theorem in [Rudin (1987)] for Remark 1.3.1. 

We list [Fritzsche and Grauert (2002); Gunning and Rossi (1965)] as 
general references for the theory of analytic functions of several complex 
variables. The proof of the Weierstrass preparation theorem (Theorem 1.10) 
given here is based on the one in [Noguchi and Fukuda (1976)]. 


Chapter 2 


Complex Manifolds 
and Analytic Varieties 


A complex manifold is a space that is locally the set of common zeros of 
holomorphic functions without singularities. It is also described as a spcae 
obtained by patching open sets in C” together by biholomorphic maps. 
These are the spaces on which we consider holomorphic functions, maps and 
related objects in this book. An analytic variety in a complex manifold is a 
subset of the manifold that is the common zeros of holomorphic functions 
possibly with singularities. In this chapter we discuss fundamentals on 
complex manifolds and analytic varieties. 

Here is a word about submanifolds and varieties. A submanifold is a 
variety without singularities. However, when we say that V is a submanifold 
of a complex manifold M, it is a locally closed set in M, while when we say 
that V is a variety in M it is a closed set in M. 

As in the case of functions, we introduce the notion of the germ of a 
variety. We study the relation between germs of functions and those of 
varieties. The important point in this is what is called the “Nullstellen- 
satz” (zero locus theorem). We give a proof in the case of principal ideals 
(Corollary 2.1) and, for the general case, we quote some structural results 
and give proofs based on these (Theorem 2.8). We also discuss local and 
global dimensions of varieties and related topics. 

It is important to keep in mind that a complex manifold M carries an 
underlying real structure. In particular, as a C° manifold, M has the 
tangent space at each point. We define the holomorphic tangent space and 
give the relation with the real tangent space (cf. (2.6)). 

We also discuss stratification of varieties, which is useful in the study 
of singular varieties. 
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2.1 Complex manifolds 


Let M be a Hausdorff topological space with a countable basis. 


Definition 2.1. A complex chart, or simply a chart, on M is a pair (U, vy) 
of an open set U in M and a homeomorphism y of U onto an open set in 
C” for some n > 0. 


Definition 2.2. A holomorphic atlas on M is a collection of charts A = 
{(Ua, Ga) }aer such that {Ua}aer is a covering of M and that, for each pair 
(a, 8), the map Yao ye! : ya(Ua AUB) 4 Ya(Ua N Uz) is holomorphic. 


Interchanging a and £, we see that the above yg o yg~* is in fact 


biholomorphic. We also use the convention that a map of the empty set is 
holomorphic. 

For two holomorphic atlases A and A’, we define a relation ~ saying that 
A~ A’ if their union is a holomorphic atlas. Obviously it is an equivalence 
relation in the set of holomorphic atlases on M. 


Definition 2.3. A complex structure on M is an equivalence class of a holo- 
morphic atlas. A complex manifold is a space M together with a complex 
structure. 


A complex manifold is often denoted simply by M. The natural num- 
ber n appearing in Definition 2.1, which is uniquely determined on each 
connected component of M, is called the (complex) dimension of the com- 
ponent. If all the components have dimension n, we say the dimension of 
M isn. 


Remark 2.1. 1. Let X be a topological space and let U = {Ug}aecr and 
V = {V\}yez be open coverings of X. Recall that V is a refinement of U 
if there exists a map 4: J + I such that V, C U,,) for all A. Every open 
covering of X is equivalent to a covering whose index set is a subset of the 
power set of X, in the sense that each one of the two is a refinement of the 
other. Thus we may talk about the “set” of open coverings of X. 

We may define an order relation in the set of open coverings of X by 
saying that U < Vif V is a refinement of U/. In the following we consider the 
set of open coverings as an ordered set with this ordering. It is a directed 
set (cf. Section A.1). 


2. Likewise we may talk about the set of atlases on a space M as above. 
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3. Recall that a topological space X is paracompact if it is Hausdorff and 
if every open covering of X admits a locally finite refinement. Since we 
assumed that the underlying topological space of a complex manifold M to 
be Hausdorff with countable basis, we see that M is paracompact and the 
number of connected components is countable. 


4. A complex manifold of dimension 0 is a countable set of points with the 
discrete topology. 

A complex manifold of dimension one is called a Riemann surface or 
a (non-singular) complex curve. Also, complex manifold of dimension two 
is called a (non-singular) complex surface. When these terminologies are 
used, it is usually understood that the manifold is connected. 


Let M be a complex manifold. A chart (U,y) on M is said to be 
holomorphic if it belongs to an atlas representing the complex structure. 
Let (U,y) be a holomorphic chart on M and suppose M is of dimension 
n > 1. For a point p in U, we call U a coordinate neighborhood of p and 


y(p) = (z1(p), +++» 2n(p)) 
the local coordinates of p with respect to y. Sometimes we identify U with 
y(U) and p with the point (z1(p),...,2n(p)) in ep(U) C C”. In this case we 
call (z1,...,2n) a coordinate system on U. 
A complex manifold can be defined by specifying a holomorphic atlas 
on an appropriate topological space. 


Example 2.1. 1. A non-empty open subset in C” is an n-dimensional 
complex manifold with natural global coordinates. 


2. Complex projective space P”: We denote by ¢ = (o,..-, Gn) coordinates 
on C"++\ {0} and introduce a relation ~ in C”*!\ {0} by setting, for ¢ = 
(Co,---,¢n) and ¢’ = (@,...,07),¢~ ¢ if ¢’ = t¢ for some t in C* = C\{0}. 
Obviously this is an equivalence relation and we set P” = (C"t1\ {0})/ +. 
Endowed with the quotient topology, it is Hausdorff and connected. The 
equivalence class of ¢ = (Co,.--,;Gn) is denoted by [¢] = [Go,...,¢,]. The 
space P” with the following complex structure is called the n-dimensional 
complex projective space. 
First, for each a = 0,...,n, the set 


Ua ={Ig] EP” | Ca FO} 
is a well-defined open set and P” is covered by these n + 1 open sets. Also 
the map ~%, : Ug — C” given by 


CaN (C)) = (007 Gane ey Ge 07 Gas Gat) Gane 85 Ga Go) (2.1) 
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is a well-defined homeomorphism. Moreover, it is not difficult to check that 
for each pair (a, 3), the map Yo 0 yg! : ~g(Ua NU) > Pa(Ua N Uz) is 
holomorphic. Thus P” becomes a complex manifold of dimension n. We call 
IC] = [Go,---, Cn] homogeneous coordinates on P”. We denote the right-hand 
side of (2.1) by 2* = (zf,..., 22): 


1 


xo Gi-1/ Ca t= 1,...,@, 
: Gila i=atl,...,n. 


It is a holomorphic coordinate system on U,. 

We may interpret P” as the set of complex lines through 0 (one- 
dimensional linear subspaces) in C"*+!. This viewpoint leads to the con- 
struction of a more general class of manifolds, i.e., Grassmann manifolds, 
which will be discussed in Section 3.6 below. 


(2.2) 


3. If M and M’ are complex manifolds of dimensions n and n’, respectively, 
the product M x M’ has naturally the structure of a complex manifold of 
dimension n+ n’. If (21,...,2n) is a coordinate system on U C M and 
(z1,---,2/,) a coordinate system on U’ C M’, then (21,..-,2n3 Z4,--+5 2) 


<n! rad a 


is a coordinate system on U x U' C M x M". 
See Section 3.1 for some more basic examples. 


Exercise 2.1. Show that P! is homeomorphic to the 2-sphere S? and that 
it may be interpreted as being obtained from the complex plane C by 
attaching a “point at oo”, i.e., the Riemann sphere. 


Exercise 2.2. Let S??t! = { (Co,...,€n) € C"* | |Gol? +--+ |Gn|? = 1} be 
the (2n + 1)-dimensional unit sphere and 7 the restriction of the canonical 
surjection C”*!\ {0} > P” to S?"*1. Show that 7 is surjective (thus 
P” is compact) and find the inverse image 7~1(p) for each point p in P” 
(cf. Example 3.4 and the expression (3.20) below). 


Holomorphic maps 


Let M be a complex manifold with an atlas {(Ua,~a)} representing the 
complex structure. A complex valued function f on an open set U in M is 
said to be holomorphic if, for every a, the function f o yz! is holomorphic 
on Yo(U NU,,). Also, a map f : M— M’ from M into another complex 
manifold M’ with atlas {(V),~))} is said to be holomorphic, if for every 
pair (a, A), the map 7) o f oy, is holomorphic on ga(UaN f~!(Va)). A 
biholomorphic map is a bijective holomorphic map f such that f~! is also 
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holomorphic. If there exists a biholomorphic map from M onto M’, we say 
that M is biholomorphic with M’ and write M ~ M’. 
The following is a consequence of Theorem 1.8: 


Proposition 2.1. Every holomorphic function on a compact connected 
complex manifold is constant. 


For a holomorphic map f : M — M’, we may define regular and singular 
points of f as in Definition 1.9, choosing local coordinate systems, and the 
definition does not depend on the choice of the coordinate systems. Also 
the behavior of f near a regular point is given as in Theorem 1.6. 


Definition 2.4. Let f : M@— M’ be a holomorphic map and let n and n’ 
be dimensions of M and M’, respectively. 

1. f is an immersion if n <n’ and every point of M is a regular point of 
f. The map f is an embedding if, furthermore, it is a homeomorphism onto 
f(M) with the topology induced from that of M’. 


2. f isa submersion if n > n’ and every point of M is a regular point of f. 
y g 


Definition 2.5. A holomorphic map 7: M — M’ is a (holomorphic) cov- 
ering map if it is surjective and if each point of M’ has a neighborhood U 
such that each connected component of 7~!(U) is mapped biholomorphi- 
cally onto U by a. 


Thus in this case, dim M = dim M’ and 7 is immersive and submersive. 


Remark 2.2. The set {p} consisting of a point p is a connected complex 
manifold of dimension 0, with a global chart homeomorphic to C° = {0}. 
Any map f : M — {p} of a complex manifold M is holomorphic and every 
point in M is a regular point of f. 


Submanifolds 


Let M be a complex manifold of dimension n. For non-negative integers d 
and k with d+k =n, we decompose as C” = C* x C4 with (z1,..., 2%) 
and (2%41,-++;%n) as coordinates on C* and C4, respectively. 


Definition 2.6. A subset V of M is a (complex) submanifold of M if there 
is an atlas {(U.,%.)} representing the complex structure of M such that 
for each a, Ya(V MU,q) is an open set in C4? = {0} x C27 CC”. 
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Thus if V is a submanifold of M, with the topology induced from that of 
M, it is a complex manifold with the complex structure represented by the 
atlas {(V N Ua, Yalvnu,,)}- It is locally closed in M. If V 4 0, the integer 
d in uniquely determined on each connected component of V and is the 
dimension of the component. The inclusion i: V © M is an embedding. 


Suppose d > 1 and write ya(p) = (z¢(p),--- ,z%(p)) on U,. Then for a 
with VN Ua #9, Ya(p) = (0,...,0, 22,4(p),-++ , 28 (p),)) on VOU, and 
(2e41)°'' »2n) is a coordinate system on VM Uy. Thus, if k > 1, we may 
think of V as being given by zf =--- = z =O in Ug. 


2.2 Analytic varieties 


Analytic varieties naturally arise as the set of common zeros of holomorphic 
functions and include submanifolds as a special class. 
Let M be a complex manifold. 


Definition 2.7. An analytic variety in M is a subset V of M such that 
every point a in M admits a neighborhood U with the property: 


(*) there exists a holomorphic map f : U + C" with VNU = f7'(0). 


We call f as above a local defining map of V near a. In the following, 
an analytic variety will simply be called a variety, if there is no fear of 
confusion. Note that a variety in M is a closed set in M. 


Remark 2.3. 1. Let V be a subset of M. If every point a in V admits a 
neighborhood U with the property (*), V is a variety in some open set in 
M. In particular, if V is a closed set in M as above, it is a variety in M. 


2. In the above we allow r to be 0 (cf. Remark 2.2). If r > 1, letting 


(fi,-.-, fr) be the components of f, we may write 
VnU={zeU | fi(z) =-:-=f-(z) =0}. 

We call (f1,..., f;) as above a system of local defining functions of V and 

fi =--: = fr =0 local equations for V near a. 


3. In particular, M itself and the empty set @ are varieties in M. For M, 
we may take the map M — C° or the function M — C constantly equal to 
0 as a defining map. For @, we may take a non-vanishing function, constant 
function 1 for example, as a defining map. 


The first part of the following is obvious from the uniqueness of analytic 
continuation (Theorem 1.7) and the second part follows from Corollary 1.1. 
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Theorem 2.1. Let V be a variety in a connected open set D. If V 4 D, 
it has no interior points as a subset of D. Moreover, D\V is connected. 


Remark 2.4. Recall that a subset A of a topological space X is nowhere 
dense in X, if the closure of A has no interior points in X. Thus, in the 
above situation, V is nowhere dense in D. 


In the following, if we simply say a variety, it means a variety in M, 
thus it is closed in M. We think of a variety as a topological space with 
the topology induced from that of M. 


Definition 2.8. Let V be a variety and a a point in V. We say that ais a 
regular point of V if there is a local defining map f : U + C* near a such 
that a is a regular point of f. We say that a is a singular point of V if it is 
not a regular point. 


For a variety V, we denote by V,eg and Sing(V), respectively, the sets of 
regular and singular points of V. Note that V,., is an open set in V. Hence 
Sing(V) is a closed set in V (and in M). In fact it is shown that Sing(V) is 
again an analytic variety (cf. Theorem 11.5 below). We say that a variety 
V is non-singular if Sing(V) = 0. 


Example 2.2. Let V be a submanifold of MM. Then it is closed in some 
open set D. Let {(Ua, Ya)} be an atlas as in Definition 2.6. For every point 
a of V, take U, containing a. Then po yy : Ug > C# is a local defining 
map on U,, where p: C” - C* is the projection, and V is a variety in D. 
It is non-singular. 


Let V be a variety. If a is a regular point of V, by Theorem 1.6, we may 
assume that k < n in Definition 2.8. Moreover, there is a neighborhood 
U of a such that V MU is homeomorphic to an open set in C”’~*. In 
fact, if k > 1, we may assume that U is a coordinate neighborhood with 
coordinates (21,...,%n,) such that VOU = {z, =--- =z, = 0}. 


Exercise 2.3. Show that Vreg has a natural structure of complex submani- 
fold of M. 


From the above, we have: 


Proposition 2.2. A subset V of M is a complex submanifold of M if and 
only if it 1s a non-singular variety in some open set of M. 
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Exercise 2.4. Let f : M’ + M bea holomorphic map of complex manifolds. 
Show that, if f is an embedding, f(M’) may be endowed with a structure 
of a submanifold of M so that f is a biholomorphic map of M’ onto f(M’). 


Affine algebraic varieties 


Consider the complex n-space C” with coordinates (z1,..., Zn) and let, for 
each i = 1,...,7, Pi(z1,...,2n) be a polynomial in (21,...,2n). Then the 
set 


Vi=t tes een) GC? | Pigs os en) =] 0p 6 = Tyce} 


is a variety in C”, called an affine algebraic variety. 


Example 2.3.1. Consider C? with coordinates (21,22). We set 
P(z1,22) = 222 and V = { (21,22) | P(z1,z2) = 0}. Thus V consists 
of two “complex lines” (z; and z2 “axes”) intersecting in C? at one point, 
the origin 0. By definition we see that V\ {0} C Vieg, while by looking 
at the neighborhood structure of 0, we see that 0 is a singular point of V 
(cf. Exercise 2.5.1 below). This can be also checked by studying the behav- 
ior of the tangent spaces of the regular part. See also Proposition 11.26. 
Thus Vieg = V\ {0}, which has two connected components each being a 
one-dimensional complex manifold biholomorphic with C* = C~ {0}. 


2. Again we consider C?. We set P(z1,22) = z3 — 23 and let V be the 
variety defined by P. By definition we see that V\ {0} C Vreg, while 0 is a 
singular point of V (cf. Exercise 2.5.2). Thus Vieg = V\ {0}, which has one 
component biholomorphic with C*. Note that V is homeomorphic with C. 


3. Consider C? with coordinates (21, z2, 23). We set f(z1, 22, 23) = 2123-28 
and let V be the variety defined by f. Then Vrcg is a two-dimensional 
complex manifold and Sing(V) is the z,-axis. The set V is called the 
Whitney umbrella. 


4. Again consider C*. We set f(21, 22, 23) = 23 — 272% — z} and let V be 
the variety defined by f. Then V,., is a two-dimensional complex manifold 
and Sing(V) is the z3-axis. 


Exercise 2.5. 1. Let S? = {(z1,22) | |z1|? + |z2|? = 1} be the three- 
dimensional unit sphere in C? = R*. Show that, in Example 2.3.1, the 
intersection K = V NS? consists of two circles that are unknotted but link 
with each other. 


2. Show that, in Example 2.3.2, K = V NS is the “(2,3)-torus knot”. 
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3. In Example 2.3.2, find an explicit (holomorphic) homeomorphism from 
C onto V. 


4. Let V be the variety in C4 = {(21, 22,23, 24)} defined by the three 
equations: 


2124 — 2223 = 0, Be — 2123 =0 and ee — 2224 = 0. 


Find Vyeg and Sing(V) (cf. Theorem 11.5, also Example 11.10.1 below). 
What is the dimension of Vyeg ? 


Projective algebraic varieties 


Consider the n-dimensional complex projective space P” with homogeneous 
coordinates [¢] = [Co,.--, Gn] and let, for each i = 1,...,1r, Pi(Co,.--, Gn) be 
a homogeneous polynomial in (Co,..., Gn) of degree p;. Then the set 


V={[¢] €P” | Rilo, ---5Gn) = 0, 2=1,...,r} 


is a well-defined subset of P” and is, moreover, a variety in P”. In fact, in 
each open set Un = {Ca #0}, V is defined by the holomorphic functions 
fi = PilGo,---,Gn)/CRi, 7 = 1,...,r. Such a variety is called a projective 
algebraic variety. Note that, as each Uy, may naturally be identified with 
C”, VNU, is an affine albegraic variety. A non-singular projective algebraic 
variety is called a projective algebraic manifold. 


Example 2.4.1. Let @ : C"t! {0} — P” be the canonical surjec- 
tion (cf. Example 2.1.2). For a (d+ 1)-dimensional subspace V of C”*?, 
w(V ~ {0}) is a projective algebraic manifold of dimension d, which is 
biholomorphic with P? and is called a d-plane in P”. In the case d = n—1, 
it is called a hyperplane. 


2. A projective algebraic variety in P” defined by a single (not identically 
zero) homogeneous polynomial of degree p is called a hypersurface of degree 
p (cf. Section 2.4 below). A hypersurface of degree one is defined by a linear 
function €(¢€) = ag¢g +++: + GnCn with (ao,...,@n) 4 (0,...,0). Thus it is 
non-singular and is nothing but a hyperplane. If H is a hyperplane, by a 
linear change of coordinates, we may assume that it is defined by Co = 0. 
Identifying the open set Up = {Go A 0} with C” = {(G1/Go,.--;Gn/Co)} 
and H with P"-! = {[G,...,¢n]}, we may express P” as a disjoint union 
Pp? —C"UP"—!. This procedure leads to a cellular decomposition of P” as 
P» = C”UC"™1U---UC® (cf. Section B.2). Using this we may compute 
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the homology of P”: 


H,(P";Z) = {e for q ie a ai (2.3) 
0 otherwise. 
For each i = 0,...,n, the group H2;(P";Z) has a canonical generator ug; 
which is represented by the cycle P*. For a hypersurface V of degree p, its 
homology class is given by [V] = p- uan_2 (cf. Example 12.5 below). 
This is a special case of the decomposition of Grassmann manifolds by 
Schubert cells (cf. Section 3.6). 


Exercise 2.6. For complex numbers a, { and 7, let Va,g,, be the variety in 
P? defined by 


VaBry = { [60,615 G2] € P? | Co63 — (61 — 60) (61 — BGo) (G1 — ¥60) = 0}. 


1. Show that, if a, 6 and y are mutually distinct, then Vo,g,y has no 
singular points. 

2. Show that, if y 4 0, then Vo.o,, has only one singular point at a = [1, 0,0), 
which is equivalent to the one in Example 2.3. 1. 

3. Show that Vo,o,o has only one singular point at a = [1,0,0], which is 
equivalent to the one in Example 2.3. 2. 


Quasi-projective varieties: A set of the form V\ V’ in P” is called a 
quasi-projective variety, where V and V’ are projective algebraic varieties. 
A quasi-projective manifold is a non-singular quasi-projective variety. 


Zariski topology: Instead of the usual topology of C”, we may take as 
the open sets the complements of the affine algebraic varieties to define a 
topology on C”, which is called the Zariski toplogy. Likewise we may define 
the Zariski topology of P” by taking as the open sets the complements of 
the projective algebraic varieties. For a quasi-projective variety V in P”, it 
has also the topology induced from the Zariski topology. We denote by Vz 
the variety V with Zariski topology. Note that the identity map V > Vz 
is continuous. 


Algebraic functions: Let V be a quasi-projective variety. A function 
f : Vz — C is said to be algebraically regular at p in Vz if there exist a 
neighborhood Uz of p and homogeneous polynomials P and @ of the same 
degree such that Q is nowhere zero on Uz and f = P/Q on Uz. It is 
simply called regular, if there is no fear of confusion. A regular function 
on an open set in Vz is a function regular at every point of the open set. 
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An algebraic function on V is the pull-back of a regular function by the 
identity V > Vz. 


Remark 2.5. It is known that every analytic variety in P” is algebraic 
(Chow’s theorem). Also, every compact complex manifold of dimension 
one (compact Riemann surface) can be embedded in P” for some n. Thus 
it is biholomorphic with a projective algebraic manifold. 


Blowing-up 


This can be defined in generality, however here we discuss the simplest case 
to illustrate the idea. See Section 11.6 below for the higher-dimensional 
case and more discussions on this subject. 

Let U be a neighborhood of 0 in C? = {(z1,z2)} and U the variety in 
U x P! defined by 

U ={(z,[¢]) €U x P* | a1¢1 — 2260 = 0}. 

If we set Wy = { [¢] € P* | Gy #0}, a = 0,1, the manifold U x P? is covered 
by two coordinate neighborhoods U x Wo and U x W, with coordinates 
(21, 22,€) = (21, Z2,61/Co) and (21, 22,7) = (21, 22,¢0/¢1), respectively. In 
U x Wo, U is given by 21€ — z2 = 0 and in U x Wy, by 21 — 227 = 0. Thus U 
does not have singular points and is a two-dimensional complex manifold, 
which is covered by two coordinate neighborhoods Ug = UN (U x Wo) and 
U, =U (U x W,) with coordinates (z1,€) and (z2,7), respectively. If we 
denote by 7 : U — U the restriction of the projection U x P! > U to U, 
it is a holomorphic map such that 7~'(0) ~ P! and that its restriction to 
U\n7} (0) is a biholomorphic map onto U\{0}. This procedure is called the 
blowing-up of U at 0. It replaces 0 with the projective line P! to separate 
the lines through 0 in U. 

If V is the variety in Example 2.3.1, 7~!(V) is a variety in U, which 
is defined by z?€ = 0 in Up and by z3n = 0 in U,. Thus we may write 
a—!(V) =V Un71(0), where V consists of two (disjoint) lines, one defined 
by € = 0 in Up and the other by 7 = 0 in U;. Notice that 7~!(0) appears 
“in double”. Also, if V is the variety in Example 2.3.2, t~!(V) is a variety 
in U, which is defined by 2?(z1 — €?) = 0 in Up and by 23(zgn* — 1) = 0 in 
U,. Thus we may write —!(V) = V Un7!(0), where V is the “parabola” 
given by z, —€? = 0 in Up and by zon? —1=0 in U,. Again 7~'(0) appears 
in double. 

In general, applying this procedure successively, we may “resolve” the 
singularity of a plane curve (cf. Section 11.6). 
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2.3. Germs of varieties 


In this section, we consider the germs of varieties and discuss the relation 
between these and the ideals in @,. In the following, we denote the germ 
of a function f at 0 also by f. 

We first introduce a relation ~ in the set of subsets of C”. Let A and 
B be two subsets of C”. We define A ~ B if there is a neighborhood U of 
0 such that AN U = BNU. It is easily checked that this is an equivalence 
relation. We call the equivalence class of A the germ of A at 0 and denote 
it also by A, unless it is necessary to distinguish the two. Usual operations 
of sets induce those of germs. Thus for two germs A and B at 0, AN B, 
AUB and A\B are well-defined. The relation A C B is also well-defined. 

In Section 1.4, we introduced the ring @,, of germs of holomorphic func- 
tions at 0. Let fi,...,f- be germs in @,,. We choose a neighborhood U 
of 0 such that these germs are represented by holomorphic functions on U, 
which we also denote by f1,..., f-. We set 


V(fi,---,f-) =the germ at 0 of {z €U | fi(z) =::- = f-(z) =0} 


and call it the germ of the variety defined by fi,..., fr. More generally, let 
I be an ideal in @,,. By the Noetherian property of @,, (cf. Theorem 1.12), 
there exist a finite number of germs f1,..., f, such that I = (f1,..., f,), 
the ideal generated by fi,..., f,. We set V(I) = V(fi,...,f,;) and call it 
the germ of the variety defined by J. It is easily checked that it does not 
depend on the choice of generators of J. Thus each ideal in @,, defines a 
germ of a variety at 0. 

Conversely suppose we are given a germ V of a variety at 0. We choose 
a neighborhood U of 0 such that the germ is represented by a variety in U, 
which we denote also by V. We set 


I(V)={f €@, | f(z) =0 for all z in V and near 0}. 


It is easily checked that this is an ideal in @,. Recall that (cf. Section A.2) 
for an ideal I in @,,, we have the radical VJ of J. This is again an ideal 
in @, and contains I. See also Section A.2 for the notions of prime and 
primary ideals . 


Exercise 2.7. 1. For k = 1,...,n, we consider the “coordinate functions” 
21,---,2p as germs in @,,. Show that the ideal p = (21,..., 2) is prime and 
that I(V(p)) =p. 

2. Show that in the ring @2, q = (1, z3) is primary and that \/q = (21, 22). 
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We have the following various relations between germs of varieties at 0 
and ideals in @,,: 


Proposition 2.3. Let V, Vi and V2 be germs of varieties at 0 and I, Ty 
and Ig ideals in Gy. 


1. If I, C In, then V()) > V(q). 
2. If Vi C Va, then I(Vi) D I(V2). 
3. V(L) A V(2) = Vi, +h). 
A. V(IL) UV(2) = Vk) = V(b). 
5. [(Vi UVa) = 1(Vi) NT(V2). 
6. /T(V) =I(V) 
7. V(VI) =V(D) 
8. V(I(V)) =V. 
I(V(1)) D vi. 


Exercise 2.8. Prove Proposition 2.3. 


In fact we have the equality in 9 above, which is the content of what 
is called the “Nullstellensatz” (zero-locus theorem). It will be discussed in 
the next section. Later in this section we prove this in the case of principal 
ideals. 


Definition 2.9. Let V be a germ of a variety at 0. We say that V is 
irreducible if V A @ and if V = V, U Va implies V; = V or Vo = V, where 
V, and V2 are germs of varieties at 0. 


The following gives an algebraic characterization of the irreducibility: 


Theorem 2.2. A germ V of a variety is irreducible if and only if the ideal 
I(V) is prime. 


Proof. First we note that V = @ if and only if I(V) = @,. Thus we 
exclude this case. 

Suppose I(V) is not prime. Then there exist germs f; in O,, 1 = 1,2, 
such that f; ¢ I(V) and fife € I(V). We set V; = V(fi) NV. Since 
fi ¢ I(V), We have Vi S V, while Vj UV2 = VO (V(fi) UV(fe)) = 
VOV(fife) =V. Thus V is not irreducible. 

Conversely, suppose V = V; U V2 with V; G V, i = 1,2. Then, since 
I(V;) 2 1(V), there exists f; which is in J(V;) but not in J(V) for each i. 
We have fife € (Vi) NI(V2) = 1(V). Hence I(V) is not prime. 
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Theorem 2.3. Every non-empty germ V of a variety can be expressed as 
V=V,U---UY,, 


where Vi,...,V, are germs of varieties such that each V; is irreducible and 
that Vi Z Vj, ift Aj. Moreover, Vi,...,V, are uniquely determined by V 
up to order. 


Proof. Let V denote the set of germs of non-empty varieties that cannot 
be expressed as a finite union of irreducible germs of varieties. We show 
that YV = @ by contradiction. Suppose V # @. Then the set of ideals 
{I(V) | V € V} would be non-empty and thus would have a maximal 
element I(Vo) by the Noetherian property of @,, (cf. Theorem 1.12 and 
Proposition A.19). Then Vo would be a minimal element in VY. As Vo is not 
irreducible, we may write Vo = Vi UV2 with V; S Vo, i= 1,2. Since Vo was 
minimal in Y, both V; and V2 can be expressed as finite unions of irreducible 
germs, which is a contradiction. The uniqueness of the expression is not 
difficult to see. 


The above expression of the variety V is referred to as the irreducible 
decomposition of V. 


Remark 2.6. Let V be a germ of a variety at 0 in C”. Take a represen- 
tative, denoted also by V, of V in a neighborhood U of 0. For z € U, we 
denote by V, the germ of V at z. Note that, if z ¢ V, then V, = @. We 
remark that even if V is irreducible at 0, V, may not be irreducible for 
z € V arbitrarily close to 0. For example, consider the Whitney umbrella 
(Example 2.3.3). 


Now we prove the Nullstellensatz for principal ideals and discuss related 
topics. We say that an ideal I in @,, is principal if it is generated by a single 
germ, i.e., J = (f) for some f in @). 


Exercise 2.9. Show that f is irreducible in @,, if and only if f 4 0 and (f) 
is prime. 


Theorem 2.4. If p is an irreducible germ in @,,, then I(V(p)) = (p). 


Proof. By the preparation theorem, we may assume that p is a 
Weierstrass polynomial in z, of degree m. Since p is irreducible, p and 
fe are relatively prime and we may write (cf. Theorem A.16) 
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where a and b are in @,_1[z,] and c is a non-zero germ in @,_1 (the 
discriminant of p up to sign). If p(z’,z,) has a multiple root at zp, = a 
for some z’, then BP (z', 2) = 0 so that c(z’) = 0. Hence p(z’, z,) has m 
distinct roots for z’ with c(z’) 4 0. Let h be a germ in I(V(p)). Then its 
representative h(z’, z,) has also m distinct roots in z, for z’ with c(z’) 4 0. 


By the division theorem, we may write 
h=qpt+r, ré€ On 1[Zn], degr <m. 


As degr < m, we have r(z’, Z,) = 0 away from the zero set of c. Thus 
r =0 as a germ and h is in the ideal (p). 


Corollary 2.1 (Nullstellensatz for principal ideals). For a germ f in 
Cn, we have: 


T(V(f)) = V(f). 


Proof. The above holds if f is 0 or a unit. Thus we assume that f is 
not 0 or a unit and let f = pj"! --- pi" be the irreducible decomposition. 
On the one hand, \/(f) = (pi--:pr) and on the other hand, I(V(f)) = 
I(V(pi)) N+ +: A 1(V(p,)), which is equal to (pi--+ pr) by Theorem 2.4. 


Proposition 2.4. For a germ f which is not 0 or a unit in @,,, the fol- 
lowing are equivalent: 


(1) V(f) és irreducible. 
(2) There is an irreducible germ p in @,, such that f = p™ for some positive 
integer m. 


Proof. Let f = py't---pm be the irreducible decomposition of f. If 
r > 2, then, since p,---p,- € J/(f) but p; ¢ GF); J(f) is not prime. 
Thus by Corollary 2.1 and Theorem 2.2, V(f) is not irreducible. 

We now suppose that f = p™ with p irreducible. If fi fo € J(f); then 
(fif2)* € (f) for some positve integer k. Thus we may find a germ a in O, 
such that (fi i" =ap™. This implies that either f; or f2 is divisible by 


p. Hence fi € J(f) or fz € J(f). 


The proof of the following is not difficult. 


Theorem 2.5. Let f be a germ, which is not 0 or a unit, in C,. If f = 
pi ++: per is the irreducible decomposition of f, then 


V(f) =V(p1) U--- UV (pr) 
is the irreducible decomposition of V(f). 
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2.4 Nullstellensatz and dimension 


In this section we first quote some fundamental results on algebraic struc- 
tures concerning prime ideals in @,, and state their geometric consequences 
on the variety defined by the ideal. We then discuss the Nullstellensatz and 
dimensions of varieties based on them. 

For d = 0,...,n, we naturally identify the ring @g = C{z,..., za} with 
a subring of @,, = C{z1,...,2,}. For a prime ideal p in @,, we consider 
the canonical morphism 

n: C4 — 6n/p. 

We denote by K and L the fraction fields of Gy and @,,/p, respectively. For 
a germ f in @,, its class in @,,/p is denoted by [f]. 

We quote: 


Theorem 2.6. Let p be a non-zero prime ideal. Then, after a linear change 
of coordinates of C”, there is a uniquely determined integer d, 0<d<n, 
such that 


(1) 7 is injective and @,,/p is finitely generated over Gq as an Gy-module, 
(2) L is generated over K by the single element [za41] as a field. 


The statement (1) is proved by a repeated use of the Weierstrass prepa- 
ration theorem (Theorem 1.10) and (2) follows from the theorem of primi- 
tive element in the field theory. 

Before we state the following theorem, we recall: 


Definition 2.10. A continuous map f : X — Y of topological spaces is 
finite if it is proper (cf. Section B.1) and if, for every point y in Y, f~*(y) 
is a (possibly empty) finite set. 


From Theorem 2.6, we see that @,,/p is integral over @ and that 
the minimal polynomial P(X) of [za41] over K is in @q[X] (cf. Proposi- 
tion A.17). It can be further shown that P(za+1), which is in p, is a Weier- 
strass polynomial in zq41. Let D(P) denote the discriminant of P(X), 
which is a non-zero element in @q (cf. (A.12)). We denote by D the germ 
at 0 of the variety in C@ defined by D(P). If we set V = V(p), the germ of 
the variety defined by p, we have the following, which is a consequence of 
Theorem 2.6: 


Theorem 2.7. For a suitable decomposition C” = C4 x C”"~4, there exist a 
connected neighborhood U’ of 0 in C4 and a neighborhood U" of 0 in C”~4 
with the following properties: 
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1) The germ V has a representative in U = U' x U" and the map 
g 
mr: VNU SU, 


which is the restriction of the projection C” + C4, is a surjective finite 
map with m—*(0) = {0}. 
(2) The germ D has a representative in U’ and if we set 


V*=VNU\n"(D), 


then V* is a connected complex submanifold of dimension d of U. More- 
over, the closure of V* in U is V. 
(3) The restriction of x to V* gives a covering map V* + U'\ D. 


With these, we have the following: 


Theorem 2.8 (Nullstellensatz). For every ideal I in G,, we have: 
I(V(1)) = VI. 


Proof. The above holds if J is 0 or @,,. Thus we assume that I is not 
0 or @,. By the primary decomposition theorem (Theorem A.19), we see 
that it suffices to prove the above in the case J = p is a prime ideal. 

We already know that I(V(p)) > /p = p. Thus let f be a germ in 
I(V(p)) and P(X) = ap +a,X +++: +am-1X™ 1+ X™ the minimal poly- 
nomial of [f] over K. Then P(X) is in fact in @q[|X] (cf. Proposition A.17) 
and P(f) is in p. If m = 1, we set Q(X) = 1 and if m > 1, we set 
Q(X) = a1 + +++ +Gm-1X™ 274+ X™-1. Then P(X) = ap + Q(X)X and 
P(f) =a09+ Q(f)f. Let U =U’ x U"” be as in Theorem 2.7. Then, by the 
surjectivity of 7, a9 = 0 so that Q(f)f is in p. If m = 1, then f is in p. If 
m > 1, by the minimality of P(X), Q(f) is not in p, thus f is in p. 


Corollary 2.2. 1. Let I be an ideal in @,,. If I is prime, then V(L) is 
irreducible. If V(I) is irreducible, then VT is prime. 


2. Let I be an ideal in G,, with IF O,. If l=q10---Nq,y is the primary 
decomposition of I, then 
V(D) =V(pi)U--- UV (pr) 


is the irreducible decomposition of V(I), where p; = \/q;- 


uv 


Proof. The first statement follows from Theorems 2.2 and 2.8 and the 
second from Proposition 2.3 and Theorem 2.8. 
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Remark 2.7. From the above, we see that there is a one-to-one correspon- 
dence between the set of irreducible germs of varieties at 0 in C” and that 
of prime ideals in @,,. 


Exercise 2.10. Show that, for an ideal J (4 @,,) in G,, the complex vector 
space @,,/I is finite dimensional if and only if V(I) = {0}. 


Dimension 


From the item (2) in Theorem 2.7, we have: 


Theorem 2.9. Let V be an irreducible germ of a variety. Then there is a 
representative V such that Vreg is connected and dense in V. 


Dimension at a point: For the germ V of a non-empty variety at 0 
in C”, we define its dimension, denoted by dimV, as follows. If V is 
irreducible, dim V is the integer d appearing in Theorems 2.6 and 2.7. It is 
the dimension of the complex manifold V;eg. In general, if V = Vi U---UV, 
is the irreducible decomposition of V, we set dimV = maxj<;<, dim Vj. 
We say that V is pure dimensional if all the components V; have the same 
dimension. 

We also define the codimension by codim V = n — dimV. 

Note that, if V = V,U---UV, is the irreducible decomposition of V, then 
there is the corresponding decomposition Vreg = Cy U--- UC, of Vreg into 
its connected components C;. Each C; is a complex manifold whose closure 
coincides with V;. If V is irreducible, ie., r = 1, then Cy = Vireg = Veeg- 
In general, C; is contained in V; reg, however may not coincide with Vi reg. 
For example, consider the germ at 0 of the variety in Example 2.3.1. 


Remark 2.8. The above definition of dimV coincides with the Krull 
dimension of @,,/I(V) (cf. Section A.2). 


If V is a germ of a variety at 0, taking a representative V of V, we 
denote by V, the germ of V at z near 0, as before. 
From definition we have the following two propositions: 


Proposition 2.5. Let V be the germ of a non-empty variety at 0. There 
is a neighborhood U of 0 and a representative V of V in U such that 


dim V, < dim V for zE VNU. 


The equality holds if V is pure dimensional. 
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Proposition 2.6. For two germs V and V' of non-empty varieties at 0 
with V CV’, we have dimV < dimV’. 


Theorem 2.10. Let f be a germ which is not 0 or a unit in O,. Then 
V(f) is of pure dimension n — 1. 


Proof. In view of Theorem 2.5, it suffices to show that dim V(p) =n-—1 
for every irreducible germ p. From Theorem 2.9, we see that p and V(p) 
have representatives in a neighborhood U of 0 in C” such that V(p)reg is a 
connected complex submanifold of U and is dense in V(p). We show that it 
is of dimension n — 1. First note that dim V(p)reg < m — 1, since otherwise 
p would be 0. We may assume that p is a Weierstrass polynomial in z,, 


so that p and #e are relatively prime, i.e., oe ¢ (p). By Theorem 2.4, 


{z € V(p) Ze (z) # 0} is non-empty and is an (n — 1)-dimensional 


complex manifold in V(p)reg. Thus dim V(p)reg = n — 1. 


More generally, we quote the following: 


Theorem 2.11. Let V be an irreducible germ of a variety of dimension d 
and f a non-unit in O,. If f € 1(V), then VOV(f) is of pure dimension 
d—1. 


Using this we have: 


Theorem 2.12. Let V be the germ of a variety of pure dimension n— 1. 
Then there is a germ f which is not 0 or a unit in G, such that I(V) = (f). 


Proof. First we suppose that V is irreducible so that I(V) is prime 
(cf. Theorem 2.2). As dimV = n—1, I(V) 4 0. Thus there is a germ 
f in I(V) which is not 0 or a unit. Since I(V) is prime, it contains an ir- 
reducible component p of f. We claim that I(V) = (p). Take an arbitrary 
germ g in I(V). Suppose g ¢ (p) which is equal to [(V(p)) by Theorem 2.4. 
Then dimV(p) N V(g) =n — 2 by Theorem 2.11, which is a contradiction 
as it contains V. 

In general, let V = V; U--- UV, be the irreducible decomposition of 
V. Then I(V;) = (p;) for some irreducible germ p;, i = 1,...,1r, so that 
I(V) = (pi +++ pr). 


Remark 2.9. From the proofs of Theorems 2.10 and 2.12, we see that 
there is a one-to-one correspondence between the set of irreducible germs 


of varieties of codimension one at 0 in C” and that of prime principal ideals 
in @,,. 
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Let f : M — M’ be a holomorphic map of complex manifolds and V a 
variety in M. For a point z’ in M’, VN f~+(z’) is a variety in M. 
In this situation, we quote the following two theorems: 


Theorem 2.13 (Upper semi-continuity). For any point a in V, there 
is a neighborhood U of a in M such that 


dim(V n f~'f(z))z < dim(V/N f7'f(a))a for zE VNU. 


Theorem 2.14 (Proper mapping theorem). If f|y is proper, f(V) is 
a variety in M' and, for z' € f(V), 


dim f(V).- = max{ dim V, — dim(V N f~'f(z))2|2z€V, f(z) near 2’ }. 


Global dimension: A variety V in a complex manifold M is said to be 
globally irreducible, or simply irreducible if there is no fear of confusin, if it 
is non-empty and cannot be expressed as a union of two varieties V; and 
V2 in M with Vi,V2 4 V. This notion should be distinguished from the 
irreducibility at a point (Definition 2.9). For example the variety Vo, of 
Exercise 2.6.2 is globally irreducible, but not irreducible at a. Note that 
every non-empty variety is expressed as a locally finite union of irreducible 
varieties. Note also that V is irreducible if and only if the regular part Vreg 
is connected. Hence, for an irreducible variety V and a point z in V, the 
dimension of V at z remains constant. We call it the dimension of V. In 
general, we say that V is pure dimensional, if all the irreducible components 
of V have the same dimension. 

A variety V of pure dimension n — 1 in a complex manifold M of 
dimension n is called a hypersurface in M. By Theorems 2.10 and 2.12, 
it is equivalent to saying that V is locally defined by a single (not identi- 
cally zero) holomorphic function with zeros. 


We finish this section by quoting a generalization of Theorem 1.8 and 
discussing some of its consequences and related topics. 


Theorem 2.15. Let V be a connected variety in a complex manifold M 
and f a holomorphic function on a neighborhood of V. If there is a point 
zo in V such that |f(zo)| > |f(z)| for all z in a neighborhood of zo in V, 
then f ts constant on V. 


Corollary 2.3. A compact variety V in a coordinate neighborhood of a 
complex manifold is a finite set of points. 
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Proof. The absolute value of a coordinate function attains its maximum 
on each connected component of V. Thus the function is constant on each 
component. 


From Corollary 2.3, we have: 


Proposition 2.7. Let V be a variety in a coordinate neighborhood U of 
a complex manifold M and f :U — M' a holomorphic map into another 
complex manifold M’. If f\y is proper, then fly is finite. 


As a related topic, from Theorem 2.14, we have: 


Proposition 2.8. Let f : M — M’ be a holomorphic map of complex 
manifolds and V a variety in M. If flv is finite, then f(V) is a variety in 
M’ and, for z' € f(V), 


dim f(V). = max{dimV, | z € V, f(z) near 2’ }. 


In particular, if V is pure d-dimensional, so is f(V). 


2.5 Underlying real structures 


C™ manifolds 


Let r denote a non-negative integer or oo. Recall that a C” structure and a 
C” manifold of dimension m are defined by replacing, in Definitions 2.1, 2.2 
and 2.3, C” with R™ and “holomorphic maps” with “C” maps”. Also, a 
C” function on a C” manifold or a C” map between C” manifolds is defined 
by replacing “holomorphic” with “C’” in the above. A C° manifold is also 
called a topological manifold and a C” manifold, 1 < r < oo, a differentiable 
manifold (of class C’’). 

If r > 1, we may consider the Jacobian matrix of a C” map f and define 
regular and singular points of f as in Definition 1.9. We also have the 
inverse mapping theorem (cf. Theorem 1.4), in fact the proof given there 
goes back to the real case via (1.3), and the implicit mapping theorem 
(cf. Theorems 1.5 and 1.6). The notions of C” immersion, embedding and 
submersion are defined as in Definition 2.4. A C” submanifold is also defined 
as in Definition 2.6. Thus it is what is called a “regular submanifold”. 

By restricting to real variables in the definition of analytic functions 
above, we may consider real analytic functions, which is also referred to as 
C”’ functions. Accordingly, we may define real analytic manifolds, or C” 
manifolds for short. 
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Identifying C” with R?”, a complex manifold of dimension n may be 
naturally thought of as a C” manifold of dimension 2n for every r with 
O0<r<oorr=w. 

For real manifolds we mostly consider the C'° case, since on the one 
hand it is known that every C” structure, r > 1, contains a unique C™, in 
fact C”, structure and on the other hand some tools such as partition of 
unity are available in the C’™ case, but not in the C” case. 


Real tangent space 


Let M be a C® manifold of dimension m and {(Uag,Y~a)} a C™ atlas 
representing the C™® structure. For a ponit « in U,, we write ya(x) = 
(x¢,...,@%) and call (xf,...,2%,) local coordinates of x relative to Ya, as 
in the case of complex manifolds. We recall the following: 


Definition 2.11. Let x be a point in M. A tangent vector on M at x is 
an R-linear functional v on the set of C'°° functions near x satisfying the 
derivation law: 


(fg) = o(f)g(@) + flx)o(g) 


for two C'°° functions f and g near z. 


We denote by Tr the set of tangent vectors at x and call it the 
(real) tangent space of M at x. It has a natural R-vector space structure. 
Suppose that (71,...,@%m) is a coordinate system near x. Then for each 
i= 1,...,m, we have the tangent vector (3), at x, which is defined by 
(32),(F) = sf (a). It will be simply written a if there is no fear of 
confusion. Then we may take (se, de Seg 5) as a basis of Tr, M. 


Differential: Let f:M— M' bea C™ map of C® manifolds. For each 
point x in M, we have an R-linear map, called the differential of f at x: 


Te ; TrM — Tr, f(x) M’. 


It is defined by f,(v)(h) = v(ho f), for v in Tp,M and a C™ function h 
in a neighborhood of f(x). It will be denoted by f,.. if it is necessary to 
make the point explicit. 

Let m and m’ be dimensions of M and M’, respectively. Choose local 
coordinate systems (#1...,%m) around «x and (y,...,Ym’) around f(x) 


and set f; = yj; 0° f. Then in terms of the bases Cae aici 52 ) of Tr2M 
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and Car ees a) of Tp, f(x) M’, the differential f, is represented by the 
Jacobian matrix evaluated at x: 
O(fi,--+> fm’) 


O(@1,.--,;2m) (x). 


Thus f is an immersion if and only if f,,. is injective for every x in M 
and f is a submersion if and only if f,,. is surjective for every « in M 
(cf. Definition 2.4 with “holomorphic” replaced by “C®”). 


rMAmws Misa sequence of C'° maps, we have 
(f° faa = fo g(a) © faa: (2.4) 


Remark 2.10. As one of the fundamental facts about C'°° maps, there is 
Sard’s theorem: if we set S = {x € M | fx. is not surjective} for a C™ 
map f : M— M’, then f(S) has measure zero in M’. 


Normal space: Let V be a C'? submanifold of M withi: V © M the 
inclusion. Then for each point x in V, 2%. : Tr2,V — Tr,2M is injective so 
that we may identify Tr.V with a subspace of Tr,M. The quotient space 
Npiv.c = Tr,zxM/Tr,xV is called the (real) normal space of V in M at x. 


Exercise 2.11. Let V be as above and x a point of V. Suppose V is of 


codimension k’ and is defined by a system of C™ functions (f1,..., fx’) 
near x. Let (21,...,2%m) be a coordinate system in a neighborhood of x in 
M. We identify Tp,.M with R™ = {(&1,...,&m)} by taking (s2,..., 52) 


as its basis. Show that, in R™, TV is given by 


Product manifold: Let M and M’ be C™ manifolds of dimensions 
m and m’, respectively. If (a1,...,%m) is a coordinate system near 
x in M and (z/,...,2/,,) a coordinate system near vz’ in M’, then 
(%1,.--;%mj24,...,24,,) is a coordinate system near (a#,2’) in M x M’, 
From this we see that there is a natural isomorphism 


Tr (2.x! Mx M’ ~TroM © Tr M’. 2.5 
(x,2") , ; 


Holomorphic tangent space 


Let M be a complex manifold of dimension n. If (z1,...,2n) is a holo- 
morphic coordinate system on a neighborhood U of a point z in M, then 
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writing z; = 2; + /—ly, with x; and y; the real and the imaginary parts 


of z;, (@1,Y1,---;2n;Yn) is a C™ coordinate system on U. We may think 
of the vectors 
0 1; 0 6) ) 1/0 O 
= v-1=-) and =5(,-+v-1—) 


as being in the complexification Tg ,.M = C @r Tr,-M of the real tangent 
space Tr,.M of M at z. 


Definition 2.12. The holomorphic tangent space T,M and the antiholo- 
morphic tangent space T,M of M at z are the subspaces of the complex 


vector space Tg ,M spanned by (x sit iy a) and Co yh we ), respec- 
tively. 


Obviously we have a decomposition of complex vector spaces: 
Ty,.M =T.M ® T,M. (2.6) 


Exercise 2.12. 1. Show that T,M and T,M do not depend on the choice 
of the holomorphic coordinates (21,..., Zn). 


2. Show that if f : WM — M’ is a holomorphic map of complex manifolds, its 
differential f, (extended to the complexifications) leaves the holomorphic 
and antiholomorphic components invariant, i.e., f.(T,M) C Ty.)M’ and 
f.(.M) CG T pz) M’. 


Let V be a variety in M andi: V @ M the inclusion. If z is a regular 
point of V, we may define T,V and the differential 7, : T,V — T,M is 
injective (cf. Exercise 2.3). Thus we may identify T,V with a subspace of 
T.M. We call the quotient space T, M/T,V the holomorphic normal space 
of V in M at z. 


Remark 2.11. Let V be a complex vector space. Its complex conjugate 
V is a complex vector space such that the underlying set and the additive 
structure are the same as those of V but that the scalar multiplication, 
denoted by «, is defined by cx v = Gu forc€ Cand ve V. 

Let R be a subring of R and M an R-module. Also let V be a complex 
subspace of the complexification M° = C @r M of M. For an element 
v= YG @u, 4% € C, x; € M, of V, we set J = )>G @ a;. Then the set 
{« |v €V} is a complex subspace of M° which is canonically isomorphic 
with V by the correspondence t © v. In particular, in the case M = Tg, M 
with R = R, we may identify the space T,.M with the complex conjugate 
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of T,M via the correspondence 


“ 3) = 6) “._ 90 
Daag Gs, = Ds hg 


i=1 


Stratifications 


Stratification is a way to study singular varieties by decomposing them into 
a union of submanifolds. 


Definition 2.13. Let S be a closed set in a C® manifold M. A stratifica- 
tion of S is a family {Xa}aer of C~ submanifolds X,, of M, called strata, 
satisfying the following conditions: 


(1) S=Lae7 Xa (disjoint union), 

(2) each point of S has a neighborhood which intersects with only a finite 
number of Xq, 

(3) if X11 Xg #0, then Xq C Xz. 


Let {Xa}aer be a stratification of S. 


Definition 2.14. 1. We say that a pair (X.,Xg) of strata satisfies the 
Whitney condition at x € X_ Xq if the following holds: 


(*) let {z,} and {yn} be sequences of points in X, and Xz, respectively, 
such that (1) both converge to x, (2) the line joining x, and y,, con- 
verges to a line L and (3) the tangent space Tp,,, Xg converges to a 
space T, then L CT. 


2. We say that {Xa}aer is a Whitney stratification if every pair (Xq, Xz) 
satisfies the Whitney condition at each point in X_ 1 Xz. 


In (*) above, we consider everything in a local coordinate system around 
x and think of lines and spaces as being in real Grassmann manifolds 
(cf. Section 3.6 below). 

The following is known: 


Theorem 2.16. Every analytic variety in a complez manifold M admits a 
Whitney stratification whose strata are complerz submanifolds of M. 


Fundamental properties of Whitney stratifications include the existence 
of controlled tube systems (cf. Theorem 13.1 below) and the Thom isotopy 
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lemma, which states that, if {Xq} is a Whitney stratification of S, then S 
is “locally topologically trivial” along each stratum Xq. 


Exercise 2.13. Find a Whitney stratification for each of the varieties V in 
Example 2.3. 


Topological dimension 


Let X be a topological space. An open covering U of X is said to have 
order m + 1 if there exist m+ 1 sets in U whose intersection is non-empty 
and the intersection of more than m+ 1 sets in U is always empty. 


Definition 2.15. A space X is finite-dimensional if there is an integer m 
such that every open covering of X admits a refinement having order at 
most m-+1. The topological dimension of X is the smallest value of such 
an m. 


It is known that a topological manifold of dimension m is of topological 
dimension m. 


Notes 

We list [Griffiths and Harris (1978); Kodaira (1986)] as general refer- 
ences on complex manifolds. For analytic varieties, particularly for the 
details of Section 2.4, we refer to [Gunning and Rossi (1965); Narasimhan 
(1966); Noguchi (2016)]. As to knots and links that appear in Exercise 2.5, 
we refer to [Rolfsen (2003)], see also [Milnor (1968)]. 

See [Hartshorne (1977)] for the corresponding theory in algebraic ge- 
ometry of the materials in Section 2.3. The Nullstellensatz in algebraic 
category is referred to as Hilbert Nullstellensatz and that in analytic cat- 
egory as Riickert Nullstellensatz. As to Remark 2.8 and related subjects, 
we refer to [de Jong and Pfister (2000)]. 

For fundamental materials on C° manifolds in Section 2.5 and the 
subsequent chapters, we refer to [Lee (2013); Matsushima (1972)]. In par- 
ticular, for Remark 2.1.3 on the topology of manifolds, see Ch. I, §15, The- 
orem 1 in [Matsushima (1972)]. A C° manifold is often called a smooth 
manifold. However we avoid the use of the terminology “smooth” here, as it 
sometimes means “non-singular” in other areas such as algebraic geometry 
and complex analytic geometry. 

The fact that every C” structure, r > 1, contains a unique C' struc- 
ture is proved in [Whitney (1936)]. There it is also proved that every C” 
structure, r > 1, contains a C” structure. The uniqueness follows from a 
result in [Grauert (1958)]. See [Shiga (1976)] for details on this matter. 
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For stratifications, we refer to [Gibson, Wirthmiiller, du Plessis and 
Looijenga (1976); Mather (2012); Shiota (1997)]. Theorem 2.16 in the text 
is due to [Whitney (1965)]. 

As to the topological dimension, we refer to [Munkres (1975)] and ref- 
erences therein. It is also called the (Lebesgue) covering dimension. 
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Chapter 3 


Vector Bundles 


The tangent space of a manifold “linearly approximates” the manifold at 
each point. The notion of the tangent bundle naturally comes up as the 
collection of these spaces. In fact, such objects arise here and there. In this 
chapter, we review general theory of fiber bundles. 

After recalling group actions and related topics, we introduce fiber bun- 
dles. Among them is a special class of bundles whose fibers are vector 
spaces, as in the case of tangent bunles. These are called vector bundles 
and are studied in some detail. We introduce and discuss the structure 
of the Stiefel manifold W(N,r), the set of r linearly independent vectors 
in C%. It is used for the obstruction theoretical definition of chracteristic 
classes of vector bundles in Chapter 5. We then discuss the Grassmann 
manifold G(N,r), the set of linear subspaces of dimension r in C%. It is 
a generalization of the projective space and is the orbit space of the nat- 
ural action of the general linear group GL(r,C) on W(N,r). It admits 
the tautological vector bundle, of which W(N,7r) is the associated principal 
GL(r,C)-bundle. We study the cellular structure of G(r, N). The real case 
is also discussed. 

We also make precise such notions as orientability, C'°° maps of subsets, 
manifolds with boundary, tubular neighborhoods and transversality. 


3.1 Group actions 


Recall that a topological group is a group G with a topological structure 
such that the group operations G > G given by gi g-' and Gx GG 
given by (g,h) +> gh are continuous. Let X be a topological space and G 
a topological group. We denote by e the unity in G. 
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Definition 3.1. A continuous left action of G on X is a continuous map 
a:Gxx —X 


such that, denoting a(g,x) by gz, 


(1) er =a forallae X, 
(2) g(hx) =(gh)x for allg,h Ee Gandzre X. 


In this case, we say that G acts continuously on X from the left. A left 
action is also denoted by (G, X). We may also define a right action (X,G) 
symmetrically to the left one. 

Let (G, X) be a left action. For a point x in X, the subset 


Gr={gr|geG} 


of X is called the G-orbit of x. If we introduce a relation ~ in X by saying 
that x’ ~ x if x = gx for some g in G, this is an equivalence relation 
and the equivalence class of x coincides with Ga. The quotient set with 
the quotient topology is called the orbit space of the action (G,X) and is 
denoted by G\X. For a right action (X,G), the orbit and the orbit space 
will be denoted by eG and X/G. 

A fized point of an element g of G is a point x such that gz = x. Fora 
point x in X, the set of elements in G that leaves x fixed: 


Gz={gEeG|gr=cx} 


is a subgroup of G, called the stabilizer of x in G. Note that, if X is 
Hausdorff, the subgroup G, is closed for every x. We say that the action 
is free if G, = {e} for all x. We also say that the action is effective if 
Nex Go = {e}. 

Let (G, X) and (G, X’) be two actions. We say that a map f : X > X’ 
is G-equivariant if f(gx) = gf(«) for all (g,x) in Gx X. 


Homogeneous spaces 


We say that an action (G, X) is transitive if it has only a single orbit. In 
this case, we say that X is a homogeneous space of G. For example, for a 
subgroup G’ of G, the right coset space 


G/G' = {9G’ |g € G}, 


which is the orbit space of the natural right action of G’ on G, is a homo- 
geneous space of G with the natural left action of G. We recall: 
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Theorem 3.1. Let X be a locally compact Hausdorff space and G a locally 
compact topological group with countable basis. If X is a homogeneous space 
of G, then for every x in X, the map 


G/G, — X given by gGz > gx 
is a G-equivariant homeomorphism. 


For r with 1 < r < co or r = w, we may also define C” actions, 
taking a real Lie group, a C” manifold and a C” map as G, X and a 
above. Note that a real Lie group is always C”. Likewise we may consider 
holomorphic actions, taking a complex Lie group, a complex manifold and 
a holomorphic map. Here a complex Lie group is a group with a complex 
manifold structure such that the group operations are holomorphic. 

As standard real Lie groups, we have the real general linear group 
GL(p,R), the subgroup GLt(p, R) of GL(p,R) consisting of matrices with 
positive determinant, the orthogonal group O(p), the special orthogonal 
group SO(p) and the unitary group U(q) (cf. Section 9.1 below). The 
complex general linear group GL(q,C) is a typical complex Lie group. In 
particular, GL(1,C) is the multiplicative group C* of non-zero complex 
numbers. 

The following are proved similarly as the corresponding statements for 
the real case: 


Theorem 3.2. Let G be a complex Lie group and G' a closed complex 
Lie subgroup of G. Then G/G' admits a complex structure such that the 
canonical projection G+ G/G" and the natural action G x G/G' > G/G' 
are holomorphic. 


Theorem 3.3. Let M be a complex manifold and G a complex Lie group 
acting holomorphically on M. If M is a homogeneous space of G, then for 
every x in M, G, is a closed complex Lie subgroup of G and the map 


G/G, —> M_ given by gG. > gx 
is a G-equivariant biholomorphic map. 


Example 3.1. The usual multiplication of matrices on the column vectors 
defines a left action of GL(p,R) on R?. This action induces actions of O(p) 
on the unit ball BP? = {*(21,...,@p) € R? | Jai]? +---+|x,|? < 1} and 
on its boundary OB”, which is the unit shere S?~ (cf. Example 3.9 below). 
The action (O(p),S?~') is transitive and the stabilizer of ‘(1,0,...,0) 
may be identified with O(p — 1) so that we have a C“” diffeomorphism 
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S?-! ~ O(p)/O(p—1). If p > 1, SO(p) also acts transitively on S?~! and 
we have SP! ~ SO(p)/SO(p — 1). 

Likewise GL(q,C) acts on C? from the left. This action induces actions 
of U(q) on B74 = {*(z,...,2q) € C4 | Jarl? +--+ + |zg/? < 1} and on its 
boundary 0B74 = S?4-'. The action (U(q),S?7~*) is transitive and the 
stabilizer of ‘(1,0,...,0) may be identified with U(q — 1) so that we have 
a C’ diffeomorphism S74~! ~ U(q)/U(q —1). See Section 3.5 below for a 
more general case. 


Properly discontinuous actions 


We say that an action (G, X) is proper if the map 

Gx xX Xxx given by (9,2) 4 (gz, 2) 
is proper, i.e., the inverse image of an arbitrary compact set is compact. 
A properly discontinuous action is a proper action of a discrete group. If 
an action (GX) is properly discontinuous, then the orbit space G\X is 
Hausdorff. We also have: 


Lemma 3.1. Let X be a locally compact Hausdorff space and G a discrete 
group. Then an action (G,X) is properly discontinuous if and only if for 
every compact set K of X, the set{gEG|gKNK £0} is finite. 


Using the above, the following is proved as in the real case: 


Theorem 3.4. Suppose G acts on a complex manifold W holomorphically. 
If the action is properly discontinuously and free, the orbit space M = G\W 
has the structure of a complex manifold such that the canonical surjection 
a:W — M is a holomorphic covering map (cf. Definition 2.5). 


Example 3.2. Complex tori: Let (w1,...,wen) be a 2n-tuple of elements 
in C” linearly independent over R and G = (w},...,wan) the free Abelian 
group of rank 2n generated by the w,;’s. Then G acts on C” by translations 
and the action is properly discontinuous and free. The quotient T = G\C” 
is called a complex torus. It is diffeomorphic to the product S! x --- x S! 
of 2n copies of a circle S!. 


Exercise 3.1. Show that a one-dimensional complex torus is biholomorphic 
with the one given by G = (1,w) with Sw > 0 and that it is also biholo- 
morphic with the quotient of C* = C\ {0} by the infinite cyclic group (7) 


generated by ¢ +> n¢ for some complex number 7 with 0 < |n| < 1 (in fact, 
n= erry Te). 
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The last viewpoint can be generalized to the higher dimensional case: 


Example 3.3. Hopf manifolds: Suppose n > 2. Let 7; be complex numbers 
with 0 < |n;| < 1,7 =1,...,n, and G the infinite cyclic group generated 
by an element g which acts on W = C”\ {0} by 


g(21, +--+; 2n) = (M21,---;MnZn)- 


Then the action is properly discontinuous and free so that M = G\W isa 
complex manifold of dimension n, called a Hopf manifold. 


Exercise 3.2. Show that a Hopf manifold is diffeomorphic with S! x S2”~1, 


Thus a Hopf manifold M admits a “C® fiber bundle structure” over 
P”~! with fiber the real torus S! x S! (cf. Exercise 2.2 and the subsequent 
sections). In particular, if 7, = --- = m, = 1, there is a holomorphic map 
M — P"~!, which gives a “holomorphic fiber bundle structure” with fiber 
the complex torus (7)\C* (cf. Exercise 3.5 below). 


3.2. Fiber bundles 


Let G be a topological group and F' a topological space with a continuous 
effective left action of G. Also let 7: E — X be a continuous map of 
topological spaces. 


Definition 3.2. An F-trivialization of 7 is a pair (U,w) of an open set U 
in X and a homeomorphism 


b:a (UU) > FxU 


with pow =7, where p: F x U > U is the projection. In this case we also 
say that w is a trivialization of FE on U. 


Definition 3.3. A system of F'-trivializations with group G of 7 is a collec- 
tion T = {(Ua, va) }aer of F-trivializations with the following properties: 


(1) {Uahaer is a covering of X, 
(2) for each pair (a, 3), there exists a continuous map g®? : U, Ug + G 
such that qo Wg! : F x (Ua NUg) 4 F x (Ua. Uz) is of the form 


da ode (6°,x) = (9°? (a)é?,2), (6°, 4) € F x (UaNUs), 


where we denote elements of F’ x Ug by (€%, x). 
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Note that the maps g®? are uniquely determined by T as we assumed 
the action of G on F to be effective. 

For two systems J and 7’ as above, we write 7 ~ J’ if their union is a 
system of trivializations. Clearly it is an equivalence relation in the set of 
systems of F’-trivializations. 


Definition 3.4. A fiber bundle structure with fiber F and group G on the 
map 7: & > X is an equivalence class of systems of F-trivializations of 7 
with group G. A fiber bundle is a map 7: E — X together with a fiber 
bundle structure. 


A fiber bundle will simply be denoted by 7: EF + X. We also say that 
F is a fiber bundle on X. We call E the total space, X the base space and, 
for x € X, Ey = 7~\(a) the fiber at x, which is homeomorphic with F. 
Sometimes G' is referred to as the structure group and F the typical fiber. 
If the bundle is defined by a system T = {(Uq, ta)} as in Definition 3.3, 
we call the collection {g°°} the system of transition maps associated with 
T. In this case we simply say that {g°°} is a system of transition maps of 
E. From the effectiveness of the action of G, we have 


g(x) g?" (x) = g*7 (a), x eEUgnUugnvuy. (3.1) 


In particular, g°°(x) = e, the unity in G, and g?%(x) = (g°9(a))7!. 

Conversely, if we are given an open covering {U,} of X and a collection 
{g*?} of continuous maps g*? : U. 1 Ug > G satisfying (3.1), we may 
construct a fiber bundle as follows. We consider the disjoint union X = 
L|,(F x U.) and define a relation ~ as follows: for (€%, 7°) in F x U, and 
(€9, 2°) in F x Up, (€%,2%) ~ (€°,2°) if 


a*=a%(=2) and €% = 9g (x)é?. 


Then it is easy to see that this is an equivalence relation in X. Let E = 
X/ ~ be the quotient space with the quotient topology and denote the 
class of (€%, 7%) by [€¢, 2°]. The map 7: EF + X given by [€%, 2%] > x is 
well-defined and continuous. Since 
(F x U,)/~=F x Ug, 

the map %q : t 1(Ua) 4 F x Us given by [€%, 2%] 4 (€%, 2%) is an F- 
trivialization on Ug and {(Ua,Wa)} defines a fiber bundle structure on E 
with {g*°} as a system of transition maps. 


We say that a fiber bundle 7: EF > X is trivial, if the fiber bun- 
dle structure defining it contains the “global F-trivialization” (X, w), i-e., 
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a homeomorphism 7 : E + F x X commuting with the projections. We 
refer to F x X as a product bundle. 

Let 7: E + X and nm’: E’ > X be two fiber bundles with fiber F’ and 
group G and let T = {(Ua,Wa)}aer and T’ = {(V\, xx) }xez be systems of 
trivializations representing the bundle structures of EF and E’, respectively. 


Definition 3.5. An isomorphism y : E + E’ is a continuous map with: 


(1) t=7' 0g, 
(2) for each pair (a, 2), there exists a continuous map g** : U,V), > G 
such that y,o yo!) : Fx (UaNVa) 9 FX (Ua NV) is of the form 


Xr0G Oa (E% 2) = (g**(a)E*, 2), (E%, 2) € FX Ua NN). 


Note that the above definition does not depend on the choices of triv- 
ializations T and 7’. Also, an isomorphism is bijective and y+ 
isomorphism. The composition of two isomorphisms is an isomorphism. If 
the total spaces E and E’ are the same, the identity map 1, is an iso- 
morphism if and only if the bundle structures are the same. We say that 
two bundles F and EF’ are isomorphic and write E ~ E’ if there exists an 
isomorphism between them. 


is an 


Exercise 3.3. Let FE and E’ be fiber bundles on X as above. 

1. Suppose £ and E’ are defined by systems of trivializations J and 7’ 
on the same coveing U = {U,}. Let {g%°} and {9/°?} be the systems of 
transition maps associated with TJ and 7’, respectively. Show that FE ~ E’ 
if and only if, for each a, there exists a continuous map g® : U, — G such 
that 


g** (a) = g%(x) 1g!" (a) 99 (2). 


In particular, the bundle E defined by a system {g®°} is trivial if and 
only if, for each a, there exists a continuous map g® : Ua — G such that 


g°" (x) = g*(x)*9°(2). 


2. Let V = {Vy}vyez be a refinement of U/, ie., there isa mapi: J >I 
such that V) C U,y) for all A (cf. Remark 2.1.1). Show that {gi and 
{g*°} define isomorphic bundle structures. 


3. Let {g%*} and {g/“} be two systems on U and Y, respectively. Show 
that they define isomorphic structures if and only if there exists a common 
refinement W of U and VY such that the restrictions are as in 1. 
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Definition 3.6. A section of a fiber bundle 7 : EF + X on a subset A of 
X is a continuous map s: A — EF such that ros =14y. 


A section s on A can be described as follows. Let {(Ua, Wa) } be a system 
of trivializations defining the bundle. Then we may write 
Wa(s(x)) = (s*(x), x) for € ANU, 
with s° : ANU, — F a continuous map. For each point ¢ in ANU,N Uz, 
we have 
s*(a) = g*(x)s"(a). (3.2) 
Conversely suppose we have a collection {s*} of continuous maps sat- 
isfying (3.2). Then setting s(x) = Wz 1(s*(x),x) for x in AM Ug, we have 
a section s on A. 
Note that a “global section” s : X — EF defines a homeomorphism of X 
onto its image s(X), the inverse being 75x). 


Definition 3.7. A principal G-bundle is a fiber bundle with group G and 
fiber F = G with the natural left action of G. 


Exercise 8.4. Show that a principal bundle is trivial if and only if it admits 
a global section. 


Let G’ be a subgroup of a topological group G. Then it is a topological 
group with the topology as a subspace of G. Let 7: E > X be a fiber 
bundle with group G. 


Definition 3.8. We say that the structure group of the bundle may be 
reduced to G’ if the bundle structure contains a trivialization such that, in 
the associated system of transition maps {g°°}, each g°? maps Ua MN Ug 
into G’. 


If £ + X is a fiber bundle with fiber F and group G and if F” is a 
space with a left G action, using a system {g%?} for E, we may construct a 
new bundle £’ + X with fiber F”’, as in the way described above. We call 
such a bundle a bundle associated with E. 


Remark 3.1. For r with 1 < r < co or r =w, we have the notion of a 
C” or holomorphic fiber bundle by assuming that G be a real or complex 
Lie group, F and X C” or complex manifolds, the action of G on F C™ or 
holomorphic and the transition maps C” or holomorphic. In this case E 
admits naturally the structure of a C” or complex manifold so that 7 is a 
C” or holomorphic submersion. We may also talk about C” or holomorphic 
sections. 
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Example 3.4. Let @ : C”*1\{0} — P” be the canonical surjection (cf. Ex- 
ample 2.1.2). We show that it has the structure of a holomorphic principal 
C*-bundle. We denote by ¢ = (¢o,-.-,¢n) coordinates on C"t!\ {0} so 
that w(¢) = [¢] = [¢o,.--,¢n] are homogeneous coordinates on P”. For 
each a = 0,...,7, let Ua be the open set in P” given by ¢, 4 0. Then we 
have a trivialization 


tata '(Ua) + C*x Ua, + (Ca, [C]). 


We have 4a 0 $5" (Cs, [¢]) = (Ca/Ga - Gs, [¢]). Thus C+? \ {0} is a prin- 
cipal C*-bundle with a system of transition functions {g°°} given by 
g*’ = ¢a/¢s. The associated line bundle is the tautological bundle on 
P” (cf. Section 9.3 below). 


Exercise 3.5. Show that a Hopf manifold M = (n)\(C”\ {0}) (cf. Exam- 
ple 3.3) admits the structure of a holomorphic fiber bundle on P"~! with 
fiber a one-dimensional complex torus (7)\C*. 


The following is proved similarly as the corresponding statement in the 
real case: 


Theorem 3.5. Let G be a complex Lie group and G' a closed complex Lie 
subgroup of G. Then a: G— G/G' admits a local holomorphic section so 
that it becomes a holomorphic G'-principal bundle. 


Homotopy groups 


Here we briefly review homotopy groups of topological spaces and state 
some fundamental theorems. 

Let X be a topological space and xp a point in X. We denote by 
mo(X, 29) the set of path components of X with the component of xo as 
distinguished element. For a positive integer i, we consider the i-cube J’, 
I = [0,1], and denote by 7;(X,xo) the set of homotopy classes of maps 
(I’, OI’) + (X,20) relative to OI’, or equivalently, the set of homotopy 
classes of maps (S'’,s9) — (X,29) relative to a point so in S’, a sphere 
of dimension i. For two maps f,g : (J’,0I°) + (X,ao0) we define a map 
f*xg:(I',0I") > (X, 20) by 


f (Qing th, tay,t;) 0<t <5, 


f*g are = 
plata = 1,133 .255%) s<tu <1. 

Then it induces a group structure on 7;(X,20) with the class of the con- 
stant map as the identity. We call it the i-th homotopy group of X with 
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base point xo. It is Abelian if 1 > 2. Thus we use the additive notation 
for 7;(X, 2), i > 2, while we use the multiplicative notation for 7,(X, x9), 
unless it is Abelian. By convention, 79(X,29) = 0 means that X is path 
connected, in which case 7;(X,29) is determined up to isomorphisms, 
independent of x, and 7;(X,2o) will simply be denoted by 7;(X). 

If y : (X,20) > (Y,yo) is a map of topological spaces, it induces a 
morphism , : 7(X,2o) > 7: (Y,yo), which assigns to the class of a map 
f : (I*,0I") > (X, 2x0) the class of yo f. 


Example 3.5. For a p-sphere S?, we have 


0 i=0,...,p—1, 
m(S?) = {2 = P 


Note that 7,(S’) has a canonical generator which can be thought of either 
as the homotopy class of the map (I?, OJ?) > (S?, sq) collapsing OI” to a 
point sg or as the homotopy class of the identity map of S?. 
Also, as C7\ {0} deformation retracts to S741, 
O° £200.40, 09 =2, 
m(C1\ {0}) = , 
Z, i= 2q-1. 
The group 72q~1(C%~\ {0}) has a canonical generator, i.e., the homotopy 
class of the inclusion S?7~! — C4\ {0}. 


Homotopy exact sequence: Let 7: E — X be a fiber bundle with 
fiber F. Choose a point x9 in X and identify F with 7~'(xq) so that we 
have an inclusion 1: F ~ E. Then choose a point ep in F' and consider the 
homotopy groups of F’, E and X with base points eg, e9 and xo, respectively. 
Here we quote the fact that a fiber bundle has the homotopy lifting property 
for cubes, i.e., every homotopy of maps f : (I',0I’) > (X,2o0) can be 
“lifted” to a homotopy of maps f : (I’,0I’,0) > (E, F,e9), 0 = (0,...,0). 
From this we see that there is a morphism 0, : 7(X,20) 7 m-1(£, 0). 
If i > 2, it assigns to the class of f the class of f\gy: : (OI',0) > (F,e0), 
noting that OI’ is homeomorphic to S*~!. In the case i = 1, OJ = {0,1} 
and 0, assigns to the class of f the path component of Fa: With these 
we have the following, where base points are suppressed: 


Theorem 3.6. For a fiber bundle 7: E > X with fiber F, we have an 
exact sequence of homotopy groups: 


oh oy gil) ay BY Os yg) gen (FP) DD, 
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In the above, the exactness of a sequence of maps involving 7) means 
that the image equals the inverse image of the distinguished element. 


Hurewicz theorem: Since (I’, OJ‘) is homeomorphic with (B*,S’~'), we 
have H;(I’,0I';Z) ~ Z for i > 1, and it has a canonical generator 1; 
(cf. Example B.5.2 and Remark B.13.2). We have a natural morphism 
hy: mi(X) —> Hi(X;Z), 

which assigns to the homotopy class of f : (I', OI‘) + (X, 2x0), the homology 
class f,.; in Hj(X,xo;Z) = H;(X;Z). 

Now let k > 0. We say that a space X is k-connected if 7;(X) = 0 for 
FS Oiekch. 
Theorem 3.7. Suppose X is k-connected. 
1. Ifk =0, then hy is an epimorphism with the commutator [m1(X),71(X)] 
as its kernel. 


2. Ifk > 1, then hpyy ts an isomorphism. 


3.3. Vector bundles 


In the following, we denote by K either R or C and express the elements 
of K! by column vectors, unless otherwise stated. Thus we may represent 
the group of linear transformations of K! by GL(1,K) acting from the left. 
Recall that it has the structure of a real or complex Lie group according as 
K is R or C. 


Definition 3.9. A vector bundle is a fiber bundle 7 : E + X with fiber K! 
and group GL(I, K) (cf. Definition 3.4). We say that it is real or complex 
according as K is R or C. 


Thus a vector bundle structure is represented by a system of trivializa- 
tions T = {(Ua, Wa)} as follows: 


(1) for each a, {Yq is a homeomorphism 
Wa: 1 1(Uq) > K! x Ug with pow, =T, 
where p: K! x Ug, > Us, is the projection, 
(2) for each pair (a, 3), there is a continuous map 
g°? :UaNUg + GL(L,K) with 
Yao Wy (E",a) = (g*?(w)é?,x) for (€",@) € K' x (Ua Us). 
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Note that each fiber E, = 7~1(x), « € X, has the structure of a vector 
space of dimension / over K so that every trivialization restricted to Ey, is 
a K-linear isomorphism. We call | the rank of E. A vector bundle of rank 
one is called a line bundle. 

We call {g%°} the system of transition matrices associated with T. For 
& € E,, we may write a(€) = (€%, x) with €* € K'. We call €* the fiber 
coordinate of € relative to Wa. Thus if ¢ € Ua n Uz, 


6% = gM P(x) EP. 
Morphisms: Let FE and F be vector bundles on X. 


Definition 3.10. A morphism yp: E > F is a continuous map commuting 
with the projections such that the induced map y, : FE, — F, on each fiber 
is K-linear. 


Let | and k be the ranks of E and F. Also let {g%°} and {h®?} be 
systems of transition matrices for EF and F, respectively. Then a morphism 
yp: E > F is represented by a collection {y.} of maps 


Ya : K' x Ue —> K¥ x Uy 


of the form ya(€%, 2) = (h*(x)E%, x), where h® is a continuous map from 
U,, into Hom(K!', K”), the space of linear maps of K! into K*, satisfying 


h(x) g°? (x) = ho? (ah? (a). 


In the above each h® is represented by a k x | matrix valued function. 

We say that the morphism vy is an isomorphism if it is furthermore a 
homeomorphism. In this case y induces a K-isomorphism on each fiber. 
We also say that F and F are isomorphic (or F is isomorphic with F'), and 
write EF ~ F, if there is an isomorphism of F onto F. 


Remark 3.2. This definition of isomorphism is equivalent to the one given 
in Definition 3.5 in the case of vector bundles. 


From the above local description of y, we have the following: 


Proposition 3.1. Let E and F be two vector bundles on X of rank | and 
systems of transition matrices {g°%°} and {h%°}, respectively, on an open 
covering {Uy}. Then E and F are isomorphic if and only if there exists a 
continuous map g* : Uy + GL(I,K) for each a, such that 


9°? (x) = 9%(a) th (@)g%(x) for « E Ua Us 
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In the case the total spaces of F and F are the same, the vector bundle 
structures defined by two systems {g%?} and {h%°} are isomorphic if and 
only if the corresponding systems of trivializations define the same bundle 
structure (see Exercise 3.3). Thus a vector bundle is trivial if and only if it 
is isomorphic to the product K! x X. 

We say that a sequence of morphisms of vector bundles 

Bsr AG 
is exact if, for each x in X, the induced sequence EF, bal F, me G, is exact, 
ie., Ker vz = Im gy. 


Sub and quotient bundles: Leta: E — X bea vector bundle of rank I. 
For I! < 1, we think of K" as a subspace of K! by identifying "(a1,..., aj’) 
with (0,...,0,a1,.--, a7). 


Definition 3.11. A subbundle of E is a subset E’ of E with the following 
property: there exists a system {(Uq,Wq)} of trivialization for E such that 
each Ww, maps n''(Ug) onto K"” x U,, 7 = TE. 


In this case, each transition matrix g®? is of the form 


nap 
: 0 
g% = ‘ ae) , (3.3) 


* @g 
where g/° : Uy Ug —> GL(I',K) and g"®* : Uz NUg > GL(l— U,R). 
The map 7’ : E’ + X has a vector bundle structure of rank I’ with {g'?} 
a system of transition matrices. 

The bundle with fiber K'~" and system fae?) is called the quotient 
bundle of E by E’ and is denoted by E/E’. Note that there is a surjective 
morphism y: E > E/E’ so that the sequence 

0— E' +> E> E/E’ > 0 
is exact, where . denotes the inclusion. 


In general, if we may choose a system {g°°} of transition matrices of a 
vector bundle FE with fiber K! so that each g®? is of the form (3.3), then E 
admits a subbundle with {g? } as a system of transition matrices. 


Exercise 3.6. Let py: E > F be a morphism of vector bundles. Show that, 
if the rank of the restriction y, of y to each fiber E,, x € X, is constant, 
then the kernel Ker = [|,,¢,, Ker yx and the image Imy = |J,<,, Im Ye 
of y are subbundles of E and F,, respectively. Show also that the quotient 
bundle E/Ker y is isomorphic with Iny. The quotient F'/Imy is called 
the cokernel of y and is denoted by Coker y. 
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Pull-back: Let f : Y — X be a continuous map of topological spaces 
and 7: E + X a vector bundle of rank J. We define the pull-back f*E of 
E by f by 


PE={(E ye ExY|n(E) = f(y) t- (3.4) 


Denoting by f and @ the restrictions of the projections onto the first and 
second factors, we have the commutative diagram: 


We see that w: f* H > X has a vector bundle structure of rank |. Indeed, 
if {((Ua; Wo)} is a system of trivializations of E, we write wa(€) = (€°(§), x) 
and define Xq : @"(f~*(Ua)) + K! x f-*(Ua) by XalEy) = (E°(€),9)- 
Then {(f~!(Ua),Xa)} is a system of trivializations of @. Note that 
(f°E)y = Epcy). 

From the definition we have the following: 


Proposition 3.2. 1. If 1x is the identity map of X and if E is a vector 
bundle on X, there is a canonical isomorphism 


TLESE given by (€,2) > €. 


2. If Z aN Bs X is a sequence of continuous maps and if E is a vector 
bundle on X, there is a canonical isomorphism 


(fog Eg (f*E) — given by (€,z) > (€,y,2), y=9(2). 


If A is asubspace of X with the inclusioni: A X andifa: E > X is 
a vector bundle on X, i*F is called the restriction of FE to A and is denoted 
by E|,. Note that its total space coincides with m~1 A. 

This notion of pull-back can be defined for other fiber bundles as well. 


Sections and frames: We recall Definition 3.6 for the notion of a section. 
A vector bundle 7: E —+ X always admits the zero section, i.e., the map 
89: X — E that assigns to each point x in X the zero of the vector space 
FE,. The zero section sg is a homeomorphism of X onto its image »’, with 
the restriction of 7 to »’ its inverse. 

Let | be the rank of E. 


Definition 3.12. A frame of F on an open set U in X is an ordered family 
ce) = (e1,..-,e1) of 1 sections e; of F on U linearly independent at each 
point of U. 
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Let (v1,..., 01) be a basis of K!. If »:771(U) > R! x U is a trivializa- 


tion of E, it defines a frame e = (e1,...,e) on U by 
ex(z) = p7*(v, 2). 
Conversely a frame e!) = (e1,...,e;) defines a trivialization w by 


v(€) = (Sran.2) for €= Y asete) 


Suppose (v1,..., 07) is the standard basis of K’. If {(Ua,Wa)} is a 
system of trivializations and if {g*°} is the associated system of transition 
matrices, for the corresponding system of frames {eM}, we may write: 


l a 
ee = ef!) 98, (3.5) 
Let f : Y — X be a continuous map and 7: FE > X a vector bundle. 


If s is a section of E on an open set U in X, we have the pull-back /f*s, 
which is a section of f*E (cf. (3.4)) on f~1(U) defined by 


(f*s)(y) =(s(f(y)),y) for ye f-*(U). (3.6) 


Vector bundles with other structures: A vector bundle E is C™ or 
holomorphic if it is so as a fiber bundle (see Remark 3.1), in the latter K 
being assumed to be C. We may also talk about C” or holomorphic sections. 
The set of C” sections of EF on U is denoted by C’(U;E). This has a 
natural structure of vector space by the operations defined by (s1+582)() = 
81(a) + s2(a) and (cs)(a) = cs(x) for 51,82 and s in C’(U; E), cin K and 
x in U. The set of holomorphic sections of E' on U is denoted by I'(U; E). 
This has the structure of a complex vector space. 

Furthermore, if M is a quasi-projective manifold (cf. Section 2.2), we 
may consider a regular vector bundle on Mz. An algebraic vector bundle 
on M is the pull-back of a regular vector bundle by the identity M — Mz. 
In particular, it is a holomorphic vector bundle. 


Remark 3.3. The following is known: 


(V,) Let £ bea vector bundle on X and f, g: Y > X two continuous maps 
with Y paracompact. If f and g are homotopic, then f*F ~ g* FE. 
The “topological classification” and the “C® classification” of the 
vector bundles on a C™ manifold M are the same. Namely, if F is 
a continuous vector bundle on M, there exists a C™ vector bundle 
that is isomorphic with F as a continuous bundle and two C'°° vector 
bundles are isomorphic as continuous bundles if and only if they are 
as C® bundles. 


(V2 


ones 
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Algebraic operations 


If we are given some vector bundles, we may construct new ones by algebraic 
operations. Thus let E and F be vector bundles on X with fibers K! and 
K*, respectively. We choose a suitable covering {U,} of X and let {g*?} 
and {h®°} be systems of transition matrices for E and F, respectively. 


Direct sum E@F: Weset EGF= Lex E, ® F, with the obviously 
defined map onto X. It is not difficult to see that it has the structure of a 
vector bundle with K’@ K* ~ K!+* as fiber and {g*? 6 h®*} as a system of 
transition maps. By the natural isomorphism K! 6 K* ~ K!+*, 9%? @ he 
corrresponds to the matrix 
("0 ) 
0 Arey’ 


The direct sum is sometimes called the Whitney sum. 
In general, let 


0—> B+ E* BE” 0 (3.7) 


be an exact sequence of vector bundle morphisms. We say that the sequence 
splits if there exists a morphism 7 : E” — E such that pon = 1g, or 
equivalently, ¢: E > E’ such that ¢ov = 1g. A morphism 7 or ¢ as above 
is called a splitting of (3.7). If this is the case, we have an isomorphism 
E ~ E' @ E", the correspondence being given by assigning to each € in E 
the element (¢(€), p(€)) in E’ @ EB”. 


Proposition 3.3. If (3.7) is an exact sequence of vector bundles on a 
paracompact space X, there exists a splitting. 


Proof. Let U = {U.} be a locally finite covering of X such that the 
bundles are trivial on each U,. Choosing suitable frames, we see that 
there exists a splitting yn, on each Uy. Let {pa} be a partition of unity 
subordinate to U. Then 7 = > pata gives a splitting of (3.7). 


Remark 3.4. If (3.7) is an exact sequence of C® vector bundles on a C® 
manifold, there exists a C™ splitting. 


Product EF x F: The product FE x F of the total spaces has a natu- 
ral vector bundle structure on X x X. Indeed, we may write E x F = 
LU es no)exx x (He, X Fo,). As a vector space, Hz, x Fr, = Ez, ® Fy, and 
the local trivial structures on F and F define that on E x F. 
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If we let d: X ~ X x X denote the diagonal embedding x +> (2,2), 
then there is a canonical isomorphism 


d(Ex F)~E@F. (3.8) 


We may as well define the product of vector bundles on distinct spaces. 
Namely, if F and F are vector bundles on X and Y, respectively, E x F is 
the vector bundle on X x Y given by Ex F= ||, pexyxy (Ex x Fy). 


Morphism Hom(F, F’): Set Hom(£, F’) = ||,-, Hom(E,, Fy) with the 
obviously defined map onto X. Then it has the structure of a vector bundle 
with Hom(K’,K*) ~ K*! as fiber and {Hom(g%,h®*)} as a system of 
transition maps. 


Exercise 3.7. Show that, if we represent elements in Hom(K!,K*) by k x 1 
matrices, the bundle Hom(£, F’) is defined by the trivialization {(Ua, Wa) } 
such that, if (A%,x) =v. 0 wy (AP, x), A® is given by 


A® = Hom(g®’, h%®) (x) AP = A (x) wArs (9°? (x))~1. 


In particular if F = K x X, we denote Hom(E, F’) by E* and call it the 
dual bundle of E. This is the vector bundle with fiber (K!)* ~ K!. If we 
express the elements in (K!)* by row vectors, then a system of transition 
matrices is given by {(g%? ject with multiplication from the right and if 
we express them by column vectors, then it is given by {'(g%? oy with 
multiplication from the left. There is a canonical isomorphism (E*)* ~ E. 


Tensor product E @ F: We set E® F = [cx Ex ® Fr. Then it 
has the structure of a vector bundle with K! @ K* ~ K'* as fiber and 
{g°? @ h®*} as a system of transition maps. The natural isomorphisms 
Hom(EF,, Fy) ~ EX ® F; on the fibers induces a natural isomorphism 


Hom(F, Ff) ~ E* ® F. 


Exterior power /\" E: We set [\" E = U,<x \’ Ex. Then it has the 


structure of a vector bundle with /\" K! ~ K() as fiber and {A" g%?} asa 
system of transition maps. In particular, we denote N E by det F and call 
it the determinant (bundle) of E. It is a vector bundle of rank one defined 
by the system {det g®?}. In general, we have a natural isomorphism 


N(E@F)~ QB NEA‘. 


p+q=r 
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Complex conjugate E: We assume that K = C and set E =|], -y Ex, 
where £, denotes the complex conjugate of E, (cf. Remark 2.11). Then it 
has the structure of a complex vector bundle with C! as fiber and {g°} as 
a system of transition matrices. 


Complexification E°: We assume that K = R and set E° = |],-y ES, 
ES =C ®p Ez. Then it has the structure of a complex vector bundle with 
C! as fiber and {g*°} as a system of transition matrices. 


Complex bundle as real bundle: The complex vector space C! is nat- 
urally considered as a real vector space of dimension 2/ and this defines a 
natural morphism 


p:GL(l,C) — GL(21,R). (3.9) 
Thus if EF is a complex vector bundle of rank J, it has the structure of a real 


vector bundle of rank 21. If {g*°} is a system of transition matrices for E, 
then {po g®} is a system of transition matrices of EF as a real bundle. 


3.4 Tangent bundle and vector fields 


Real tangent bundle 


Let M be a C® manifold of dimension m. We may give a natural vec- 
tor bundle structure on the (disjoint) union TpM = [J,¢,7 TreM of the 
tangent spaces of M as follows. First, define 7: TpM — M by assigning 
to each tangent vector its base point. Then let {U,} be a covering of M 


by coordinate neighborhoods U,, with coordinates (x{,...,2¢,). Taking 
(5%, aus a ) as a basis of Tp ,M for each x in Ug, we have a bijection 
1 ™ - 
Wa 17 1(Ug) + R™ x Ug. Since we have the relation 
) mh On ) 
— = + (2) —— STs dt 3.10 


for « in Ua Ug, we see that Wo 0 wa (E,2) = (t°7(x)€,x) for (€,2) in 
R™ x (U.N Ug), where 


Ox? Ox? 
P : Oxf Oak 
to _ Ort, . ye) _ < 
B By : 
eee) gee, bee 
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Therefore TpM admits the structure of a real vector bundle of rank m 
with {t®?} as a system of transition matrices. We call it the (real) tangent 
bundle of M. 

The bundle dual to the tangent bundle TM is called the (real) cotan- 
gent bundle and is denoted by TgM. 


Exercise 3.8. Let M and M’ be C™ manifolds. Consider the product man- 
ifold M x M’ and let p and p’ denote the projections onto the first and the 
second factors. Show that there is a natural isomorphism 


Tr (M x M') ~p'TrRM & (p')*TRM', 
which gives the isomorphism (2.5) on each fiber. 


Vector fields: A vector field v on an open set U in M is a section of 
TrM on U. Thus it is expressed as, on each UM Ug, 


where the f®’s are functions on U,.NU. In UNU,Ug, we have f* = Re fe 
f* ="(ff,..-,f%). The vector field v is C™ if each f@ is. 

For a C™ vector field v and a C™ function f on U, u(f) isa C™ function 
on U. The bracket operation assigns to a pair (u,v) of C® vector fields on 
U aC®@ vector field [u,v] on U satisfying 


[u, o](f) = u(v(f)) — v(u(f)). 
Note that [u,v] is C-bilinear and alternating in (u,v) and that 
[fu, gv] = fglu,v] + fu(g)v — go(f)u 
for C® functions f and g. We also have the Jacobi identity 
[u, [v, w]] + [v, [w, wl] + [e, [u,v] = 0 
for every triple (u,v, w) of vector fields. 


Real normal bundle: If V is a submanifold of codimension k’ of M, 
we may cover V with coordinate neighborhoods U, on M with coordinates 
(x¢,...,2%) such that 


VoU,={« EU, | af =---=2%, =0}. 
Then the restriction t®?|y of t?? to VA UUs is of the form 


bs pre 0 
Ply ( , os) ; (3.11) 
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where t/’ and ¢”°? denote the Jacobian matrices 
OLE esa (6) Ceara Oe 
( a by) and ¢ 2 ’ 5 D 
Ot. 45855 2m) Oey sey BE) 
respectively, both restricted to V. Since the restriction of (ag,,,,.--, 2%) 


to V form a coordinate system on V1 U,, we see that TrV is a subbundle 
of TrM|y. We call the quotient bundle the (real) normal bundle of V in M 
and denote it by Ney. It is defined by the system of transition matrices 
{t”°?} and we have an exact sequence 


0 —> TRV — TrM|y > Nev — 0. (3.12) 


Exercise 3.9. Let f : M —> M' be a submersion of C'° manifolds (cf. Defi- 
nition 2.4 with “holomorphic” replaced by “C®”). Show that Tg M admits 
as a subbundle the bundle Tgf of vectors that are “tangent to the fibers of 
f” so that there is an exact sequence of vector bundles on WM: 


0 —> Tp f —> TrM — f*TpM’ — 0. 


Exercise 3.10. Let 7: E + M bea C® vector bundle and » the image of 
the zero section 59: M —> E. 
1. Show that ¥’ is a submanifold of FE, sg is a diffeomorphism of M onto » 
and that there is a canonical isomorphism sjNe,5 ~ E. Thus pulling back 
the sequence (3.12) for (M,V) = (E, ’) by so, we have the exact sequence 
of vector bundles on M: 

0 — TrM —> sjTrE — E — 0. 
2. Applying the sequence in Exercise 3.9, we have the exact sequence 


0 > Tro > Terk > T*TrM — 0. 


Show that there is a canonical isomorphism sj7Tpa ~ FE. Thus pulling back 
the above sequence by so, we have the exact sequence 


0 — E — sjTRE — TrRM — 0. 
3. Show that there is in fact a canonical isomorphism 
splRE ~ E@ TM. 
Exercise 3.11. Let M be a C™® manifold. Show that the diagonal 
A={(a,cz)€MxM|aceM} 


is a closed submanifold of M x M and the mapz: M > M x M given by 
u(x) = (a, 2) is a diffeomorphism onto A. Show moreover that there is an 
isomorphism t* Np, a Y TrRM. 


Vector Bundles 71 


Holomorphic tangent bundle 


Let M be a complex manifold of dimension n and {U,} a covering of M by 
coordinate neighborhoods U, with holomorphic coordinates (zf,...,2@). 
Then, as in the real case, the union TM = ||,.,, 7M of the holomorphic 
parts of the complexified tangent spaces of M admits the structure of a 


complex vector bundle of rank n with {7%°} given by 


Ol aici ee 
roe — (ar Zo) 


nn 


— O(28,..., 28) 


y] 


as a system of transition matrices. Since, for each pair (a, 8), 7%? is a holo- 
morphic map from U,NUg into GL(n, C), TM is a holomorphic bundle. We 
call it the holomorphic tangent bundle of M. Note that TM =||,.,,T.M 
may be identified with the complex conjugate of TM (cf. Remark 2.11 and 
Section 3.3). 

The bundle complex dual to TM is called the holomorphic cotangent 
bundle of M and is denoted by T*M. 


Definition 3.13. The line bundle det T* M is called the canonical bundle 
of M and is denoted by Ky. 


We give some fundamental facts on the tangent bundles of a complex 
manifold. Let TgM =C ®p TrM be the complexification of TpM. 


Proposition 3.4. There is a natural isomorphism 
TgM ~TM OTM, 
which induces the decomposition (2.6) on each fiber. 


Proof. We cover M by coordinate neighborhoods U, with coordinates 
(2%,...,2%). If we write z* = 2% + /—1y®, then the transition ma- 
trix t°% of the vector bundle TgM on U, Ug is the Jacobian matrix of 
(x, yf,---,c°,y°) with respect to (x? yf, ..., 08, y8). It is not difficult to 


show that this bundle is isomorphic with the one defined by the transition 


matrix which is equal to the Jacobian matrix of (zf,...,20,2Zf,...,Z%) 
with respect to (2h, ceheer ze ..., 22). Because of the Cauchy-Riemann 


Toh 
equations, this matrix is equal to —, }. 
0 78 


Proposition 3.5. We have TM ~ TrRM as real bundles. 
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Proof. We cover M by coordinate neighborhoods U, as in Proposi- 
tion 3.4. Then again by the Cauchy-Riemann equations, we see that por?? 
(cf. (3.9)) is identical with the Jacobian matrix of (xf, yf,...,v°,y®) with 
respect to (x, yf,...,08,y8). 


Let v be a section of TM. On a coordinate neighborhood U with coor- 
dinates (z1,...,2n), v is expressed as 


with f; complex valued functions on U. 
The following is not difficult to see: 


Proposition 3.6. Let v be as above. If we write fj = uj + V/—1v; with uj; 
and v; real valued functions, then under the isomorphism of Proposition 3.5, 
v corresponds to the Ne vector oe en by 


Ye mlendg m+ ledge 


Definition 3.14. A holomorphic vector field is a holomorphic section 
of TM. 


Thus v as above being holomorphic means that each f; is holomorphic. 
We denote by '(U;TM) the space of holomorphic vector fields on U. 


Exercise 3.12. 1. Give detailed proofs of Propositions 3.4—3.6. 

2. We may naturally extend the bracket operation [ , | to the space 
C@(U;TgM). Show that, if we identify TM with a subbundle of 
TgM by Propositions 3.4, the subspaces C°(U;T'M) and '(U;TM) of 
C™(U;T£M) are both stable by [ , ]. 

3. Show that the isomorphism of Proposition 3.5 is compatible with the 
bracket operations on T’M and on TpM. 


Holomorphic normal bundle If V is a complex submanifold of M, TV 
may naturally be thought of as a subbundle of TM]y, as in the real case. 
We call the quotient the holomorphic normal bundle of V in M and denote 
it by Ny so that we have the exact sequence 
0— TV > TM\y > Ny — 0. (3.13) 
Note that, by Proposition 3.5, Ny is isomorphic with Np,vy as areal bundle. 
Note also that the statements in Exercises 3.8-3.11 are valid if we replace 
“Ce” and various real bundles with “holomorphic” and the corresponding 
holomorphic bundles. 
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Line bundle associated with a hypersurface 


Let M be a complex manifold and V a hypersurface (possibly with singu- 
larities) in M@. We may take an open covering {U,} of M so that in each 
U,, V is defined by a “reduced equation” f* = 0, i.e., the germ of f* at 
each point in VNU, is reduced (cf. Section 2.3). Note that if VNU, = 9, 
then we may take a non-zero constant as f*. Then, for each pair (a, 8), 
g*’ = f%/f® is a non-vanishing holomorphic function, i.e., a holomor- 
phic function without zeros, on U, Ug and the system {g°°} satisfies the 
cocycle condition. 


Definition 3.15. The line bundle associated with V, denoted by Ly, is the 
line bundle defined by the cocycle {g°°}. 


Note that Ly is a holomorphic bundle and admits a natural holomorphic 
section whose zero set is exactly V, i.e., the section represented by the 
collection {f°} (cf. the paragraph after Definition 3.6). 


Exercise 3.18. Show that, if V is a non-singular hypersurface in M, there 
is a natural isomorphism Ly|y ~ Ny. 


Example 3.6. Hyperplane bundle: Let P” be the n-dimensional projective 
space with homogeneous coordinates [Co,..., Gr] and U = {U,,} the covering 
of P” given by Ua = {Ca # 0}. If H is a hyperplane (cf. Example 2.4) in P” 
defined by a linear function ¢(¢), it is defined by the holomorphic function 
£(C)/Cq on Ug. The associated line bundle Ly is then defined by the system 
of transition functions {g®°} with g®° = ¢s/¢q on the covering U. Thus 
it is uniquely determined modulo isomorphisms, independently of H. It is 
called the hyperplane bundle and is denoted by H,,. 

If V is a hypersurface of degree p, we see that Ly is defined by the 
system of transition functions {(¢3/¢.)?} so that Ly = H®?, p times tensor 
product of H,,. 


Exercise 3.14. Let H be the hyperplane in P” defined by Co = O and po 
the point [1,0,...,0]. We identify H with P”~! = {[G1,...,Gn]} and define 
a map 7: P”\ {po} > P®~? by [¢] © [G1,...,¢n]. Show that it has the 
structure of a holomorphic line bundle isomorphic with Hy,_1. 


We discuss in Section 11.6 below more generally the line bundle associ- 
ated with a “divisor”. 
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3.5 Stiefel manifold 


In this and the subsequent sections, the elements of C’ are denoted by 


a 
column vectors. Also we let e; = *(0,...,0,1,0...,0), i =1,...,N. An 
r-frame in CX is an ordered family of linearly independent r vectors in CY, 
l<r<QN. 


Definition 3.16. The Stiefel manifold of r-frames in C%, denoted by 
W(N,r), is the set of r-frames in CY. 


Let M(N,r) denote the set of N x r complex matrices, which may be 
identified with C’". Since an r-frame is expressed by an N x r matrix 
of rank r, W(N,r) may be thought of as the set of N x r matrices of 
rank r, which is an open set in M(N,r). Thus W(N,r) is naturally a 
complex manifold of dimension Nr. The complex Lie group GL(N,C) acts 
transitively on W(N,r) from the left with the stabilizer at (e1,...,e,) the 
subgroup Gy,n—r of GL(N,C) consisting of matrices of the form 


0 P’ 
so that W(N,1r) is a homogeneous space (cf. Theorem 3.3): 
W(N,r) ~ GL(N, C)/Gy,n-r. (3.14) 


Let Wo(N,1r) denote the subset of W(N,r) consisting of orthonormal 
r-frames in CN with respect to the standard Hermitian metric. The unitary 
group U(N) acts on Wo(N,r) transitively from the left with the stabilizer 


G ar P’ €GL(N —7,C) 


at (€1,...,e,) the set of unitary matrices of the form 
I, 0 
(; oe U' €U(N —- 7) 


so that Wo(N,r) is a homogeneous space: 
Wo(N,r) ~ U(N)/U(N — 1). 


We may think of the above as describing the C° manifold structure of 
Wo(N,r). Thus it is compact, connected and of dimension (2N —r)r. Note 
that the Gram-Schmidt process gives a deformation retraction 


W(N,r) — Wo(N,r). 
In particular, W(N,1) = CN \ {0} and Wo(N,1) =S?%—! so that 
S2N-1 ~ U(N)/U(N — 1), 


which is the situation considered in Example 3.1. 
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Fiber bundle structure: Suppose r > 1. Taking the first (r—1) vectors 
of each r-frame we have a map 


ma:W(N,r) — W(N,r — 1). (3.15) 


Proposition 3.7. The map (3.15) has a fiber bundle structure with fiber 
Cr-1 x (C4\ {0}), g= N-r +1. 


Proof. We think of W(N,r-—1) as the set of N x (r—1) matrices of rank 
r—1. Set 
PS gee) |e ee et = NY 
and for A’ € W(N,r—1) and I € Z, denote by A‘ the (r — 1) x (r — 1) 
matrix consisting of r—1 rows of A’ corresponding to J. Then W(N,r—1) 
is covered by the open sets Uy given by 
Ur ={A' €W(N,r —1) | det A, #0}. 

If we represent an element of W(N,r) by an N x r matrix A = (a;;) of 
rank r, the map 7 assigns to A the N x (r—1) matrix A’ consisting of the 
first r —1 columns of A. For I € Z, we denote by I* the complement of J in 
(1,...,N). For each I = (i1,...,ip-1) € Z andi € I*, let Ay, denote the 
r X r matrix consisting of the 71,...,7-_1 and i-th rows of A. Note that, 
for a fixed J, at least one of the det A;,;’s is non-zero, as the rank of A is r. 
With these, we have a trivialization 


wr: ma ' (Uz) > C* x (C2 {0}) x Uz 
given by W7(A) = ('(diyr,---;@i,_,r), (det Ari)ier*, A’) and the system 
{(Uz,1)}1ez defines a fiber bundle structure on 7. 


Remark 3.5. 1. The inverse image of (e1,...,€;—1) by 7 consists of matri- 
ces of the form (e1,...,€r—1,@), where a = "(a1,...,@p—1,@r,---,@N) with 
*(a1,...,@p>_1) € C™1 and (a,,...,an) € C4\ {0}. 

2. If we use (3.14), we see that the fiber of 7 is given by Gy w—r4i1/Gn,n_r, 
which is biholomorphic with C"~! x (GL(q,C)/Gqq-1) = C"' x W(q,1) = 
Cr-! x (C4\ {0}). 

Consider the composition of inclusions 
1: S7a-hesy CI, {0} Go W(N,1r), 
where the last one is the inclusion of C? \ {0} as a fiber of the bundle 


a: W(N,r) > W(N,r — 1). 


Proposition 3.8. The inclusion t induces an isomorphism 
ty 2 173(S22-1) > 1i(W(N,r)) for i=0,...,2q—1. 
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Proof. This can be seen by considering the sequence of maps 


W(N,r) — W(N,r — 1) — --- — W(N,1) = CN \ {0} 


and applying Proposition 3.7 and Theorem 3.6. 
Exercise 3.15. Give a detailed proof of Proposition 3.8. 
From Proposition 3.8 we have: 


0 4=0,...,2¢—2, 


3.16 
Z, i= 2q-1. ( ) 


wi (W(N,r)) ~ 
Note that m2g-1(W(N,r)) has a canonical generator, i.e., the homotopy 
class of « (cf. Example 3.5). 
These can be seen also by retracting everything from the beginning to 
Wo(N,1r), as Wo(N,r) + Wo(N,r — 1) is a fiber bundle with fiber S27-1. 
By (3.16) and Theorem 3.7 we have: 


0 i=1,...,2q¢-2, 


(3.17) 
Z ti=0, 29-1. 


H;(W(N,r);Z) “| 


Note that H2g-1(W(N,7r);Z) has a canonical generator, i.e., t.V2q—1, where 
V9q-1 is the canonical generator of H2,—1(S*7~1; Z) (cf. Remark B.13. 2). 


Real Stiefel manifold 


We may also consider the real Stielfel manifold V(N’,r) of r-frames in 
RN’. As in the complex case, V(N’,r) has naturally the structure of a C™ 
manifold of dimension N’r. The real Lie group GL(N’,R) acts transitively 
on V(N’,r) and we have: 


V(N',r) c= GL(N',R)/Gniwi—r, 


where Gy’n’_, is the subgroup of GL(N’,R) consisting of matrices of the 
form 


0 P’ 


Let Vo(N’,r) denote the subset of V(N’,7r) consisting of orthonormal 
r-frames in RN’ with respect to the standard Euclidian metric. The orthog- 
onal group O(N’) acts on Vo(N’,r) transitively from left so that Vo(N’,r) 
is a homogeneous space: 


Vo(N’',r) = O(N’) /O(N' — r). 


ic a) P’ € GL(N’ —r,R). 
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If r < N’, SO(N’) also acts on Vo(N’,1r) transitively so that 
Vo(N',r) ~ SO(N’)/SO(N' — 1). 


We may think of the two representation of Vo(V’,r) as describing its C° 
manifold structure. 

Note that the Gram-Schmidt process gives a deformation retraction 
V(N',r) > Vo(N’,r). 

In particular, V(N’,1) =R’ \ {0} and Vo(N’, 1) = S%’—! so that 


SN’-1 ~ O(N’)/O(N' — 1). 


Moreover if N’ > 1, SN’-! ~ SO(N’)/SO(N’ — 1). 

Suppose r < N’ and set q’ = N’—r+1. By arguments somewhat more 
complicated than the complex case, we have 7;(V(N’,r)) = 0 for i < q’ —2 
and 


(V(N',r)) Z, if qd — 1 is even or r = 1, (3.18) 
Tg! Paes . 
os Zo if qd —1 is odd andr > 1. 


Note that it has a canonical generator. 


3.6 Grassmann manifold 


An r-plane in CN is an r-dimensional linear subspace of C%. 


Definition 3.17. The Grassmann manifold of r-planes in C’ , denoted by 
G(N,r), is the set of r-planes in CY. 


We will see that G(.NV,r) has a natural complex structure of dimension 
(N—r)r. 

An r-plane in C% is determined by an N x r matrix of rank r, whose 
column vectors forming its basis, i.e., by an element of the Stiefel manifold 
W(N,r). Two matrices A and A’ in W(N,r) define the same space if and 
only if there exists P in GL(r,C) such that A’ = AP. Thus G(N,r) is the 
orbit space of the right action of GL(r,C) on W(N,r): 


G(N,r) = W(N,r)/GL(r, C). 


The orbit of A is denoted by [A]. Let Z be the set of r-tuples of integers 
given by 
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For an element I = (i1,...,%,) of Z, we denote by A; the r x r matrix con- 
sisting of the 71,...,7,-th rows of A. Note that the property that det Ay 4 0 
does not depend on the choice of the representative of [A]. The space 
G(N,r) is covered by () open sets U; given by 
U; = { [A] | det A; 4 0}. 
Each class [A] has a unique representative A° with Af = I,, the identity 
matrix. Denoting by J* the complement of J in (1,...,N), the entries of 
A$. gives a chart 
yr :U; —+ M(N —-17,r) = CAnue 
More precisely, for the class of A, A° = A(A;)~! so that 
gr ([A]) = (A(Ar)™*) i = Are (Ar)?. 

To see that yro en is holomorphic wherever it is defined, take an arbitrary 
matrix A in M(N —1r,r) and let A be the N x r matrix with Ap = I, 
and Aj)» = A. If [A] € Ur, then yy o yp (A) = Ar(Az)7!, which is 
holomorphic in A. Thus these charts define a complex structure on G(N,r) 
of dimension (N — r)r. 

In particular if r = 1, we have A = *(a1,...,ay) and the correspondence 
[A] + [Go,---,¢n—1] = [a1,.--,@n] gives a biholomorphic map of G(N, 1) 
onto PN—?, 

The Grassmann manifolds can be viewed also in the following manner. 


Let ¢; = *(0,...,0,1,0...,0),é=1,...,N, as in Section 3.5. The complex 
Lie group GL(N,C) acts on G(N,1r) holomorphically and transitively from 
the left and the stabilizer at the space [e,,...,e,] spanned by (e1,...,e,) 
is GL(r, N —r;C), which is the set of matrices of the form 
@ : ,  PeGL(r,C), Q€GL(N-r,C) 
and is a closed complex Lie subgroup of GL(N,C). Thus we have a biholo- 
morphic map 
GL(N,C)/GL(r, N —r;C) —> G(N,r) 

(cf. Theorem 3.3). We could alternatively define the complex structure of 
G(N,r) from this viewpoint. 

By the Gram-Schmidt process, the unitary group U(N) also acts tran- 
sitively on G(N,r) with stabilizer at [e1,...,e,] being U(r) x U(N —r). 
Thus we have a C™ diffeomorphism 


nN 


G(N,r) — U(N)/U(r) x U(N — 1), 


which shows that G(.N,r) is connected and compact. 
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Schubert cells 


Recall that every N x r matrix A of rank r can be made to the following 
“reduced form” A by elementary transformations on the columns, i.e., by 
multiplying a suitable matrix in GL(r,C) from the right: 


(*) For each j, 1 < j <r, we look the j-th column of A from the bottom 
and let @;,; be the first non-zero entry. Then i; <--- <1, and A; = I,, 
thus i 55 =, 


Note that A is uniquely determined by A. Also A and A’ determine the 
same clement in G(N,r) if and only if A = A’. We say that A is of type I 
if Ar = I,.. If we denote by e; the set of N x r reduced matrices of type J, 
it is naturally identified with C”, dy = Vja1(¢) — 7). We have a bijection 


w:G(N,r) > | | er; 


let 


by assigning A to [A], which may be thought of as giving a cellular decom- 
position of G(N,r) (cf. Section B.2). The e;’s are called Schubert cells. 
The largest cell is for J = (N—r+1,...,N) and is of complex dimen- 
sion (N — r)r and the smallest cell is for J = (1,...,7) and is of complex 
dimension 0. 

We may also describe the Schubert cells as follows. For 1 = 1,...,N, 
let V; denote the subspace of C% spanned by e1,...,¢;. We set Vo = {0}. 
For I = (i1,...,%,) in Z, consider the set 


E; ={L€G(N,r) | dimLNV, = jy, ij <i < ij, O< 5 <r}, 


where we use the convention that i9 = 0 and i,4,; = N +1. Then we have 
E; = -\(er). For an N x r matrix A of rank r and i = 1,...,N, we 
denote by AM the (N — i) x r matrix obtained from A by removing the 
first i rows. We set A) = A. Then from the relation 


dim(Z+V;) =r+i-dimLnV,, 
we see that each element in FE; is represented by a matrix A such that 
rank A® =r — J, ty St <tju1, O97 <r, 
where we set rank ACY) = 0. Thus the closure of E77 is given by 
E, ={L€G(N,r) | i VG Ge ll el Sy 
and each element is represented by a matrix A such that 


rank A“i) < r—-j, l<j<r. 
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This shows that E; is a subvariety of G(N,r). These are called Schubert 
varieties, or Schubert cycles. If we define an relation in Z by saying that 


I>T' ifi; > 7; for j =1,...,r, we may write 
Ey = |) Er. 
<i 


Since there are no cells in real odd dimensions, we have the following: 


Theorem 3.8. The homology H,(G(N,r);Z) is the free Z-module with 
basis the classes of the Schubert cycles. 


Dual Grassmann manifold: We set W = C% and W* = Hom(CY,C). 
Then W* ~ C%. We denote vectors in W* by row vectors, which acts 
on column vectors by multiplication from the left. We may consider the 
Grassmann manifold G(W*, N —r) of (N —r)-planes in W*. An element in 
W* is represented by an (N — 1) x N matrix B of rank N —r, whose rows 
forming its basis. Such matrices B and B’ represents the same element if 
and only if there is Q € GL(N — r,C) such that B’ = QB. We have a 
natural biholomorphic map 

D:G(W,r) > G(W*,N — 1), (3.19) 
which assigns to an r-plane L, the (N — r)-plane (W/L)*. In terms of 
matrices, [A] is assigned to [B] with BA = 0. 

For B, we may define its reduced form B by interchanging rows and 
columns in (*): Every (N —r) x N matrix B of rank N — r can be made 
to the following “reduced form” B by elementary transformations on the 
rows, i.e., by multiplying a suitable matrix in GL(N — r,C) from the left: 
(**) For each i, 1 < i < N—r, we look the i-th row of B from the left and 
let b 5.4 be the first non-zero entry. Then 7; <--- < jn_—, and By =In_,, 
thus B54 = 1. 

For J = (j1,.--,jn—r) we denote by f7 the cell in G(W*, N —r) corre- 
sponding to J. By linear algebra we see the following: 


Proposition 3.9. The cell f; corresponds to e; by D in (3.19) if and only 
if J=1". 


Example 3.7. For G(N,1) = P%~! we have the cellular decomposition 
G(N,1) = ern) U- + Ue, 


where e;;) ~ C*“}. 
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Example 3.8. For G(4,2) we have the cellular decomposition 


G(4, 2) = e(3.4) U e€(a,4) U ec1 ay) U (2,3) U ea) U €(2,2), 


where €(3.4) & Cr €(2,4) & C3, €(1,4) & €2,3) = C?, €(1,3) ~ C and 
€(1,2) ~ {0}. We also have 


€2,4) = G(4,2)\e(3,4) 


I2 


€q4 = €c,4) Uec1,3) Ue2) & G(3, 1) 


2,3) = €(2,3) Uec3) U eq12) & G(3, 2) ~ P?, 


and 


€(1,4) NM €(2,3) = €(1,3) = €(1,3) u €(1,2) Lend G(2, 1) = Pt. 
The cycle €(,4) is a subvariety of dimension 3 given as follows: 


22,4) 1Ue34) = 9, 
€(2,4) a) Deas) ~ Cc for (i1, i2) = (3). CL, 4), (2, 3) and (2, 4). 
€2,4) 1 U (1,2) is given by, in the canonical coordinate system 
10 a31 a 
t 31 G41 
b 
({ 1 az2 ) ee 
which has an isolated singularity at 
,{1000 
0100/° 


Exercise 3.16. Verify the statements in Examples 3.7 and 3.8. 


431 432 
Q41 442 


= 0, 


Universal bundle 


There are some natural complex vector bundles on the Grassmann manifold. 
First, there is the tautological bundle 1: S + G(N,r), ie., the bundle 
whose fiber over a point L in G(N,r) is L itself as a vector space. It is of 
rank r and can be described as 


S={(z,L)ec*% x G(N,r)|z€L} 


with 7 restriction of the projection to the first factor (see Section 9.3 below 
for more explicit description as a vector bundle in the case r = 1). Thus 
S is a subbundle of the trivial bundle IY = CX x G(N,r). The quotient 
Q =I /S is called the universal bundle. 
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As noted above, the Lie group GL(r,C) acts on the Stiefel manifold 
W(N,r) from right and the orbit space is the Grassmann manifold: 


G(N,r) = W(N,r)/GL(r,C) ~ GL(N, C)/GL(r, N — r;C). 


In fact W(N,r) is a principal GL(r, C)-bundle associated with the tauto- 
logical bundle on G(N,r). 

The group U(r) acts on Wo(N,r) from the right and there is a natu- 
ral injection Wo(N,r)/U(r) — G(N,r), which is in fact surjection by the 
Gram-Schmidt process. Thus we may express 


G(N,r) = Wo(N,r)/U(r) = U(N)/U(r) x UN —P). 
In particular, as G(N,1) = PN—!, we have 
pN-1 — g?N-1 /g), (3.20) 


Thus the canonical projection S?N~! — PN~! is a principal S!-bundle. 
By (3.19), the tautological bundle S, on G(W,r) corresponds to the 
universal quotient bundle Q, on G(W*, N — r). 


Proposition 3.10. Let E — X be a complex vector bundle of rank | on a 
topological space X. If there exists N global sections (s1,...,8n) of E that 
span the fiber over every point of X, then there is a map f : X > G(N,r), 
r= N-—lI, such that E = f*Q. 


Proof. Let IN = C% x X be the product bundle and y : IY > E the 
bundle morphism defined by y(‘(a1,...,an),2) = Soi a;s;(a). Then by 
assumption, it is surjective and Ker ¢ is a subbundle of I¥ of rank r = N—I. 
Let f : X + G(N,r) be defined by f(z) = Kery,. Then we see that 
E= f*Q. 

Note that if X admits a finite covering {U,} such that F is trivial on 
each U,, then E has global sections with the property as above. 

We discuss more about the universal bundle in Section 5.6 below 
(cf. Theorem 5.4 and the subsequent paragraph). 


Real Grassmann manifold 


We may also consider the real Grassmann manifold G(N’,r) of r-planes in 
R’. As in the complex case, G(N’,r) is the orbit space of the right action 
of GL(r,R) on the real Stiefel manifold V(N’,r): 


G(N',r) = V(N',r)/GL(r, R) 


and we may define a C“ structure on G(N’,r) of dimension (N’ — r)r. 
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The Grassmann manifolds can be viewed also in the following manner. 
The real Lie group GL(N’,R) acts on G(N’,r) real analytically and tran- 
sitively from the left and the stabilizer at the space [e,,...,e,] spanned by 
(e1,...,€,) is GL(r, N — r;R). Thus we have a C’ diffeomorphism 


GL(N',R)/GL(r, N’ — r;R) —> G(N’,r). 


By the Gram-Schmidt process, the orthogonal group O(N’) also acts 
transitively on G(N’,r) with stabilizer at [e1,...,e,] being O(r) x O(N’—r). 
Thus we have a C’ diffeomorphism 


G(N',r) — O(N')/O(r) x O(N’ —r), 


which shows that G(N’,r) is compact. Also SO(N’) acts transitively on 
G(N',r) and we have a C” diffeomorphism 


G(N',r) — SO(N’)/H, 


where H is the subgroup of SO(N’) of matrices of the form 


0Q 
Thus G(N’,r) is connected. 


G a PeEO(N'), QE O(N’ —1r), det P- detQ=1. 


3.7 Some topics on differentiable manifolds 


Orientability 


Orientations of a real vector space: Let V be a real vector space of 
dimension l’. Assume that l’ > 1 for the moment. We introduce a relation ~ 
in the set of ordered bases of V by saying that (e1,...,e) ~ (e4,...,e)), if 
there exists a matrix P in GLt(I',R) such that (e4,...,e)/) = (e1,.-.,e)P. 
Then it is an equivalence relation and there are exactly two equivalence 
classes, each of which is called an orientation of V. An oriented vector 
space is a vector space together with a prescribed orientation. If V is an 
oriented vector space, we say a basis (e1,...,e1) of V positive or negative 
according as it belongs or not to the orientation. We adopt the following: 


Convention 3.1. We orient R"” so that the standard basis (€1,---,e1), 


7 
e;, = '(0,...,0,1,0...,0), is positive. 


If V = 0, by convention, we think of it as having two orientations. 
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Orientability of C°° manifolds: Let M beaC®™ manifold of dimension 
m. We say that M is orientable if it is possible to specify an orientation of 
the tangent space at each point of M so that the specified orientations are 
compatible with the C° structure in the following sense. For the moment 
we assume m > 0 and let {(Ua,%a)} be a C™ atlas representing the C'™ 


structure of M. For a point x in U,, we write ya(x) = (af,..., 2%). Then 
(2) (2) : (2) (2) 
(Sag0+-+> Sax) form a basis of Ty..zM. If « € U~n Uz, (SaF > Gee) 


also form a basis of Tp,.M and the matrix of base change is given by 
1° (x) = O(ax%,...,2%)/A(af,...,08,)(a) (cf. (3.10)). 


Definition 3.18. A C™® manifold M is orientable if M admits a C™ atlas 
A = {(Ua, %a)} with the following property: 


(*) for every pair (a, 8) and x in U.N Ug, t??(z) is in GL+(m,R). 


For two atlases A and A’ with the property (*) above, we write A ~ A’, 
if their union has the property (*). Then it is an equivalence relation in the 
set of such atlases. We call an equivalence class an orientation of M. Note 
that if MM is connected and is orientable, there are exactly two orientations 
of M. We say that M is oriented, if it is orientable and an orientation is 
specified. 

Suppose M is oriented. A coordinate system on a connected open set 
is said to be positive or negative according as it belongs or not to an atlas 
representing the orientation. Also, an m-form w is said to be positive 
or negative according as, when we write w = f(x)dx, A--- A dz» with 
positive coordinate system (71,...,2%m), f(x) is a (real) positive or negative 
valued function. For each point x in M, let (x%1,...,%m) be a positive 
coordinate system near x. We orient Tp, so that C eer ao) is a 
positive basis. Then the orientation does not depend on the choice of the 
positive coordinate system. 

In the case m = 0, we think of M as being orientable with each con- 
nected component, which is a point, having two orientations. 

A diffeomorphism f : M — M of an oriented manifold M is said to 
be orientation preserving if, for each x in M, f. : TraM — Tr pir)M 


transforms a positive basis to a positive basis. 

Note that R”™ is orientable as a C™® manifold. In the following, we 
always orient R™ so that the canonical coordinate system (21,...,%m) is 
positive. This is consistent with the orientation of R™ as a vector space 
(cf. Convention 3.1). 
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If M is a complex manifold, it is always orientable (cf. (1.3)). We 


orient M so that, if (21,...,2n) is a complex coordinate system on M, 
(21, Y1;---;Ln; Yn) iS a positive coordinate system, where 2; = 7;+/—1y, 
t7=1,...,n. 


C™ maps of subsets 
We give the following: 


Definition 3.19. Let M and M’ be C® manifolds and A a subset of M. 
Amap f:A— M' is C™ if, for every point a of A, there is a neighborhood 
U of ain M such that f|aqu may be extended to a C® map U > M’. 


The following is proved by the partition of unity argument: 


Proposition 3.11. Let A be a subset of aC® manifold M. If f : A— R* 
is C°, f may be extended to a C® map in a neighborhood of A. 


From the continuity of partial derivatives we have: 


Proposition 3.12. Let A be a subset of R™ and f : A— R* a C® map. 
Suppose there exists an open set D in R™ such that DC AC D. Then the 
values at each point of A of the partial derivatives of the components of an 
extension of f do not depend on the chosen extension. 


Manifolds with boundary 


We set 
H” = { (%,...,%m) € R™ | a < O}. 


Note that C° maps of open sets in H”™ are defined as in Definition 3.19. 
Let R be a Hausdorff topological space with a countable basis. 


Definition 3.20. A C® manifold with boundary is a space R as above 
together with a C™ structure represented by an C'™ atlas {(Ua,%a)} on 
R, as in the case of C'°° manifolds, except each ya is a homeomorphism 
onto an open set in R™ or in H™. 


The integer m as above is called the dimension of R. The union of the 
inverse images of {x, = 0} in H™ by the y,’s is called the boundary of R 
and is denoted by OR. The interior Int R of R is the set RN OR, which is 
a usual C® manifold of dimension m. We do not exclude the case OR = @. 
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Sometimes we use the terminology “a manifold possibly with boundary” to 
emphasize this. 

For R as above, we readily see that there is a C° manifold M of dimen- 
sion m containing R with the following property: for every point p of OR 
there is a coordinate neighborhood U in M with coordinates (x,...,2%m) 
such that RNU = {qe U | 21(q) < x1(p)}. If OR FO, it is an (m — 1)- 
dimensional C™ submanifold of M. In fact if (#1,...,%m) is a coordinate 
system as above, then (a2,...,2%m) is a coordinate system on ORNU. In 
this case we say that R is a manifold with boundary in M. Note that such 
a manifold M is uniquely determined in a neighborhood of R. We say that 
R is orientable if we may choose M as above so that it is orientable. In this 
case OR is also orientable. We adopt the following: 


Convention 3.2. If M is oriented so that a coordinate system (x1,..., 2m) 
as above is positive, we orient OR so that (x2,...,@m) is positive. 


Example 3.9. The closed unit m-ball 


™={cER™| |[el|? =|21|? +--+ + leml? <1} 


is an m-dimensioanl manifold with boundary. It inherits the orientation of 
R™. The unit (m—1)-sphere S"-1 = {x € R™ | ||a||? = 1} is its boundary 
OB™. It is an (m — 1)-dimensional manifold and is oriented according to 
Convention 3.2. This is consistent with the orientation of B™ as a closed 
cell (cf. Remark B.13. 2). 


Remark 3.6. For each i = 1,...,m, we may choose the coordinate system 
(%1,...,%m) on M so that RNU = {qe U | ai(q) < ai(p)}. In this 
case OR is given by x; = 0 and (a,...,%;-1, Vi41,---;U@m) is a coordinate 
system on OR. Moreover, if M is oriented and if (#1,...,2%m) is positive, 
OR is oriented so that (a1,...,2j—-1,i41,---,;Lm) is positive or negative 


according as 7 is odd or even. 


Let R be a C® manifold with boundary in M and let M’ be another 
C™ manifold. A C® map f : R > M’ is defined as in Definition 3.19. 
Thus it induces a C° map OR > M’, which will be denoted by Of. 

We quote the following: 


Theorem 3.9 (Collar neighborhood theorem). Let R be a C® man- 
ifold with boundary. Then OR has a neighborhood which is diffeomorphic 
with OR x [0,1). 


Vector Bundles 87 


One of the consequences of this is that the inclusion of Int R into R is 
a homotopy equivalence. 

Let M be a C® manifold of dimension m. For non-negative integers d’ 
and k’ with d’ +k’ = m, we decompose as R™ = R* xR” with (x1,..., xp.) 
and (a4/41,---,U%m) as coordinates on R* and R”, respectively. We identify 
R® with {0} x R“ CR”. We also set 


He? = { (Lkr41; + etna) € R? | Lk +1 < 0}. 


Definition 3.21. A subset R of M isa C® submanifold of M with bound- 
ary, if there is an atlas {(Ua, Ya)} representing the C™ structure of M such 
that for each a, Ya(RM Uj) is an open set in R or in H“, 


If R is as above, it is a d’/-dimensional C™ manifold with boundary OR, 
which is the union of the inverse images of {4/41 = 0} in H® by the yq’s. 
For such an R, there exists a d'-dimensional C™ submanifold (without 
boundary) V of M containing R with the following property: for every 
point p of OR there is a coordinate neighborhood U in M with coordinates 
(%1,..-,%m) such that VOU = {q € U | ai(q) = --: = Zer(q) = OF 
and that RNU = {qe VNU | ayailg) < ve4i(p)}. If OR F O, it is 
a (d’ — 1)-dimensional C® submanifold of V. In fact if (a1,...,%m) is a 
coordinate system as above, then (a4/42,...,2m) is a coordinate system on 
ORQU. In this case we say that R is a C® manifold with boundary in V, 
or in M. The manifold R is orientable if we may choose V as above so that 
it is orientable. In this case OR is also orientable. If R is oriented, OR is 
oriented according to Convention 3.2. 

Note that OR is not equal to the boundary of R in M, in generel. 


Remark 3.7. In some literature, a “closed manifold” means a compact 
manifold without boundary. Here if we say that R is a closed submanifold 
(with boundary) in M, it means that it is a closed subset of M. 


Orientability of fiber bundles 


Let (G, F) be an effective left action of a Lie group G on a C® manifold 
F possibly with boundary (cf. Definition 3.20). If F’ has a boundary, we 
assume that each element of G' preserves the boundary. Let 7:7’ — M be 
a C® fiber bundle on a C° manifold M with fiber F and group G. Note 
that, if the dimensions of M and F are m and I’, respectively, then T is a 
C® manifold of dimension m +l’. If F has a boundary OF, but not M, T 
is a manifold with boundary OT which has the structure of a fiber bundle 
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on M with fiber OF and group G. We set 07 = mlar. We now suppose 
that F' is oriented (cf. Definition 3.18). 


Definition 3.22. The bundle z : T — M is orientable, if the structure 
group may be reduced to a sub-Lie group G’ of G such that each element 
in G’ preserves the orientation of F’. 


We call a system of trivialization 7 of 7 admissible, if it gives a reduction 
as above. For two admissible systems J and 7’, we write T ~ 7" if 
their union is also admissible. Then it is an equivalence relation in the 
set of admissible system of trivializations. An orientation of the bundle 
a: T — M is defined to be an equivalence class of admissible systems. We 
say that T is oriented, if it is orientable and an orientation is specified. 

Suppose the bundle T is oriented. We say a trivialization (U, 1) of T, 
with U a connected open set in M, positive or negative according as it 
belongs or not to an admissible system representing the orientation. In 
this case, each fiber is oriented so that a positive trivialization induces an 
orientation preserving diffeomorphism of the fiber onto F’. 

Note that a trivialization (U,w) of T induces an isomorphism 


soeu gy aK Tr(y2)(F XU) = TryF ©TroM, v(t)=(y,2). (3.21) 


If 7 : T + M is an oriented bundle and if M is oriented, then the total 
space T is orientable. 


Convention 3.3. We orient the total space T so that the orientation of 
the fiber followed by that of M gives the orientation of T, i.e., so that the 
isomorphism (3.21) is orientation preserving for a positive trivialization w. 


Exercise 3.17. Show that, by the above convention, the orientation of 0T 
as the boundary of T coincides with the one as the total space of the fiber 
bundle Oz : OT > M. 


Let t: FE — M be areal C@™ vector bundle of rank I’. We may think of 
the fiber V as being oriented once we fix an isomorphism V ~ R". Thus we 
may talk about the orientability of the vector bundle E (cf. Definition 3.22). 
In particular, if the fiber of F is R", F is orientable if and only if the 
structure group may be reduced to GLT(I',R) (cf. Remark 9.1.2 below). 
Since the morphism p in (3.9) below maps GL(I,C) into GL*(2I,R), a 
complex vector bundle is always orientable. 

Note that the manifold M is orientable if and only if its tangent bundle 
TrM is orientable as a bundle (cf. Definitions 3.18 and 3.22). In this case, 
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we take the orientation of the bundle TpM so that, 
positive coordinate system on M, the frame (ae sek 
positive trivialization of TrpM. 

Let V be a submanifold of codimension k’ of M. Letting Ngy be the 
normal bundle of V in M, we have the exact sequence (3.12). 


If (2 jeod Gm) 188: 
9) determines a 


Proposition 3.13. If M and V are orientable, the bundle Nay is 
orientable. 


Proof. There isa C@™ atlas {(Ua, (xf,...,2%,))} on M such that VNU, 
is given by af = --- = xf, = 0. We specify orientations of M and V. 
Changing the signs of some variables, if necessary, we may assume that 
(xf,...,7%,) is a positive coordinate system on M for every a and that the 
restriction of (a~,,1,---,@%,) to V is a positive coordinate system on V for 
every a with VM U, #4 9. Thus Ng.v is orientable (cf. (3.11)). 


Convention 3.4. If M and V are oriented and if (a,...,%m) and 
(Xp41,-+--;2m) are positive coordinate systems on M and V, we orient the 
bundle Nev so that the frame (w(g),.-. ses (ge )) determines a positive 
trivialization. 


The total space Na,y is then oriented according to Convention 3.3. 


Tubular neighborhoods 


Let M be a C™® manifold and V a submanifold of M with the normal 
bundle p: Nev > V. 
We quote the following: 


Theorem 3.10 (Tubular neighborhood theorem). There exist a 
neighborhood U of V in M, a neighborhood W of the image Z of the zero 
section in Ng vy and a diffeomorphism t of U onto W such that T(V) = Z 
and that (po T)|y = ly. 


If we take an open ball bundle (cf. Remark 9.1.1 below) as W, then 
r=pot:U—-V isaC®@ deformation retraction. Such a neighborhood U 
is referred to as a tubular neighborhood of V in M. 


Remark 3.8. 1. If M and V are oriented, we orient Np,y as described 
after Proposition 3.13. Then may we take 7 so that it is orientation 
preserving. 
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2. In the case V is a complex submanifold of a complex manifold M, we 
can say more about T (cf. Proposition 15.8 below). 


Transversality 


Let f: M— M' be a C™ map of C™ manifolds and V’ a submanifold of 
codimension k’ of M’. We look for a condition for f~!V’ to be a submani- 
fold of M. Noting that the problem is local, let x be a point in f~'V’. There 
is a neighborhood U’ of f(a) in M’ and a C® submersion g : U! + R* such 
that V’NU’ = g~1(0). We then have f-!V’N f-1U" = (go f)~1(0). Thus 
f-1V' is a submanifold in a neighborhood of « if and only if (g 0 f)«,« is 
surjective. Since (9° f)x,« = 9s,f(x) ° fae (cf. (2.4)) and g, f(a) is surjective 
and Ker 9. ¢(a) = Tr, f(a) V's (9° fx, is surjective if and only if Im f,,. and 
Tr, f(z)V' span Tp, ¢(z)M’. Thus we introduce the following: 


Definition 3.23. We say that f is transverse to V’ if 
Im fae + Tr,f(x)V’ = Tr, pia)’ — for all x € f1V’. 
In this case, we write f mV’. 


As we observed, if f hh V’, then f~!V’ is a submanifold of M and, if 
fv’ £0, 
codim f~'V’ = codim V’. 
In particular, if M is a submanifold of M’ and if i: M © M’ is the 
inclusion, i7'V’ = MN V’ and ith V’ if and only if 
TryM + TryV" = Try M’ for all yEeMn Vv". 


In this case we also say M is transverse to V’ and write M rh V’. If this is 
the case, then MV’ is a submanifold of M’ and, if MNV’ 490, 


codim(M MV’) = codim M + codim V’. 


Exercise 3.18. Let M be a C® manifold and V a submanifold of codimen- 
sion k’ of M. Show that, for every point x in V, there is a k’-dimensional 
submanifold of M which intersects V transversally at x. 


Let R be a C® manifold with boundary and f : R > M’ aC map. 
Also let V’ be a submanifold of M’. If both f and Of : OR > M’ are 
transverse to V’, then f~!V’ is a manifold with boundary, (Of)~'(V’) is 
a submanifold of OR and 0(f~!V’) = f-'!V’N OR = (Of)-1(V’) as sets 
(cf. Proposition 3.15 below). Here we quote the following: 
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Theorem 3.11 (Transversality homotopy theorem). For every C™° 
map f : R + M’ and a submanifold V' of M', there exists a C° map 
f':R— M' homotopic to f such that f' hV’ and Of’ nV’. 


Orientation: Let f : M— M’ and V’ be as above. Let m and m’ be 
dimensions of M and M’ and k’ the codimension of V’. Suppose f rh V’ 
and f~'V’ 4@ so that f~'V’ is a submanifold of codimension k’ of M. 


Proposition 3.14. In the above situation, if M, M' and V’ are orientable, 
f-'V’ is also orientable. 


Proof. We specify orientations of M, M’ and V’ and let {(U},~,)} be 
a C@™ atlas representing the orientation of M’ such that, writing »)(y) = 


(y?,.--, yn), V'AV, is given by ys = --- = ys = 0 and that the restriction 
of (y445---,Yr) to V’ is a positive coordinate system on V’. Set x) = 
y; of, i=1,...,k’. We may choose a coordinate system (x},...,2?,) so 


that it is positive. Thus f~'V’ is orientable. 


Convention 3.5. We orient the manifold f~!V’ so that the restriction of 
(x2, ,1,---,22,) is a positive coordinate system. 


Note that this convention is consistent with Convention 3.4. With this 
convention, we have 


Proposition 3.15. Let f: R-— M' be aC® map. If f hV' and Of nV’, 
A(F1V') = (-1)¥ (FY 'V', 
as oriented manifolds. 


Proof. We take (21,...,@%m) as in the proof of Proposition 3.14 so that 
R is given by xz41 < 0. If we take the orientation of f~!V’ as above, the 
restriction of (x/42,.-.,@m) is a positive coordinate system on 0(f~1V’) 
(cf. Convention 3.2). 

On the other hand, (21,...,@%/,@p142,---,;%m) is a coordinate system 
on OR which is positive or negative according as k’ is even or odd (cf. 
Remark 3.6). Thus (xg-42,---,%m) is a coordinate system on (Of)~1V’ 
positive or negative according as k’ is even or odd. 


In the above situation, let R’ be an (m’ — k’)-dimensional C' manifold 
with boundary in V’. 
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Proposition 3.16. If f th R’ and f HOR’, then f-R’ is a manifold with 
boundary in M and 


O'R’) = f-"(OR’), 


as oriented manifolds. 


Proof. If V’ is locally defined by y; = --» = yy = 0, f~'V’ is defined 
by yo f =-:- = yy of = 0. Let (a1,...,%m) be as before so that 
the restriction of (r441,.-.,2m) is a positive coordinate system on f—1V’. 


Let R’ be defined by yz41 <0. From the condition f rh OR’, we may set 
Cp 41 = yR4i0f and O(f—1R’) is given by xp41 <0. Then (xy749,.--,; 2m) 
is a positive coordinate system on O(f~'R’) (cf. Convention 3.2). On the 
other hand, f~1(0R’) is oriented so that it is a positive coordinate system 
(cf. Convention 3.5). 


Slices: Let WM be a C™ manifold of dimension m and V a submanifold 
of codimension k’. 


Definition 3.24. A slice of V in M at x € V is a k’-dimensional subman- 
ifold D of M containing x, transverse to V at x and diffemorphic with an 
open k’-ball. 


Taking a coordinate system (#1,...,2%m) on M around x so that V is 
given by 71 =--: = 2% = 0, we see that a slice always exists. 

If M and V are oriented, we always orient a slice D so that its orientation 
followed by that of V gives the orientation of M. 

Likewise, if MM is a complex manifold of dimension n and V a com- 
plex submanifold of codimension k, we may define a complex slice to be a 
k-dimensional submanifold D of M, containing x, transverse to V at x and 
diffemorphic with an open 2k-ball. 


Ehresmann fibration theorem 


Definition 3.25. Let f : M— M’' bea C™ map. 


1. We say that f is a C™ trivial fibration if it admits a trivial C™ fiber 
bundle structure (cf. Section 3.2). 


2. The map f is a C™ locally trivial fibration, if each point of M’ has a 
neighborhood U such that f| s-1(y) : f~'(U) > U is a C™ trivial fibration. 


Thus f being trivial fibration means that there exist a C° manifold 
F and a diffeomorphism w : M + F x M’ such that f = pow, where 
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p: F x M' — M’ is the projection. In this case, each fiber f~!(x), x € M’, 
is diffeomorphic to Ff’. We quote the following: 


Theorem 3.12. Let f : M— M’ be aC™ map. If it is a proper surjective 
submersion, it is a C™® locally trivial fibration. 


Remark 3.9. 1. Suppose f : M — M’ is a locally trivial fibration. If each 
fiber f~+(x), x € M’, is diffeomorphic to a fixed manifold F, for example 
this is always the case if M’ is connected, we may think of f : M— M’ as 
a fiber bundle with fiber F and group the group of diffeomorphisms of F’. 


2. The above theorem holds if we replace M with a C'°° manifold R with 
boundary, provided that f restricted to OR is also a submersion. In this 
case each fiber is a C'° manifold with boundary. 


Notes 

For the proofs of the theorems stated in Section 3.1, see [Kobayashi and 
Nomizu (1963); Matsushima (1972)]. 

We list [Steenrod (1951)] as a fundamental reference for fiber bundles. 
For detailed discussions of Theorem 3.5, see §7 in there. As to the homotopy 
exact sequence and the Hurewicz theorem, we refer to $817 and 815 in there, 
see also Ch. 7 of [Spanier (1966)]. For Remark 3.3, we refer to §11 in there, 
see also §4 of [Hirzebruch (1966)]. 

For Stiefel and Grassmann manifolds, we also refer to [Steenrod (1951)]. 
See [Fulton (1984); Ikeda (2018)] and the references therein for the so-called 
Schubert calculus in Grassmann manifolds. 

We refer to [Guillemin and Pollack (1974); Lee (2013)] as to Theorems 
3.9-3.11. Theorem 3.12 is due to [Ehresmann (1950)]. 
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Chapter 4 


Dualities and Thom Class 


In the case of manifolds, the theory of combinatorial topology becomes par- 
ticularly rich, as there is a deep relation between the (co)homology defined 
by a triangulation and that defined by its dual cellular decomposition. We 
investigate such relations and prove the Poincaré, Alexander and Lefschetz 
dualities. The Alexander dualty is a localized version of the Poincaré dual- 
ity and particularly important to describe localizations in various settings. 
The Lefschetz duality is for manifolds with boundary and may be thought 
of as a special case of the Alexander duality. 

We then prove the Thom isomorphism for a submanifold whose normal 
bundle is oriented and define the Thom class for such a submanifold. If 
the manifolds are oriented, the Thom isomorphism is directly related to 
the Poincaré and Alexander isomorphisms. As a special case, we define the 
Thom class of an oriented real vector bundle. This turns out to be the 
localized version of the Euler class we discuss in the next chapter. 

We explicitly define the intersection product in homology in terms of 
combinatorial topology. This is an operation dual to the cup product in 
cohomology and will particularly be exploited in Chapter 14 below. 

We refer to Appendix B for basic materials on algebraic topology. 
Throughout this chapter, we take Z as the coefficient ring of homology 
and cohomology, unless otherwise stated. Also, we let M denote a C'®° 
manifold of dimension m. 
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4.1 Algebraic topology on manifolds 


C@™ triangulations 


Let X be a topological space. A triangulation of X is a pair (K,h) of a 
simplicial complex K and a homeomorphism h : |K| — X. We abbreviate 
this by saying that h : |K| > X is a triangulation, or K is a triangulation of 
X. Let Y be a subspace of X. We say that the triangulation is compatible 
with Y if there is a subcomplex L of K such that the restriction of h to |L| 
is a triangulation of Y. 


Definition 4.1. A triangulation h: |K| > M of a C™® manifold M is C® 
if, for every simplex s of K, h|, is C™® and its rank at each point of s is 
equal to dim s. 


In the above, we think of s as being in the affine space spanned by s 
and hl, being C° means C'™ in the sense of Definition 3.19. Its rank is 
well-defined by Proposition 3.12. 

Note that the above definitions also make sense if we replace M with a 
C® manifold with boundary. 

The following is known: 


(T,) Every C® manifold M admits a C™ triangulation. In fact, if R is a 
closed C'°° submanifold of M possibly with boundary, there is a C'° 
triangulation of M compatible with R and OR. 

(T2) If Ay and K2 are C® triangulations of M, there exist subdivisions of 
ky and kK» that are simplicially isomorphic. 


In this chapter we do not explicitly use the fact that the triangulations 
we consider are C'*, although it is essential to have a differentiable structure 
on M for the above facts. 


Homology via triangulation and dual cellular decomposition 


We take a triangulation (Ko, h) of M and let K denote the barycentric sub- 
division of Kg. We further let AK’ be the barycentric subdivision of K, i.e., 
the second barycentric subdivision of Kg. We take the second barycentric 
subdivision so that the star of a Ko-subcomplex L of Ko relative to K’ has 
the same homotopy type as the polyhedron |£]| of L (cf. Proposition B.26). 
In the following, sometimes a simplex s of K is identified with h(s) and 
|F| is identified with M. 
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Dual cellular decomposition: For a p-simplex s of K, we denote by s* 
the union of (m — p)-simplices of K’ intersecting with s at its barycenter 
bs. It is a regular closed (m — p)-cell in |K|, called the cell dual to s. The 
intersection of s and s* consists of the one point b,. The cells dual to 
simplices in K form a cellular decomposition of |k| = M, which will be 
denoted by k™*. 


Orientations of simplices and cells: In order to describe the homology 
and cohomology of M via triangulation or dual cellular decomposition, we 
fix orientations of simplices of K and cells of K*. As to the orientations 
of simplices of kK’, we impose the following conditions. Thus let t be a 
p-simplex of Kk’. 


(1) If t C s, a p-simplex of K, the orientation of t is the same as that of s. 
(2) Ift Cs’, a p-cell of K*, the orientation of t is the same as that of s’”. 


Note that for t not satisfying either of the above assumptions, there is 
still freedom of choice of the orientation. 


Homology and cohomology of M: We denote by H,(M) the p-th 
singular homology of M (cf. Section B.1). An important feature in the case 
of a manifold is that it can be computed using either the triangulation K or 
the cellular decomposition K* in the following sense. Thus let (CX (M), 0) 
be the chain complex with CF (M) the free Abelian group generated by 
the oriented p-simplices in K and 0: CK (M) > CK (M) the boundary 
operator defined by 


P 
a n~ 
O(U9, +66 4%) = y (1) (py Maa Weg ah Ui 
i=0 
for an oriented simplex s = (vo,...,Up) with vertices vo,...,Up, and 


extended linearly (cf. (B.29)). We denote by Hj‘ (M) the p-th homology of 
CX (M). Denoting by $,(M) the group of singular p-chains of M, there is 
a natural chain morphism 

te: C(M) — S.(M), (4.1) 
which is defined as follows. For an oriented p-simplex s = (vo,..., Up), let 
ys : A? + s be the affine map with y.(P;) = vi, i = 0,...,p. Then ne 
assigns to s the singular simplex 0 = hoy, : A? > s > M. Note that 


n& above is injective. It induces an isomorphism on the homology level 
(cf. (B.30)): 


nk : HE (M) + Hy(M). 
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Also if we denote by (CK”(M),0) the chain complex with CK" (M) 
the free Abelian group generated by the oriented p-cells in K*, we have a 
natural isomorphism: 


nk”: HK’ (M) > H,(M), (4.2) 


where HK’ (M) is the p-th homology of CX” (M) (cf. Theorem B.22). In 
our case we have injective chain morphisms 


CE (My = OF (i) me, S.(M), (4.3) 


where 1, is the morphism that regards a K*-chain as a K‘-chain, and the 
composition induces the isomorphism (4.2). 

Also the singular cohomology H?(M) of M can be computed either 
from the cochain complex (C%,(M),6) with Ck (M) = Hom(C* (M), Z) or 
from the cochain complex (C%.(M), 6) with CX. (M) = Hom(C#" (M),Z). 
That is to say that the transposes of the chain morphisms 7& and nX* 
induce isomorphisms 


nic: H?(M) > H8.(M) and ni. :H?(M) + H®.(M). (4.4) 


Denoting by C¥ (M) and Se (M) the chain complexes of locally finite 
chains of K and of locally finite singular chains of M, respectively, we 
have a chain morphism 7 : CK(M) > S$,(M) as in (4.1). It induces an 
isomorphism on the homology level (cf. (B.38)): 


ik : HE(M) —> H,(M). (4.5) 


Likewise, considering the complex Cx “(M) of locally finite chains of K*, 
we have a canonical isomorphism #/" : HX (M) > H,(M) (cf. (B.37)). 

In the following, ( , ) denotes the paring of chains and cochains, i.e., 
the Kronecker product (cf. Section A.1). 


4.2 Poincaré, Alexander and Lefschetz dualities 


We prove the dualities in the case of manifolds, which will be generalized 
to the case of singular varieties in Section 13.2 below. 

Let M, Ko, K, K' and K* be as in Section 4.1. In this section we 
assume that M is oriented and take orientations of the simplices and cells 
so that they satisfy the conditions (1) and (2) in Section 4.1 and that they 
are furthermore compatible with that of M in the following sense: 
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(3) The orientation of each m-simplex is the same as that of M. 
(4) For every p-simplex s of K, 0 < p< m, the orientation of s* followed 
by the orientation of s gives the orientation of M. 


As a consequence we have: 


(*) Let s be a p-simplex in K and let ¢ and t’ be an (m — p)-simplex and a 
p-simplex of Kk’. If t C s* and t’ C s and if t and t’ span an m-simplex 
to of K’, the orientation of t followed by that of t’ gives the orientation 
of to, which is the same as that of M. 


Poincaré duality 


We define a morphism 


P:Ch.(M) + CK_,(M) by Plu) =So(s*,u)s (4.6) 
for a p-cochain u of K*, where the sum is taken over all (m — p)-simplices 
s of M. For a p-cell s* of K* we denote by J(s*) the cochain in Cf.(M) 
dual to s*, i.e., for every p-cell s’” of K*, 


1 if s’* =s* 


d 


0 otherwise. 


(s!*,v(s")) = 


Then C%..(M) is the free Abelian group generated by the J(s*)’s and the 
morphism P sends J(s*) to s. Thus P is in fact an isomorphism. We 
now prove that it is compatible with boundary and coboundary operators 
so that it induces an isomorphism between the corresponding cohomology 
and homology. 

For an oriented p-simplex t of kK’, we denote by ¥(t) the cochain in 
C®.,(M) dual to t, defined similarly as above. Let Mx, denote the sum of 
all m-simplices of K’, which is an m-cycle. 


Ordering of vertices of K’: Let V denote the set of vertices of K’. 
Recall that every element v of V is the barycenter of a simplex of K, which 
is uniquely determined by v. We denote it by s, and introduce an order 
relation in Y by saying that v < v’ if sy > 8,. Then it is a simplicial 
ordering (cf. Definition B.14). We may express each p-simplex t of K’ as 


t =e(vo,..., Up), Vo < +++ < Up, 


where ¢ = +1 and the sign is to be determined according to the prescribed 
orientation of t. The cup and cap products are then defined by (B.31) and 
(B.32). 
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Remark 4.1. Let t = e(vo,...,Up), vo < +++ < Up, be a p-simplex of K’. 
For a p-simplex s; of K, t C s; if and only if vp = bs, and in this case vu; 
is the barycenter of a (p — 7)-simlpex of K which is a face of s;. Also for 
an (m — p)-simplex sz of K, t C s3 if and only if vp = bs, and in this case 
there is an m-simplex s of kK such that sg ~ s and that v; is the barycenter 
of an (m — #)-simplex of K which is a face of s. 


Lemma 4.1 (Key lemma). For every p-simplez t of K', we have: 


s iftCs* for some (m-— p)-simplex s of K, 


Mx: ~ 0(t) = 


0 otherwise, 


as K'-chains. 


Proof. Let to be an arbitrary m-simplex of kK’. Note that, for each p, 
there exists a unique (m — p)-simplex s of K such that to is spanned by a 
p-simplex #O) of Kk’ in s* and an (m — p)-simplex +) of K’ in s. By our 
orientation convention (*), we arrange the vertices as tp = €(vo,.-.,Um); 
Up < +++ < Um, so that #©) = €1(U0,---,Up), t©) = €2(Up,...,Um) and 
€ = €1€9. Note that vp = bs (cf. Remark 4.1). 

Let t be a p-simplex of K’. If it is not in the dual cell of any (m — p)- 
simplex of K, then to ~ J(t) = 0 for every m-simplex tp of K’ so that 
Mx: ~ V(t) = 0. Thus suppose t C s* for some (m — p)-simplex s of K. 
Then we have 


Mx > 0(t)= S> ton vt)= So tP =s. 


tat tat 


Recall that, as each cell in K* may be thought of as a K’-chain, there 
is a natural monomorphism  : CK" (M) + C#'(M), whose transpose is 
denoted by u*. Likewise there is a natural monomorphism Ch. (ME 7 
Che CM), which is denoted by k. 


Corollary 4.1. The following diagram is commutative: 


CP..(M) > CX_|(M) 


m—p 


Je |: (4.7) 


CR, (M) 5 OK! (M). 


Lemma 4.2. We have 
Péu = (—1)?*10P(u) for weECh.(M). 
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Proof. Noting that, in (4.7), * is surjective and compatible with 
coboundary operators and that « is injective and compatible with boundary 
operators, the lemma follows from the property of cap product (B.17). 


Combining with the isomorphisms j,. in (4.4) and 7 in (4.5), we have 
proved: 


Theorem 4.1 (Poincaré duality). For an oriented C® manifold M of 
dimension m, the isomorphism P of (4.6) induces an isomorphism 


Py: H?(M) + Hm—p(M). 


We denote by [M] the class in Hy,(M) corresponding to [Mx’] by 
the isomorphism H#’(M) ~ H,,(M). Note that it does not depend on 
the choice of the triangulation by the property (T2) of C™ triangulations 
(cf. Section 4.1). By Corollary 4.1, we may write 


Py (a) =[M] -~a for a € H?(M). 


Remark 4.2. 1. If M is connected, the cycle Mx: is called the fundamental 
cycle of M in K’ and the class [M] the fundamental class of M. In this case, 
there is a canonical isomorphism H,,(M) ~ Z, the class [M] corresponding 
to 1. 

2. Let s be an (m— p)-simplex of K. We may write 0s = Sy") eis™, 
where the s“’s are the (m — p — 1)-faces of s and ¢; = +1, the sign 
being determined according to the prescribed orientations. Then, if we set 
0((Os)*) = 75? €:0(s*), by Lemma 4.2, we have 


59(s*) = (-1)?**9((s)*). 


Dual description: We define a morphism 


P’: Ch(M) + CR*,(M) by P'(u)=So(s,u)s* (4.8) 
8 
for a p-cochain u, where the sum is taken over all p-simplices s of M. For 
a p-simplex s of K, we denote by ¥(s) the cochain in C?-(M) dual to s. 
Then P’ sends ¥(s) to s* and is an isomorphism. We now prove that it is 
compatible with boundary and coboundary operators so that it induces an 
isomorphism between the corresponding cohomology and homology. 
We keep the orientation conventions and ordering of vertices of kK’. The 
following is proved as Lemma 4.1, except the cap product becomes right. 
We give a proof for the sake of completeness. 
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Lemma 4.3. For every p-simplez t of K’, we have: 


O(t) « Mg = 


i if t C s for some p-simplez s of K, 
Mx = 


0 otherwise 
as K'-chains. 


Proof. Let to be an arbitrary m-simplex of K’. Note that, for each 
p, there exists a unique p-simplex s of K such that to is spanned by an 
(m — p)-simplex #©) of K’ in s* and a p-simplex *©) of K’ in s. By our 
orientation convention (*), we arrange the vertices as tp = €(v0,..., Um) SO 
that #0) = €1(U0,---,Um—p); £0) = €2(Um—p,---,Um) and € = €1€2. 

Let t be a p-simplex of K’. If it is not in any p-simplex of K, then 
Y(t) ~ to = 0 for every m-simplex to of K’ so that 0(t) ~ Mx = 0. Thus 
suppose t C s for some p-simplex s of K. Then we have 


O(t) ~Mx = > owt Ane ty Se 


t=t tO =t 


Recall that, as each simplex in K may be thought of as a K’-chain, 
there is a natural monomorphism v’ : C(M) > C% ‘(M), whose transpose 
is denoted by v’". Likewise there is a natural monomorphism Ch Mh )=> 
CK" ,(M), which is denoted by «’. From the above lemma, we have the 
following commutative diagram: 


CR(M) + OK" (M) 
al |. (4.9) 
CR (M) "8s OF! (M). 


Thus we have (cf. Lemma 4.2, except we use (B.24) instead of (B.17)) 
P'6u=(-1)" ?6P'(u) = for we CE(M). 
and an isomorphism 
P' : H?(M) > Hm_p(M). 


Remark 4.3. The above isomorphism is given by the right cap product 
with [M] and differs from P by a sign of (—1)?("~?). 
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The case M is compact: Inthe case M is compact, using the homology 

and cohomology with C-coefficient (in fact we may use Q as the coefficient), 

the Poincaré duality is described as follows. If M is compact, 
Hm—p(M;C) = Hm—p(M;C) ~ H™-?(M;C)* 

and from (B.20) we have: 


Proposition 4.1. If M is compact, Py, sends a class a in H®(M;C) to 
the class a in Hy,—p(M;C) such that 


(a, B) = ([M],a~ B) for every 6 in H™ ?(M;C). 
Letting ¢, : Ho(M;C) > C be the augmentation, we have (cf. (B.19)): 
Corollary 4.2. If M is compact, the pairing 
H?(M;C) x H™-?(M;C) <> H™(mM;c) 5 ay(M;c) £5 C 


is non-degenerate and induces the Poincaré duality with C-coefficient. 


Alexander duality 


Let S be a closed set in M. Suppose that there is a triangulation Ko of 
M such that S is a Ko-subcomplex of M, i.e., Ko is compatible with S. 
Recall that the star Sx/(S') of S in K’ is the union of simplices of K’ 
intersecting with S, i.e., the union of cells of K* intersecting with S. Let 
OK(S) = Sx(S)\OSK:(S) denote the open star. Note that there is a 
proper deformation retraction Sx/(S) — S and a deformation retraction 
Ox:(S) > S (cf. Proposition B.26). 
We have: 


Proposition 4.2. For a simplex s of K, the following three conditions are 
equivalent: 


(1) scs, (2) * ASO, (3) s* NOK (S) 40. 
Exercise 4.1. Verify the above. 
Noting that M\Ox/(S) is a K*-subcomplex of M, we may write 
Ch. (M, M\Ox:(S)) = {we CR. (M) | (s*,u) =0 for s ¢ S}. 


They form a subcomplex of C%,.(/). Denoting by H%-.(M,M~Ox:(S)) 
its cohomology, we have a natural isomorphism: 


nk» : H?(M, M\Ox/(S)) —> Hf.(M, M\Ox:(S)). 
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Note that there is a natural isomorphism 
A”? (M,M~\Ox:(S)) ~ H?(M,M\S). 


Now in the sum in (4.6), if u is in CR. (M, M\Ox:(S)), only (m — p)- 
simplices in S appear. Thus P in (4.6) induces an isomorphism 


A: C%.(M, M\Ox:(S)) > Ch_,(S). (4.10) 


Since (C%.(M,M ~ Ox:(S)),6) is a subcomplex of (C%.(M4),6) and 
(CK (S),0) is a subcomplex of (CK (M),0), from Lemma 4.2, we see that 
A is also compatible with boundary and coboundary operators. Thus we 
have: 


Theorem 4.2 (Alexander duality). For a closed set S which is a sub- 
complex of M with respect to some triangulation, the isomorphism (4.10) 
induces an isomorphism 


Am.s : H?(M,M\S) > Hm_p(S). 


Remark 4.4. Noting that SK: (S)\ Ox: (S) = OSK:(S) and that Sx/(S) 
and 0S x/(S') are K*-subcomplexes of M, we may identify the cochain group 
Ch.(M,M~Ox:(S)) with CR.(SKx:(S),0SK:(S)). Then the Alexander 
isomorphism is induced from the isomorphism 


Ch (Skr(S), OSK(S)) + Crp (S), 
which is the restriction of P in (4.6). 
We now try to express A in terms of cap product. We set 
Ch.(M, M\Ox:(S)) = {u € CE, (M) | (t,u) =0 for t with tn S =O}. 
Then from Lemma 4.1, we have the commutative diagram: 


C?..(M, M\ Ox: (8)) —* > CK_, (8) 


| | (4.11) 


Myr yges 
Ch. (M, M\ Ox:(S)) > CK_,(S), 
where v* and « are defined as in (4.7). Thus A is again represented by the 
cap product with the cycle M on the level of chains and cochains. To pass 
on to the level of homology and cohomology, we proceed as follows. 
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First, we may identify Ch, (M, M\Ox:(S)) with CX, (Sx (S), 09K(S)) 
as in the case of K*-cochain groups in Remark 4.4. We have the cap product 
(cf. (B.39)) 


Cr (Sx (8), OS: (S)) X CK (SK: (S), OS: (S)) + CH (Sxr(S))- (4.12) 
With this, the second horizontal morphism in (4.11) is the cap product 
with the relative cycle Sx/(S), the sum of m-simplices of K’ in Sx-(S), in 
CE" (Sic:(S), OSK/(S)). Here we note that there is a commutative diagram 


CK" (Sx: (S)) ——* > O%" 1 (Sx1(S)) 


x. y | te) o a | 
Cm (SKi(S), 0Sx/(S)) —+ Crs (SK/(S), OK (S)). 
In the above, 0 denotes the boundary morphism for relative cochain groups 
and the vertical arrows are the canonical surjections, of which the first one 
is the identity, as CK’ (0Sx:(S)) = 0. For the chain S/(S), OSK(S) = 0, 
while 0Sx(S) 4 0 so that it is a cycle only as a relative chain. For this 
reason we denote SK(S) by Sx-(S) when considered as a relative chain. 
Noting that 
H®..(Sx:(S), 0S e(S)) ~ H?(M,M\S) and Ay—»(Sx/(S)) ~ Hy—p(S), 
(4.12) represents the cap product 
H,(Six:(S), OS«:(S)) x H?(M, M\S) > H,_p(S). 
Thus we may write 


A(a) = [Sx (S)] 7a for a € H?(M,M\S). (4.13) 


From this we see that the isomorphism A is independent of the triangulation 
for which S' is a subcomplex (cf. (T2) in Section 4.1). 

From the properties of cup and cap products (cf. (B.18), (B.22)), we 
have: 


Proposition 4.3. Let M and S be as above andi: S << M the inclusion. 
For any class y € H4(M), the following diagram is commutative: 


H?(M, M\ 8) > Hm_p(S) 


( | ( )aiy 


H"(M, M\ 8) > Hm_r(S), 


where r= p+q. 
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Remark 4.5. 1. On the level of chains and cochains, the product (4.12) 
depends on the ordering of the vertices. For the cycle Sx/(S) and our 
specific choice of ordering as in Lemma 4.1, the receiving chain group can 
be made to be CK"_(S). 


2. The reason we use the relative homology class of S'x/(S) instead of the 
homology class of M is as follows. Observe that we have the cap product 


CE’ (M) x CR. (M, M\Ox/(S)) A+ CX, (Sx)(S)). 
To see this, let t be an r-simplex of K’. Then for every ordering (vo,..., Ur) 
of the vertices of t, if (Up,...,Ur) Z Sx(S), then (vo,..., Up) C MNOx:(S) 
so that t ~ u = 0 for u in CR, (M,M\Ox:(S)). It induces 
H,(M) x H?..(M,M\Ox:(S)) > H,—p(S). 
The problem is that there is no corresponding cap product in the singular 
theory. 


3. In the case S is compact, SxK:(S) is also compact. We have 
H,(Sx:(S), AS«(S)) = Hy(Six:(S), OSK(S)) ~ Hy(M,M~S). (4.14) 


For the isomorphism above, let X, = Sx(S') and X2 = M\S in (B.9) and 
notice that Sx-(S)\ S deformation retracts to 0Sx/(S). Thus we have the 
cap product 


H,(M,M\~S) x H?(M,M\S) —> H,_,(S) 
and we may write 
A(a) =[M] -~a for a € H?(M,M\S), 


where [M] denotes the class in Hy,(M, MS) that corresponds to the class 
[SK-(S)] in Hm(SK(S'), 0SK/(S)) by the isomorphism (4.14). 

4. Note that, while H,(Sx(S),05:(S)) makes sense as 0S«/(S) is a 
closed set on Sx:(S'), H,(M,M~S) is not defined in general, as M\ S is 
an open set. 


Dual description: Let Ko, K, K’ and K* be as before, except here we 
assume Ko is a barycentric subdivision of a triangulation of M so that 
Ox(S) deformation retracts to S. Noting that M~\Ox(S) is a sub-k 
complex of M, the restriction of P’ in (4.8) gives a morphism 


A’: C2 (M, M\Ox(S))  CK_,(Sx:(S)). (4.15) 
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From Lemma 4.3, we have the commutative diagram: 


C®.(M, M\ Ox(S)) + OF, (SK-(S)) 


| |« (4.16) 


Che (M, M\Ox(S)) “Ss EK. (Sie1(8)). 


Thus we have an isomorphism 
A’: H?(M,M\S) > Hm_p(8). 


Remark 4.6. The above isomorphism differs from A by a sign of 
(—1)P"—) (cf. Remark 4.3). 


Lefschetz duality 


Let R be a C® manifold of dimension m with boundary OR in M. We may 
assume that R and OR are Ko-subcomplexes of M. We apply the above by 
setting S = R. Since we have canonical isomorphisms 

H?(M,M~\ Ox (R)) ~ A? (Sx (R),OSK/(R)) ~ H?(R, OR), (4.17) 


we have: 


Theorem 4.3 (Lefschetz duality). For a manifold R of dimension m 
with boundary OR in M, we have an isomorphism 


L: H?(R,OR) ~> Hm—p(R). 


Note that the above isomorphism is given by the cap product with 
the relative class [R] of R in H,,(R,OR). It is the class corresponding to 
[Sx-(R)] in the isomorphism H,,(R,OR) ~ Hm(SxK’(R), OSK:(R)). 


Remark 4.7. The above theorem holds if R is only piecewise C™ (cf. Def- 
inition 5.10 below). 


From the construction we have: 


Proposition 4.4. For a subcomplez S in the interior of R, we have the 
commutative diagram: 


H?(M, M\ 8) + H?(R, OR) > H?(M) 


if ifs | ifp 


Hy a(S) "> Hy (Rh) — Hip My, 
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where 7 : (R,OR) @ (M,M\S),1: 5 @ Rand?’ : R @ M denote 
the inclusions and j’* denotes the isomorphism in (4.17) followed by the 
canonical morphism H?(M,M~\Ox:(R)) — H?(M). 


Suppose S has a finite number of connected components (S)),. Then 
Hm—p(S) = @) Hm-p(Sy) and each class a in H?(M,M~S) determines 
a class a, in Hm_—p(S,) via the Alexander isomorphism. 


Corollary 4.3. In the above situation, 


So@)ea = [Bo fa in Hm_p(R), 
Xr 


where 1, : 8S, — R denotes the inclusion. 


In many cases we do not consider the auxiliary manifold R and take M 
itself as R. In this situation we have the commutative diagram 


H?(M,M\S) > H?(M) 
ifa ifp (4.18) 
Hy p(8) —+ Hn p(M) 


and the right-hand side of the identity in Corollary 4.3 is written [M] ~ j*a 
iA ee (M): 

The above is the basis of the “residue theorem” we discuss in later 
sections (cf. Theorems 5.2, 10.1 and 10.6). 


Remark 4.8. Let M and S$ be as above. The isomorphism (4.6) induces 
an isomorphism 


CR..(M\Ox:(S)) + CK_,(M,S), 
which in turn induces another Alexander duality 
H?(M\S) > Hm—p(M,S). 
The exact sequence 
.» > HP-1(M <8) 5 H?(M, M\S) 4 H?(M) > H?(M\S) >: 
is dual to 


Hm—p(M) 9 Hm—p(M, 8) +--. 


de 


Sea Ergon d (MS) ot Hea a5) 
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Push-forward in cohomology: Let f :M— M' be a map of oriented 
manifolds M and M’ of dimensions m and m’, respectively. We define a 
morphism f, : H'~?(M) + H™’~?(M’) so that the following diagram is 
commutative: 


H™-?(M) —~+ H,(M) 


r| |- (4.19) 


Vv 


4.3 Thom isomorphism and Thom class 


Thom class of a submanifold 


Let M be a C® manifold of dimension m and V a closed submanifold 
of dimension d’. We set k’ = m-—d'. We take a triangulation Ko of 
M compatible with V and let K and K’ be as in the previous section. 
We denote by Ky the triangulation of V induced from K and by Kj, its 
barycentric subdivision. Then K7, is the set of simplices of A’ that are in 
V. We denote by A* and Ky, the cellular decompositions of M and V dual 
to Kk and Ky, respectively (cf. Section 4.1). Note that, for a p-simplex s of 
K in V, its dual s* in K* is an (m — p)-cell and that its dual s}, in Ay, is 
a (d' — p)-cell. They are related by s}, = s* MV as sets. In the case M and 
V are orientable, there is a more precise formula (cf. Lemma 4.5 below). 

The simplices and cells of K, A’ and K* are oriented so that the condi- 
tions (1) and (2) in Section 4.1 are satisfied. The simplices of Ky and Ky, 
are oriented as simplices of K and K’, respectively. In order to describe 
the homology and cohomology of V, we impose similar conditions for sim- 
plices and cells of Ky, Ki, and Ky. The condition corresponding to (1) is 
automatically satisfied. Thus we impose: 


(2)y Let t be a p-simplex of K{,. Ift C s'1,, a p-cell of K%, the orientation 
of t is the same as that of s’;,. 


For a simplex s in Ky we would like to relate the orientation of s* and 
that of s},. For this we further impose the following condition. To state it, 
let s be an (m — p)-simplex of K in V. We take a d’-simplex s, of Ky so 
that s < s;. Then there exist a p-simplex t of K’ in s*, a k’-simplex t, of 
K’ in sj} and a (p — k’)-simplex ty of Ky in s}, such that t; and ty span 
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t. Note that the simplices t, t; and ty have the same orientations as s*, 
s} and sj{,, respectively (cf. (2) and (2)y). 


(5) The simplices and cells are oriented so that the orientation of sj} fol- 
lowed by the orientation of s}, gives the orientation of s*. 


Note that, by the tubular neighborhood theorem (Theorem 3.10), the 
above can be done consistently with other conditions, in particular indepen- 
dently of the choice of s1, if the normal bundle Ney of V in M is orientable 
(cf. Sections 3.4 and 3.7). In this case we may think of sj as being in the 
fiber direction and we orient the normal bundle Ney accordingly. Note 
that the above condition (5) is consistent with Convention 3.3. 

Now we consider the morphism 


Ty : Ch. (V) > Cei?(M,MNOK:(V)), uy 4, 
where u is given by, for each (d’ — p)-simplex s of K (cf. Proposition 4.2), 
v> if sCV, 
Coa ae (4.20) 
0 otherwise. 


It is clearly an isomorphism. Moreover, with the assumption that the bun- 
dle Ng,v is oriented as the condition (5), we have 


60Ty =(-1) Ty 06 (4.21) 
and thus the following: 


Theorem 4.4. If the normal bundle of V in M is oriented, the above Ty 
induces an isomorphism 


Ty : H?(V) > H*+?(M, M\V). 


We call Ty the Thom isomorphism for V. 
In the following, we assume that the normal bundle Ng.v is oriented as 
above. 


Definition 4.2. The Thom class of V in M, denoted by Wy,v or simply 
by W, is the image of [1] in H°(V) by Ty: 


Wy =Ty((1]) ¢ H* (M, M\V), 


where [1] denotes the class of the cocycle that assigns 1 to each 0-cell 
(cf. Remark B.9). 
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From the definition we have: 


Proposition 4.5. The Thom class Wy is represented by a cocycle that as- 
signs 1 or 0 to each oriented k!-cell s* forming a basis of Ci” (M) according 
as s* intersects with V or not. 


Remark 4.9. 1. The classes in H*'(M, MwV) may also be represented by 
cocycles in Ck,(M,M\Ox/(V)). If is a cocycle representing the Thom 
class, we have 


1 if sCYV, 


0 otherwise, 


(us",b) = (8°, U"y) = 


where « : CK" (M) — C#’(M) denotes a natural monomorphism and 1* : 
Ck, (M,M\Ox:(V)) > Ck.(M, M\ Ox: (V)) a natural epimorphism. 

2. In the above, we do not assume that M or V to be orientable. In the case 
they are, we have the dulalities on M and V and we have the commutative 
diagrams as in Propositions 4.9 below. 


Thom class of an oriented vector bundle 


Let 7 : E + M be a C@™ oriented real vector bundle of rank I’. We 
denote by » the image of the zero section sy) : M — E. Note that so is 
a diffeomorphism of M onto »' and that s}.Nr.s = E (cf. Exercise 3.10). 
We apply the above considerations by letting M, V and k’ be E, »' and I’, 
respectively. We also replace K with Kg. Thus Kg is a triangulation of E 
compatible with »’. The Thom isomorphism 


Tp : H?(M) ~> H"+?(E, EX) 
for E is defined by Tg = Ty o (s})~+ so that the diagram 


H?(M) ——> H"+?(E, EX 3) 
E 


ifs se 
Ts 
H?(S). 
is commutative. The Thom class Wg of E is defined by YW = Tz ((1]), which 
is in fact the Thom class Wy of ». 


The Thom isomorphism may also be written (cf. (4.25), Remark 4.11 
and (7.69) below) 


Tr(a) = Ve ~ 7*(a) for a € H?(M). (4.22) 
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Rephrasing Proposition 4.5, we have: 


Proposition 4.6. The Thom class Vg € H" (E, EXS) is represented by a 
cocycle that assigns 1 or 0 to the dual l'-cell s* in E of each m-simplex s 
in Kg according as s is in X* or not. 


Example 4.1. If M is a point, then E = R" and we have 

Ta : H°({0}) “> BH (R",R" \0), 
the both sides being canonically isomorphic with Z. The Thom class Wau 
is the canonical generator of H" (R",R" \0) (cf. Example B.6.2 and Re- 


mark B.13.2) and is represented by the cocycle assigning the value 1 to the 
dual cell in R" of the vertex 0 and the value 0 to the other I/-cells. 


The relation between the Thom class of F and that of each fiber is given 
as follows. For each point x in M, let 2, : (E,, E2x\0) @ (E, EX) be the 
inclusion. We have the commutative diagram: 


TO) eA) 


ok oe 
ve vy 


—> HRV 5) 5 AY (BEX) > HY (BE) —> (4.23) 


Note that 6* in the first row is an epimorphism for I’ = 1 and an isomor- 
phism for Il’ > 1. From the above description, we have: 


Proposition 4.7. A class V in H" (E, EX) coincides with Vg if and only 
if UW = Wp, for alla inM. 


We see below (cf. (5.21)) that (7*)~'j*We_ = e(E), the Euler class of E. 


Pull-back: Let f*: M’ > M bea C™ map of C® manifolds. Then the 
pull-back bundle f*£ (cf. (3.4)) is orientable and has a natural orientation. 
The image of its zero section is given by (f)~1’. We have the Thom class 
Wy+m in H" (f*E, f*E\(f)~'S). There is a canonical morphism 
(f)* : H (EB, E~D) — A" (fb, fr EX(f)“'2). 
The following is a consequence of Proposition 4.7: 


Proposition 4.8. In the above situation, we have: 


Wren = (f)*Ue. 


Dualities and Thom Class 113 


Remark 4.10. 1. Let M be a C'™ manifold and V a closed submanifold 
of M with the normal bundle p : Nay — V. By the tubular neighbor- 
hood theorem (Theorem 3.10), there exist a neighborhood U of V in M,a 
neighborhood W of the image Z of the zero section in Ng vy and a diffeo- 
morphism 7 : (U,V) > (W, Z) with (por)|y = ly. We have a composition 
of isomorphisms 


H? (Nev, Nev \Z) ~ H?(W,W~ Z) — H?(U,UNV) ~ H?(M, M\V). 
If Nev is oriented, the Thom class Wy, ,, corresponds to Wy. 
2. We discuss the Thom isomorphism and the Thom class in terms of 


differential forms in Section 7.9 below, where they are treated in cohomology 
with C-coefficients. 


Product formula 


Suppose we have two pairs of topological spaces (X, A) and (Y, B) with A 
and B open sets in X and Y, respectively. We denote by (X, A) x (Y, B) 
the pair (X x Y,(A x Y) U(X x B)). For example, 


(RoR \0) x (R2,R2\0) =(R',R'\0), VY a=l th. 
We have the cup product (cf. Appendix B) 
H?(X x Y,Ax Y) x H49(X x Y,X x B) —> H?*4((X, A) x (Y, B)). 
Letting 
pi: (Xx Y,Ax Y)— (X,A) and po: (X x Y,X x B) — (Y,B) 
be the projections, we define the cross product 
H®(X, A)xH"(Y, B) “+ H?+4((X, A)x(Y,B)) by ax8 = pi(a) ~ p5(8). 
Recall that H1(R,R\0) has a canonical generator e. We denote by 


e! € H" (R".R" \0) the U/-fold cross product e x +++ X e. 
We quote: 


Theorem 4.5. For any pair (X,A) with A open in X, the assignment 
araxe" defines an isomorphism 


H?(X, A) ~> HPt’((X, A) x (RY, R" \0)). 
From this, we have (cf. Example 4.1): 
Corollary 4.4. 1. el = Wau, the Thom class of R". 
2. Woy x Voy = Wav Vl +l. 
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For i = 1,2, let FE; be a C™ real oriented vector bundle of rank li on M. 
Letting ©; be (the image of) the zero section of E;, we have the Thom class 
Wr, in Ht (E;, E;\5;). Noting that the zero section of the product bundle 
Ey x E> (cf. Section 3.3) is (Ey \ 21) x Ep) U (Fy x (F2 \ 372)), we have 
the Thom class Yg,.5, in H" ((E,,E,\5)) x (Eo, E,\Z2)), V =, +h. 


Theorem 4.6. In the above situation, 


Wr, x E> = Wr, x Wr, . 


Proof. This follows from Proposition 4.7 and Corollary 4.4. 2. 


Let E; and ¥; be as above, i = 1,2. We set FE = E, © E2 and let X’' be 
the zero section of E. Letting d: M— Mx M be the diagonal embedding, 
we identify E with d*(E, x E2) by (3.8). Then we have the commutative 
diagram 


| eee Sw oe 
M—“+Mx M. 
We have a canonical morphism 
(d)* : H" ((Ey, Ey\ 3) x (Ea, By Z2)) —> H" (E, EX). 
From Theorem 4.6 and Proposition 4.8, we have 


Corollary 4.5. We have 


Wp = (d)* (Wp, x Yp,). 
We discuss more on this subject in Sections 5.6, 8.3, 10.3, 10.4 and 14.1 
below. 


Poincaré, Alexander and Thom isomorphisms 


Let M be a C® manifold of dimension m and V a closed submanifold of 
dimension d’, as above. We assume that M and V are oriented. In order to 
describe the dualities for MM we impose the conditions (1), (2) in Section 4.1 
and (3), (4) in Section 4.2. We also impose the corresponding conditions for 
the simplices and cells of Ky, AK{, and Ky,. Note that the one corresponding 
to (1) is already satisfied. Besides (2)y we further impose: 


(3)v The orientation of each d’-simplex of Ky is the same as that of V. 
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(4)y For every p-simplex s, 0 < p < d’, of Ky, the orientation of sj}, 
followed by the orientation of s gives the orientation of V. 


Since we assumed that M and V to be oriented, the normal bundle 
Ng,v is orientable (cf. Proposition 3.13) and is oriented according to Con- 
vention 3.4. The total space of Ng y is then oriented according to Con- 
vention 3.3. By identifying neighborhoods of V in M and Ney by the 
tubular neighborhood theorem, we may rephrase the above conventions as 
(cf. Remark 3.8. 1): 


Convention 4.1. We orient the bundle Ng,y so that the orientation of the 
fiber of Ney followed by that of V gives the orientation of M. 


We also impose the condition (5), which is consistent with the above 
convention. Then the following diagram is commutative: 


Cf. (V) V) cK. +?(M, M\Ox:(V)) 


Thus we have: 
Proposition 4.9. In the case M and V are oriented, we have the commu- 
tative diagram: 
—~_, HF’ +P(M, M\V) 
Hy p(V). 
From the above, we see that 
A(Wy) = [V], (4.24) 


the fundamental class of V. 
Note that there is the cup product 


H (M,M\V) x H?(M) —> H*'+?(M, M\V). 
Denoting by 7: V @ M the inclusion, we have: 
Proposition 4.10. The following diagram is commutative: 
v 
H?(M) Y~) W’+>(M, M\V) 


| | Aanw 


H?(V) —>—> Hlyp(V), 
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Proof. For a class a € H?(M), by (4.13), (B.18) and (B.22), 
Auv(W ~ a) = [Sk(V)] - W ~ @) = (Sk (V)] > Wy) o #o 


Combining with Proposition 4.9, we have: 


Corollary 4.6. For a class a in H?(M), we have 
Ty (i*a@) S Wy va. 


Suppose U is a neighborhood of V in M with a deformation retraction 
r:U -+ V, for example, the open star Ox (V) of V in K’ or a tubu- 
lar neighborhood of V (cf. Theorem 3.10). Then we have isomorphisms 
H*’+?(M, M\V) ~ H*'+?(U, UV) (excision) and r* : H?(V)  H?(U). 
From Corollary 4.6, we have: 


Tv(ay) =Wvr*(ay) for ay € H?(V). (4.25) 


Remark 4.11. In fact, the identity in (4.25) holds without the assumption 
that M and V are orientable. 


If S is a Ko-subcomplex of M, setting Z = SMV, we have the cup 
product 


H* (M,M\V) x H?(M, M\ 8) —> H®'+°(M,M\2Z). 
Proposition 4.11. The following diagram is commutative: 


Wr ’ 
H?(M,M\S) PyV() ak +?(M, M~ Z) 


| | anne 


H?(V,V\Z) —~—> Hy _,(Z). 
Ay,z 


Proof. For aclass a € H?(M,M\~S), by (4.13), (B.18) and (B.22), 
Ay,z(W ~ a) = [Sk:(Z)] ~ (WW ~ a) = (Sk (Z)] - W) o a. 


Thus the proposition follows if we show [Sx:(Z)| ~ W = [Sx:(Z)]. For 


this, if we let ~ be a cocycle in Ck, (M, M\Ox:(V)) representing the Thom 
class, the class [Sx:(Z)] ~ Wy is represented by the cycle 


So tay, (4.26) 


tCS xr (Z) 
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where the sum is taken over m-simplices t of K’ in Sx-(Z). For such a 
simplex t, we write t = e(vo,...,Ug/,---,Um) and set t) = €1(v0,..., UK’) 
and ty = €2(Ug’,...,;Um), where €, €; and €2 are +1 and the sign is to be 
determined accoding to the prescribed orientation. In the above, tz is in a 
d'-simplex s of K, t, is in its dual k’-cell s* and uv, € Z. 
Then the cycle in (4.26) is written 
So (us", ) ta, 
s 
where the sum is taken over d’-simplices s of K that intersect with Z and 
d'-simplices tg of K’ in s that intersect with Z. By Remark 4.9.1, it is 
equal to >) cy t2 and represents the class [Sx (Z)]. 


Gysin morphism: In the above situation, let i: V — M denote the 
inclusion. The composition 


H(v) 2% H*’+°(M, M\V) > H¥'+*(M) 


is referred to as the Gysin morphism and denoted by 7, so that we have the 
commutative diagram (cf. (4.18)) 


H?(V) mL H*’+?(M) 
| Py | Pa (4.27) 
Ha —p(V) — Ha —p(M). 


4.4 Intersection product 


Let M be an oriented and connected C° manifold of dimension m. We 
take a triangulation Ko of M and let K, K’ and K* be as in Section 4.1. 


Intersection product of a dual cell and a simplex 


Let s; be an oriented (m — r)-simplex and s2 an oriented s-simplex of K. 
We denote by ~, and ~; the right and left cap products of chains and 
cochains of K’ (cf. Appendix B). 


Definition 4.3. The intersection product s{ + 8 is an (r+ s —m)-chain of 
K’' defined by 

81° 82 = (0(t1) Ar Mx’) ~1 (Ea), 
where ¢; and tz are an (m — r)-simplex and an (m — s)-simplex of K’, 
respectively, such that t; C s; and tg C s5. 
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Note that we may also write (cf. (B.26)) 
81° 82 = V(t1) A, (Mx: >) U(t2)). 
By Lemmas 4.3 and 4.1, 
O(t1) or Mx = sj and Mx: ~) U(t2) = 82 (4.28) 


as K'-chains. Thus we see that the definition does not depend on the choice 
of ty or to. 
We examine the above definition more closely. First note that we may 


write t2 = €9(v0,..-,Um—s); Um—s = bs, (cf. Remark 4.1). We have 
si-s2.=s) 71 V(t) = SY) t-1 V(t2), (4.29) 
t2<tCsj{ 


where the sum is taken over the r-simplices t of K’ in s} containing tz as a 


face. An r-simplex t of K’ in s} may be written t = e(vp,..., v1), up = bs,. 
The condition t2 ~ t is given by (vj,.--,Um_—s) = (Vo,---;Um—s) and in 


this case, t ~, U(t2) = €€2(Um_s,---,U).) = €€2(Ds.,---,bs,). Thus 


* _ y } / / / / / _ ri 
$8, ° $2 = CEU eee eet) Saat Ve Ase) Um—s = bso, Up = bs,- 
t2<tCs{ 


This shows that sj] + sq is non-zero if and only if s, ~ so. 
1 y 


Remark 4.12. 1. The support of sj + s2 is the set theoretical intersection 
of sj and Sp. 


2. We may write P’a’*0(t1) = s{ and Pa*0(t2) = se (cf. (4.9), (4.7) and 
(4.28)). 


Exercise 4.2. Show that in the case s, = So = s, we have 
s*+s= Ds. 


Note that Os} is a linear combination of cells of A* and that Os2 is a 
linear combination of simplices of K. 


Lemma 4.4. We have 
O(sj * 82) = (—1)™ *(0s}) + s2 + sf + O82. 
Proof. By the first identity in (4.29) and (B.17), 
O(s] + 82) = (—1)""*((Os7) ~1 V(t2) — 8] 1 6V(t2)) 


* 
1 
* 
1 


= (-1)”"*((Os7) + 82 — 8} > bU(t2)). 
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By (B.33), we have 
si 71 O0(t2) = So t >; 60(t2) 


t2<tCs{ 
S(1)y"-er! S 660 (Up stad xO Ope. Up = Vays 
te<tCs{ 
(4.30) 
where we use the expressions tg = €2(v0,.--,Um—s); Um—s = bs,, and t = 
E(U9,---, Un), Up = bs,, aS above. 


We may write 
= Yoel 


is an (s ee. of K and e is to be determined 
accoding to the prescribed orientation. We may take + Pe 3h) so that 
ty < 1. Thus we may write t? - el (vo, Sn ey, yo st = 
b,@. 


Note that, since v/,_, = Um—s = bs,, in (4.30), vj,_.41 = 36? for some 


where, for each 2, sf Dj 


i with t$? < t. 
On the other hand we have 


8) ° 08) = Sel si ° a) = » ry vty”) 


a=) th) 2tC si 


s 
=_ 4 (2) / ! = ; a) 
= ) el ) ) EE9 (vy; Um—stloe+: 5@,,)i Um—s+1 = 6, Up = bs, - 


t$? 2tcs* 
Note that the first sum is taken for 7 such that s, ~ 3), 
(#) 


Now we claim that e;e5’° = €2 for each i, which will prove the 
lemma. We take an s-simplex t’ of K’ in s of the form t! = 
@ (Unis Um—s+1;Wm—s+25+-> iin) Then ee) (Oia pitas Wm—s4+2s--> , Wm) 


is an (s — 1)-simplex of K’ in 3), By our orientation convention (*), 


ee! = = el el), 


Corollary 4.7. For a locally finite r-chain c* of K* and a locally finite 
s-chain c of K, 
O(c* +c) = (-1)™ °(0c*) + c+ + Oc. 
Noting that the intersection of an r-chain of K* and an s-chain of K is 


n (r+s—m)-chain of K’, we have a bilinear map 


CF (MV eC aD — CL (M1): 


r+s—m 
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By Corollary 4.7, it induces the intersection product in homology: 
H,.(M) x H,(M) —> Hy4s—m(M). 
Recall that we have the Poincaré duality (Theorem 4.1): 
Py: H?(M) > Hm—p(M). 


In the following, we denote Py, by P if there is no fear of confusion. By 
Definition 4.3 and Remark 4.12.2, we have the following: 


Theorem 4.7. The following diagram is commutative: 


H?(M) x H4(M) ——> H?+4(M) 
Px a i[p 
H,(M) x H.(M) —> Hp4s—m(M), 
where p+r=m andq+s=m. 
Thus the intersection product may also be written 
a+b=P(P-la~ P-'b), aéH,(M), b€ H,(M). 
From the properties of the cup product, we see that 
aeb = (-1)"-V(™—)b «a, (4.31) 


Since P is given by the cap product with the fundamental calss [M/], we 
may also write 


a+b=[M]~(P7tav P7'b) =anP 1d. (4.32) 


In the case M is compact and connected, Ho(M) = Ho(M) ~ Z, the 
isomorphism given by the augmentation. Thus if r+ s = m, we may think 
of a+ b as an integer. 

We also have, for three homology classes a, b and c, 


(a+b)+c=a> (bec) (4.33) 


Localized intersection product 


Let S; and Sz be subcomplexes of M and set S = $,M S2. Then we have 
the intersection product 


OF" (Sx1(S1)) x OF (82) —+ OF ,_m(SK:(S))- 
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By Corollary 4.7, it induces the localized intersection product in homology: 


HS) Se Se le: (4.34) 
In general, for a Ko-subcomplex S' of M, we have the Alexander duality 
(Theorem 4.2): 
Amu.s : H?(M,M\S) > Hm_—p(S). 
Let S; and Sy be subcomplexes of M and set S = $1; S>2 as before. 
Then we have the cup product 
H?(M, M\S,) x H2(M, M\. Sy) —> H?*4(M, M\S). 
As Theorem 4.7, we have: 


Theorem 4.8. The following diagram is commutative: 


H®(M, M\S,) x H4(M, M\ S2) —> H?*+4(M, MS) 


Aix Aah if 


. & ++) . 
A, ($1) x Hs(S2) + A+4s—m(S), 


wherep +r =m, q+s =m and A, A, and Ag denote the Alexander 
isomorphisms for S, 5, and So. 


Thus the localized intersection product may also be written 
(a+b)g = A(Ajta~ Az'b), ae H,(S;), be H,(S2). 
In the case S is compact and connected, Ho(S) = Ho(S) ~ Z. Thus if 
r +s =m we may think of (a+ b)g as an integer. 
We also have formulas corresponding to (4.31) and (4.33). 
In general from definition we have: 


Proposition 4.12. Denoting by 21 : $1, GM, %2:S234 M andi:SaG M 
the inclusions, 


(11)xa* (t2)4b =%4((a*b)g) in Hr4s—m(M). 


Remark 4.13. The diagrams in Theorems 4.7 and 4.8 are compatible via 
the diagram (4.18). 


Suppose S has a finite number of connected components (S)),. Then 
Hy+s—m(S) = @y Hr+s—m(Sy) and the class (a+ b)s determines a class 
(a+ b)s, in Hy4s—m(S) for each A. We have 

(a+ b)s =) (i)e(a-b)s, in Aypys—m($), (4.35) 
BN 
where 7) : 5, <> S denotes the inclusion. 
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Intersection product with a submanifold 


Let V be a closed submanifold of dimension d’ of M with i: V ©@ M the 
inclusion. We assume that V is oriented and that the normal bundle of V 
is orientable and is oriented as in Convention 4.1. We set k’ = m—d'. We 
may assume that V is a Ko-subcomplex of M. 


Convention 4.2. Let c be an r-cycle in M. The class of ¢ in H,(M) is 
denote by [c], while the class of c in H,(S) is simply denoted by c, where 
S = |c| is the support of c. 


Thus the class of V in Hy (M) is denoted by [V], while that in Ha (V) 
by V. 

We consider the intersection of V and a homology class in M or in 
a subcomplex S of M. From the definition of the intersection product 
and various orientation conventions, we have (cf. the first paragraph of 
Section 4.3): 


Lemma 4.5. If we think of V as a d'-chain of K, for every simplex s of 
Ky, we have 


sp=HseV 
as K{,-chains. 
Exercise 4.8. Verify the above. 


First localization: Letting S$; and Sz be V and M, respectively, in 
(4.34), we have the intersection product localized at V: 


H,.(V) x H.(M) 6-3" Fhpysm(V). 
Thus, for a class a in Hy» —»(M), we have the product (V+ a)y in Hy —p(V). 
It is sent to [V] +a by iz : Ha —p(V) > Ha—p(M). 


Second localization: Let S be a subcomplex of M with respect to Ko 
and set Z=V1S. Letting S; and Sz be V and S, respectively, in (4.34), 
we have the intersection product localized at Z: 


HAV SHG) St as 


Thus, for a class a in Hm—»(S), we have the product (V+ a)z in Ha—p(Z). 
If Z has a finite number of connected components, we have the product 
componentwise and a formula as (4.35). 
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The following proposition follows from Propositions 4.10, 4.11, 
Theorems 4.7 and 4.8: 


Proposition 4.13. The following diagrams are commutative: 


H?(M) + Hm_p(M) H?(M, M\ 8) —~~> Hm_p(S) 
Pu Am,s 
| |w * )v “| |w ° )z 
H?(V) > Ha_p(V), H?(V,V\Z) —— Hw _,(Z). 
Py Ay,z 


Remark 4.14. The two diagrams above are compatible via the dia- 
gram (4.18) applied for the pairs (M,S) and (V, Z). 


Intersection product with a map 


In view of the above, we define intersection products in a more general 
situation where V is not necessarily a submanifold of M. 

Thus let V be an oriented C® manifold of dimension d’ and f : V > M 
a C° map. 


Definition 4.4. We define the intersection product V +, so that the first 
diagram below is commutative. Also, for a subcomplex S$ in M, we set 
Z = f-(S). Suppose Z is a subcomplex with respect to some triangulation 
of V. We then define the localized intersection product (V+, )z so that 
the second diagram is commutative: 


H?(M) + Hm_p(M) H?(M, M\ 8) —~— Hm_p(S) 
Pm Am,s 
r| |~ "sv r| |w *, )z 
H?(V) > Ha _p(V), H?(V,V\Z) —— Hw_,(Z). 
Py Ay,z 


Thus, for a class a in Hm—p(S), we have the product (V *pa)z in 
Hy —p(Z). If Z has a finite number of connected components, we have 
the product componentwise and a formula as (4.35). 


Remark 4.15. 1. The two diagrams above are compatible via the dia- 
gram (4.18) applied for the pairs (IM, S) and (V, Z). 

2. If V is a submanifold of M and if f =71:V © M is the inclusion, 
(V+; )v and (V+; )z coincide with (V+ )y and (V- )z, respectively, 
defined before. 
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3. The above products, in the case V or Z is compact, are expressed using 
differential forms in Section 7.8 below (cf. Propositions 7.13 and 7.20). 


4. See Section 7.11 below for an application. 


Notes 


For C® triangulations, we refer to [Munkres (1966)]. The statements 
(T1) and (T2) in Section 4.1 are due to [Whitehead (1940)]. 

As to the dualities, we followed the descriptions in [Brasselet (1981)], 
except for the orientation convention, see also [Suwa (2008)]. In fact there 
are four ways to present the duality combinatorially. Thus let M be an 
oriented C'°° manifold and let S$, kK and K* be as above. We also denote 
by Ck and CR. the groups of p-cochains of K and K™, respectively, and 
by Ch. and Ch. the groups of locally finite (m — p)-chains of K and 
K*, respectively. 

For the duality morphisms (in fact isomorphisms) there are two possi- 
bilities: 


(i) P:C%(M)—> CK"(M), A:C%(M,M\S) — CK" (Sx-(S)), 
(ii) P:CR.(M)—CK_(M), A: C%.(M,M~S) — CK_,(S). 
The morphisms in (ii) are the ones in Section 4.2 above and the ones in (i) 
are their “duals”. 

For orientation conventions, denoting by s a simplex in K, there are 
two possibilities: 


(a) orientation of s followed by that of s* gives the orientation of M, 
(b) orientation of s* followed by that of s gives the orientation of M. 


The convention (b) is the one we adopted (cf. (4) in Section 4.2). 

Thus there are four possible combinations (ia), (ib), (iia) and (iib). 
The convention (ia) is the one adopted in most of the literature, where 
usually only P is defined. For the definition of A in (i) see Section 7.2 of 
[Suwa (2008)]. The one in [Brasselet (1981)] is (iia) and ours is (iib). The 
convention (ii) for the morphism is particularly relevant for A, since the 
chains involved are in S and this is essential in the localization problem we 
later deal with. While in (i), the chains are in a neighborhood of S, which 
deformation retracts to S, and are a little obscured. The reason we use (b) 
instead of (a) is that if s is in S', s* usualy appears in a direction normal to 
S and we wished to make the convention compatible with Convention 4.1. 
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On the level of (co)homology, the duality is given by the left cap product 
with [M] in the conventions (ia) and (iib), while it is given by the right 
cap product with [M] in (ib) and (iia) (cf. Remark B.11). The difference 
between them is a sign of (—1)?0"—?), 

For the paragraph on the product formula of Thom classes, in particular, 
Theorem 4.5, we refer to [Milnor and Stasheff (1974)]. We also refer to this 
for Remark 4.11. 
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Chapter 5 


Chern Classes and Localization 
via Obstruction Theory 


Characteristic classes of a fiber bundle are invariants of the bundle that 
measure to what extent the bundle differs from the trivial bundle. There 
are several ways to define them. In this chapter, we review the Chern 
classes of complex vector bundles and the Euler class of oriented real vec- 
tor bundles on cell complexes from the obstruction theoretical viewpoint. 
In this framework, characteristic classes are obstructions to constructing 
certain frames of the bundle, the obstruction being given as the mapping 
degree of the frame on the boundary of each cell. 

We start with discussing the index of a family of sections at its singu- 
larity. We then explain how the Chern classes of a complex vector bundle 
are defined. A similar construction applies to the Euler class of an oriented 
real vector bundle. We also discuss the case of relative classes, where a 
frame is already given on a certain subset. This leads to the localization of 
characteristic classes by frames. 

After introducing piecewise C® manifolds and pseudo-manifolds, we 
discuss the topological localization of Chern classes by a frame and the 
associated residues that arise via the Alexander duality. The reidue theo- 
rem in this setting is stated (Theorem 5.2) and the residues are expressed 
explicitly (Theorem 5.3). 

We make similar considerations for the Euler class. The Poincaré-Hopf 
theorem (Corollary 5.4) naturally comes up in this setting. In fact, it is 
a prototype of the residue theorem. We prove that the Thom class is a 
localized Euler class (Theorem 5.7). 

For basic materials on algebraic topology, we refer to Appendix B and 
the references therein. Throughout this chapter we take Z as the coefficient 
ring of homology and cohomology. Also maps, vector bundles and sections 
are all continuous, unless otherwise stated. 
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5.1 Index of a family of sections 


Let X be a topological space and £ a complex vector bundle of rank / on X. 


Definition 5.1. An r-section on a subset A of X is an ordered family 
s) = (s1,...,5,) of r sections of E on A. A singular point of s‘") is a 
point where the s;’s fail to be linearly independent over C. An r-frame is 
an r-section without singularities. 


A 1-section is nothing but a section. In this case the singular points 
are the zeros of the section. Recall that an /-frame is simply called a frame 
(cf. Definition 3.12). 

In the next section, we define the g-th Chern class c4(E) of E to be the 
primary obstruction to constructing an r-frame of EF, r= 1—q+1. For 
this purpose, we introduce the notion of the index of an r-section at a point 
where it is singular or is not defined. 


Mapping degree 


Let W (1,1) be the Stiefel manifold of r-frames in C! (cf. Section 3.5). Recall 
that Ho,-1(W(l,r)) ~ Z, q =l—r-+1 (cf. (3.17)). It has a canonical 
generator W2q-1, ie., there is a natural inclusion v : S?7~! 4 W(I,r) and 
Woq—1 = lxV2q—1 With Veg—1 the canonical generator of H2,—1(S24~!) ~ Z. 
In particular, if r = 1, then g = 1 and W(I,1) = C'\{0}, which deformation 
retracts to S%/-1, 

Suppose we have a map y : S74! + Wé(l,r). Then it induces a 
morphism 


Qs» : Hyg_1(S*2-*) — Hoq-1(W(1,r)) 
and we may write 
(px (V2q—-1) = d+ Weq-1 
with d an integer uniquely determined by the homotopy class of y. 


Definition 5.2. The above integer d is called the mapping degree of y and 
is denoted by deg y. 


Remark 5.1. 1. Note that m2,-1(W(l,r)) ~ Z, which has the canonical 
generator [v], 1: S?4-! 4 W(l,r) being as above. A map y as above defines 
an element in m2,-1(W(l,r)), which is of the form d- [s] with d = degy. 
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Let B?? denote a closed 2q-ball whose boundary is S?7-'. Then deg y = 0 


if and only if y can be extended to a map B74 > W/(l,r) and we may think 
24q 


of deg y as the obstruction to extending y to 


2. The mapping degree is also expressed in terms of cohomology. For 
this, note that both H?4~'(S?4-1) and H?4~!(W(I,r)) are isomorphic with 
Z. Let V3q—-1 and Wq-1 denote their generators dual to vag_1 and wa 9-1, 
respectively, i.e., the ones with (vgq—1,V3,-1) = 1 and (waq—1, W3q-1) = 1. 
For a map y : S74-! + W(l,r), we have the induced morphism 


y*: HA (Wir) 3 Ss) 
and we may write (cf. B.8): 
p* (W5q-1) = deg y : V>q-1- 


3. Here is a differential geometric interpretation of the mapping degree 
(cf. Section 10.5 below for details). 

We have H74~1((W(I,r);C) ~ C with a canonical generator (cf. Theo- 
rem B.20). By the de Rham theorem (Theorem 7.5 below), the generator 
is represented by a differential form w2 9-1 on W(l,r) and, for a C® map 
y : S74-! + W(l,r), we may express its degree as (cf. Proposition 10.13): 


deg p = [. : "Wag: 
ne 


An explicit expression of wag1 is given in Proposition 7.28 below. In 
particular, if r = 1, then g =1 and W(1,1) = C!\ {0}. In this case we may 
take as w2,—1 the Bochner-Martinelli form {; (cf. Section 7.10). Note that 


1 dz 


By = on mT 2° 


the Cauchy form. 


Index of an r-frame 


We now consider the bundle W(E,r) of r-frames of E on X. This is a 
bundle associated with E whose fiber W(E,r), at each point x of X is 
diffeomorphic with W(i,r). An r-frame of E is nothing but a section of 
W(E,r). 

Suppose we have a regular oriented 2q-cell e in X (cf. Section B.2). 
Letting B74 be the unit closed ball with canonical orientation (cf. Exam- 
ple 3.9 and Remark B.13.2), we take a characteristic map y : B74 > € 
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so that it is a homeomorphism determining the orientation of e. We may 
assume that E is trivial on €. Suppose we are given an r-frame s‘") of E 
on €\e. Although it is not necessary, in order to fix the idea, we extend 
s) to an r-frame on €\ {a}, where a is a point in e. It is always possible 
as €\{a} deformation retracts to é\e. Denoting by S247! the boundary of 
B47, which is a canonically oriented (2q— 1)-sphere, we have a composition 


of maps: 

o:89-1 % ee SWE nle~ (Wir)xe) Win, (5.1) 
where 0x = x|s2c-1 and p is the projection onto the first factor. 
Definition 5.3. The index I(s“),a) of s“ at a is defined by 

I(s\, a) = deg y. 


Note that the definition does not depend on the order of the members 
of s‘”), the choice of a in e or the trivialization of E. 


Example 5.1. Let U be a neighborhood of 0 in C = {z} and E = CxU the 
product bundle on U. Also let B? be a closed 2-ball in U with center 0. For 
an integer m, let s be the frame of E on S! = OB? given by s(z) = (2, z). 
Then, noting that W(1,1) = C* and the map in (5.1) is given by z+ 2™, 
we see that I(s,0) =m. 
More generally, if the frame s on S! is given by s(z) = (f(z), z) with f 
a non-vanishing C' function, we have (cf. Remark 5.1.3): 
1 df 
Ae) 7 QnV/—1 gl ca 
The index in Definition 5.3 may also be described as follows. Let s‘") 
be an r-frame of E on €\e, with r > 1. We write as s{) = (s("-)),s,), 
individualizing the last section. The (r—1)-frame s“"~)) determines a map 


y, :S*2-1 — Wih,r—-1) 


similarly as (5.1). Since t2g-1(W(l,r — 1)) = 0, the map y extends to a 
map B74 - W(l,r —1). Thus s"—) can be extended to an (r — 1)-frame 
on € and generates a trivial complex subbundle I~! of rank r — 1 of Elz. 
This way we have an exact sequence 


0—I'-!_> Eje 4 E' 0, 
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where E’ is a complex vector bundle of rank g on €. We denote by s/. the 
section of E’ given by po s,, which is non-vanishing on €\e. Consider the 
composition (cf. (5.1)): 


yl: S?4-1 ®% eV e = W(E',1) © Wal) xe Wig D. 
Then by definition, I(s/,,a) = deg y’. 
Proposition 5.1. In the above situation, 


I(s),a) = I(s).,a). 


Proof. As we noted, the map y extends to a map B74 + W(l,r — 1), 
which is also denoted by y1. We may assume that for every point x in B74, 


yi(z) is given by the matrix (e1,...,¢--1), where e; = *(0,..., 1, ...,0). 
This means that we take the trivialization W(E,r)|e ~ W(l,r) x € in (5.1) 
so that for each point x in S72~1, v(x) is given by a matrix of the form 
(Cf; 2x0; Oreja); where a= "(aie syQpci, dps eye) with (aq... 4@¢24) in 
C’~1 and (a,...,a;) in C?7\ {0} = W(q, 1). This also means that we take 
the trivialization of W(E’,1) so that y’(a#) = (a,..., az). 

Recall that the map 7: W(l,r) > W(l,r — 1) given by taking the first 
(r — 1) vectors has a fiber bundle structure with fiber C’~' x W(q,1) and 
that the inclusion of W(q, 1) into a fiber of 7 induces an isomorphism of the 
(2qg—1)-st homotopy groups (cf. Propositions 3.7 and 3.8). The proposition 
then follows from Remark 3.5. 1. 


5.2 Chern classes of a complex vector bundle 


We review the obstruction theoretic construction of the Chern classes of 
complex vector bundles on cell complexes. 

Let (X, {e,}) be a regular cell complex (cf. Section B.2). Recall that the 
singular homology H,(X) of X can be computed from the chain complex 
(C.(X), 0) with C,(X) the free Abelian group generated by the oriented 
p-cells in X. Also the singular cohomology H?(X) can be computed from 
the cochain complex (C'*(X), 6) with C?(X) = Hom(C,(X),Z) and 6 the 
transpose of 0. This means that, if we denote by H,(C.(X)) the p-th homol- 
ogy of (C.(X), 0) and by H?(C*(X)) the p-th cohomology of (C*(X), 64), 
there are canonical isomorphisms (cf. Theorem B.22): 


Hy(Co(X)) = Hy(X), — AP(C*(X)) = HP(X). 
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Let £ be a (continuous) complex vector bundle of rank | on X and r an 
integer with 1 < r <1. We set g=1—1r+1 as before. We try to construct 
an r-frame, i.e., a section of W(E,r), on each skeleton X? of X starting 
from the 0-skeleton and then extending it inductively to larger skeletons. 
On the way we get a 2q-cochain y as the obstruction to the construction. 
It is shown that 7 is in fact a cocycle and defines a class in H?47(X), which 
will be the g-th Chern class c4(E) of E. 

First, it is always possible to construct a section s“") of W(E,r) on X°. 
Let e be a p-cell. If a section s‘") of W(E,r) is given on €\e, it defines 
a map as (5.1), replacing S?7-! with S?-! ~ €\e. Thus s") defines an 
element in tp_1(W(I,r)). If p < 21—2r+1 = 2q—1, the section s‘) 
can be extended to €, since the homotopy group vanishes. This way we 
may construct a section s“) of W(E,r) on X24-!. Then we reach to an 
“obstruction” when p = 2q. Namely, for each 2q-cell e, the r-frame s‘”) on 
€xe is extended to an r-frame on € possibly except for a point a in e and 
the obstruction is given by the index I(s‘"),a). We define a cochain y by 


(e,7) = 1(s™, a) (5.2) 
for each 2q-cell e and then extending it linearly. 


Proposition 5.2. The cochain y is a cocycle. 


Proof. It suffices to show that, for every (2g + 1)-cell e’, 
(e', dy) = 0. (5.3) 


Let Y denote the subcomplex of X consisting of the cells in e’. Since 
Y74-1 is (2q — 2)-connected, by Theorem 3.7, we have an isomorphism 
ho: Woq—1(¥79-1) + Hog-i(¥74-'). We also have Hag-1(Y22-1) = 
Zoq-1(Y 74-1) = Zoq-i1(Y). On the other hand, using the fact that the 
bundle E|z is trivial, the given r-section s on X?4-1 defines a map 
3” ; Mq—-1(¥ 24-1) > maq-1(W(I,r)) ~ Z. We denote by a the composi- 
tion of the maps 


aij 3”) 
CoV so BacalY) Ss ma) ep We) 2 


By definition, for a 2q-chain c in C2,(Y), (c,y) = a(c). Since Coq-2(Y) is 
a free Abelian group, Zoq-1(Y) is a direct summand of C2,-1(Y). Thus 
s” oh- extends to a map u: Coq—-1(Y) > Taqg-1 (WI, r)) ~ Z, which may 
be thought of as a cochain in O74~'(Y). Then we have, for every chain c 
in Coq(Y), (c,y) = a(c) = (Oc, u) = (c, du) so that y = du in C74(Y) and 
(5.3) follows. 
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Remark 5.2. 1. It is also shown that different choices of extensions in 
each step leads to cocycles that are cohomologous. 


2. Precisely speaking, yy is a cochain with coefficients in the “local system 
formed by T2q-1(W(Ez,1))”. Since the group GL(I,C) is connected, this 
system is in fact trivial and we may naturally think of 7 as being in C74(X). 


Definition 5.4. The q-th topological Chern class cj,,(E) of E is the class 
of y in H74(X). 


Throughout this chapter, we denote c{,,() simply by c1(E) and call it 
the g-th Chern class of E, unless otherwise is stated. The total Chern class 
of E is defined by 


(EB) =1+e(E)+---+¢(£), 
which is an element in the cohomology ring H*(X) and is invertible. 


Remark 5.3. 1. If F admits an r-frame on X, then clearly c4(E) = 0. 
Conversely if c4(£) = 0, then it is possible to construct an r-frame of FE 
on X77, but not on X in general. Thus c?(E£) is referred to as the primary 
obstruction to constructing an r-frame of E. 


2. The classes constructed above are in fact “functorial”, i.e., for a contin- 
uous map f : X’ + X of cell complexes and a complex vector bundle E 
on X, 


ci(f*E) = ftc(E) in H?4(X’). 


This is proved by taking a “cellular approximation” of f. 
In particular, the above construction of c1(£) does not depend on the 
choice of cellular decomposition of X. 


3. In Chapter 8 below, we define differential geometric Chern classes for a 
C®™ complex vector bundle on a C® manifold via the Chern-Weil theory 
and discuss, in Chapter 10, the relation between the classes defined from 
two different approaches. We prove the above funtoriality in the framework 
of Chern-Weil theory. 


5.3 Euler class of an oriented real vector bundle 


Let E be an oriented real vector bundle of rank I’ on a regular cell complex 
(X,{e,}). We assume again that each cell is oriented. If l’ = 1, the 
orientability of E implies that EF is a trivial bundle. Thus we assume 
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that l’ > 1 in the following. In view of (3.18), we may perform a similar 
construction to obtain the Euler class of an oriented real vector bundle. 

We denote by V(U, 1) the real Stiefel manifold of 1-frames in R", which 
is in fact R’ \ {0} so that it has the homotopy type of S'’~!. Thus V(I/, 1) is 
(i' — 2)-connected and my _,(V (I, 1)) ~ Z, which has a canonical generator. 
Hence we have Hy_\(V(I',1)) ~ Z with a canonical generator and, for a 
map y:S!-! > Vil, 1), we my define its degree, denoted by deg y, as in 
Definition 5.2. 

We denote by V(E,1) the bundle of 1-frames of E on X. Then the 
Euler class e(£) of E is defined to be the obstruction to constructing a 
section of V(F,1), i.e., a non-vanishing section of E, on X". It will be 
defined a priori in the cohomology with coefficients in the local system 
formed by my~1(V (Ex, 1)). Since GL* (I’,R) is connected, this system is in 
fact trivial and we may naturally think of the obstruction as being in the 
integral cohomology H"’ (X;Z), as in the case of Chern classes. 

We may define the index of a section at its singularity as before. Thus let 
e be an l'-cell in _X, on which F is trivial. Suppose we have a non-vanishing 
section s of E on €x {a}, a being a point in e. We have a composition 
(cf. (5.1)): 

yo: 8-1 2% Be SS VE Diex (VU) x2) 2 V1). (5.4) 
The indez of s at a, denoted by I(s, a), is the mapping degree of y: 
I(s,a) = deg y. (5.5) 

We try to construct a section s of V(Z,1) on each skeleton X? of X 
inductively from the 0-skeleton, as in the case of Chern classes. Continuing 
this process, we reach to an “obstruction” when p = I’. Namely, for each 
l'-cell e, the 1-frame s on €\e is extended to a 1-frame on € possibly except 
for a point a in e and the obstruction is given by the index I(s,a). We may 
define a cochain y in C"(X) by setting y(e) = I(s,a) for each I/-cell e and 
then extending it linearly. This cochain is in fact a cocycle as in the case 
of Chern classes. 


Definition 5.5. The Euler class e(E) of E is the class of y in H" (X). 


This class is independent of the choices of various objects used in the 
definition. 


Remark 5.4. 1. As in the case of Chern classes, e(/) = 0 if and only if 
F admits a non-vanishing section on X The Euler class is also functorial 
(cf. Remark 5.3). 
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2. If E is a complex vector bundle of rank 1, we may think of it as a 
naturally oriented real bundle of rank 21 and W/(l,1) may be identified 
with V(2I, 1). In this case, we have 


the top Chern class of EF. 


3. For an oriented real vector bundle E of even rank I’ = 2k’, it is known 
that 


(—1)¥'e!'(E°) = e(E) - e(E). (5.6) 


4. The use of (3.18) in general case of frames leads to the obstruction 
theoretic definition of Stiefel-Whitney classes of real vector bundles. 


5.4 Relative classes 


Let (X, {e)}) be a regular cell complex and A a subcomplex of X (cf. Sec- 
tion B.2). 


Relative Chern classes 


Let E be a complex vector bundle of rank | on X and suppose we are already 
given an r-frame s") of E on the 2q-skeleton A?4 of A, g=1—r+1. We 
follow the procedure described in Section 5.2 starting with this frame to 
obtain an r-frame 8") on X?4\ {isolated points}. To be more precise, the 
above frame 8") has the following property for a 2q-cell e in X: 

if e C A, then 8” is defined and equals s‘) on @, 

if e ¢ A, then 5”) is defined on €\ {a}, where a is a point in e. 
For every 2q-cell e in A, we have I(3"),a) = I(s“,a) = 0, a being a 
point in e. Thus the cocycle y defined by (5.2) for 3) is in C?4(X, A). It 
represents a class in H?4(X, A), which is denoted by c#(E, s“”) and is called 
the relative Chen class defined by s‘"). The class c4(E, s‘”)) depends on s), 
but not on the choice of the extension 8”) of s‘") (cf. Remark 5.2.1). Its 


image by the canonical morphism H74(X, A) > H?4(X) is the usual Chern 
class c1(E). 
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Relative Euler class 


Let E be an oriented real vector bundle of rank l’ on X and suppose we 
are already given a non-vanishing section s of E on A". We follow the 
procedure described in Section 5.2 for the Euler class starting with this 
section to obtain a non-vanishing section § on X“ \ {isolated points}, as in 
the case of relative Chern classes. Then, for every l’-cell e in A, we have 
I(8,a) = I(s,a) = 0. Thus the cocycle ¥ for § defining the Euler class e(F) 
is in fact in C" (X, A). It represents a class in H"(X, A), which we denote 
by e(£,s) and call the relative Euler class defined by s. Its image by the 
canonical morphism H" (X, A) > H"(X) is the Euler class e(E). 


5.5 Piecewise-linear manifolds and pseudo-manifolds 


PL manifolds and smoothings 


Polyhedra: Let v be a point and B asubset of RY. The cone with vertex 
v and base B is the set 


ve B={re RX |x=(1-t)v+tb, be B, 0<t<1}. 


Definition 5.6. A polyhedron is a subset P of R% such that each point a 
in P has a neighborhood S in P of the form S = a* L with L compact. 


A neighborhood S as above is called a star of a in P and La link. For 
example, R™ and H™ = {(a21,...,%m) € R™ | a, < 0} are polyhedra. 
An open set of a polyhedron is a polyhedron. The polyhedron |K| of a 
simplicial complex K is a polyhedron. For a point a in |K|, Sx (a) is a star 
and Lx (a) a link of a. In fact we have: 


Proposition 5.3. A subset P of R™ is a polyhedron if and only if it is the 
polyhedron of some simplicial complex K in RN, i.e., P =|K|. 


We call K as above a simplicial decomposition of P. In this case the 
identity map |K| > P is a triangulation of P. 


Definition 5.7. A map f : P + P’ between polyhedra in R% and RN’, 
respectively, is piecewise-linear, PL for short, if P admits a simplicial 
decomposition K such that for each simplex s of K, f|, is affine. 


It is equivalent to saying that the graph I’y = { (x, f(z)) | a € P} of f is 
a polyhedron in RN+N ". Thus ifa PL map f : P > P’ isa homeomorphism, 
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f~1 is also PL. A simplicial map f : |K| > |K’| of simplicial complexes is 
PL. If f : P > P’ is PL and proper, there exist simplicial decompositions 
K and K’ of P and P’, respectively, such that f : |K| — |K’| is simplicial. 


PL manifolds: A PL manifold with boundary is defined by replacing 
“Ce” with “PL” in Definition 3.20. Thus let Q be a Hausdorff space with 
countable basis. 


Definition 5.8. A PL structure on Q is the equivalence class of an atlas 
{(Ua; Ga)} such that 


(1) for each a, Yq is a homeomorphism onto an open set in R™ or in H™, 
(2) for each pair (a, 8), Yao vB" : pp(Ua NUgB) 4 Ya(Ua N Ug) is PL. 


The integer m as above is called the dimension of Q. The boundary 0Q 
of Q is the set. of points in Q that correspond to x, = 0 in H”. If OQ 49, 
it is an (m — 1)-dimensional PL manifold without boundary. 

A PL manifold Q has a triangulation h : |K| > Q such that each map 
hows! : va(Ua) + |K| is PL. 

Let M be a PL manifold without boundary. A PL submanifold with 
boundary in M is defined as in Definition 3.21, replacing “C™” with “PL”. 
Thus if Q is a PL submanifold with boundary, it is a PL manifold with 
boundary. 


Remark 5.5. A polyhedron P is a PL manifold of dimension m if and only 
if, for each point a € P, there is a triangulation K of P such that a is a 
vertex of K and that the link Lx (a) of a is a PL (m— 1)-sphere 0A”. 


Piecewise C® homeomorphism: Let P be a polyhedron and R aC 
manifold with boundary. 


Definition 5.9. A homeomorphism h : P — R is piecewise C®, PD for 
short, if P has a simplicial decomposition K such that h is a C® triangu- 
lation (cf. Definition 4.1). 


In this case, the atlas on P = |K| given by the open stars of vertices in 
K makes P into a PL manifold. 

Let Q be a PL manifold with boundary and R a C® manifold with 
boundary. A homeomorphism h : Q —> R is PD if Q has a triangulation 
h’ : |K| > Q such that hoh’:|K|— Ris PD. 
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Remark 5.6. We may rephrase the statements (T;) and (T2) in Section 4.1 
by saying that every C'° manifold M admits a PD homeomorphism Q > M 
and the PL manifold Q is unique up to PL isomorphism. 


Smoothings of PL manifolds: Let Q be a PL manifold with boundary. 
If o isa C™ structure on (the underling topological space of) Q, we denote 
by Q, the C® manifold defined by o. A smoothing of Q isa C™ structure o 
on Q that makes the identity 1g: Q — Q, PD. Thus ifh:Q— Risa PD 
homeomorphism onto a C’°° manifold R, the C° structure induced from 
that of R by h is a smoothing of Q. We also call h: Q — R a smoothing. 

Let Q be a PL manifold and Q; C Q\. OQ a PL submanifold of codi- 
mension k. We say that Q, is flat if it has a neighborhood U in Q such 
that (U,Q,) is PL homeomorphic to (Q; x R*,Q, x {0}). 

We quote: 


Theorem 5.1. Let Q be a PL manifold and Q1 C QN OQ a flat PL sub- 
manifold. Also let R be a C™® manifold andh:Q— R a smoothing. Then 
there is a PD isotopy hk : Q > R such that ho = h and that hy(Q,) is a 
C™ submanifold of R. Moreover, if Q, is compact, for every neighborhood 
N of Q1 and every €, hy can be chosen to be an €-isotopy relative to Q\N. 


Here we recall some terminologies in the above (cf. Section B.1). In 
general, if X and Y are topological spaces, an isotopy hk: X > Y is a 
homotopy {hi}o<t<i1 such that H: X x I> Y x I, H(a,t) = (hi(2),#), is 
a homeomorphism, J = (0, 1]. 

If Q isa PL manifold and Ra C®™ manifold, a PD isotopy is an isotopy 
h, : Q > R such that the extension H’: Q x R- Rx R of A given by 
HA'(«,t) = (ho(x),t), for t < 0, and H’(z,t) = (hi (x), t), fort > 1, isa 
PD homeomorphism. Let ¢ : Q > Ry = {a € R| a> 0} be a continuous 
function. An isotopy h, is an ¢-isotopy if d(hi(x), ho(a)) < e(x), for all 
x €Qandt€ I, where d( , ) denotes a metric on R. 


Orientability: Let Q be a PL manifold of dimension m and h: |K| > Q 
a triangulation. Then, for each (m — 1)-simplex s of K, there exist either 
one or two m-simlices which contain s as a face. The PL manifold Q is said 
to be orientable if it admits a triangulation K with the following property: 
the m-simplices in kK can be oriented so that, if s is an (m — 1)-simplex 
in K and if s; and sg are two simplices containing s as a face, then the 
prescribed orientations of s; and sz induce opposite orientations of s. 

If Q is orientable, it has two orientations, i.e., there are two ways to 
orient the m-simplices in the above manner. Once we fix an orientation, 
we say that Q is oriented. In this case OQ is naturally oriented. 
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Piecewise C™ manifolds: Let M be aC®™ manifold. 


Definition 5.10. A subset R of M is a piecewise C® submanifold of M 
with boundary, if there exist a C™ triangulation (K,h) of M and a sub- 
complex L of K such that h(|L|) = R and that || is a PL submanifold of 
|| with boundary. 


In the above, we also say that R is a piecewise C™® manifold with bound- 
ary in M. 

Note that a closed C® submanifold with boundary is a piecewise C'° 
submanifold with boundary. 

Let R be a piecewise C'° submanifold of M with boundary. The di- 
mension of R is defined to be that of |Z|, L being as in Definition 5.10. Let 
d' = dim R. If OR # 9, it is a (d’ — 1)-dimensional piecewise C° manifold 
without boundary. 


Definition 5.11. A point a in R is said to be general, if there exist (K, h) 
and L as above such that a is the image by A of an interior point of a 
d'-simplex of L. 


The set of general points in R is a d'-dimensional C™ submanifold of 
M without boundary. 

Let R be as above. We say that R is orientable if || is orientable as a 
PL-manifold. This is equivalent to saying that the set of general points in 
R is orientable as a C® manifold. If this is the case, OR is also orientable. 
We may think of the set of general points of OR as the boundary of a C® 
manifold with boundary whose interior is the set of general points of R. If 
R is oriented, OR is oriented according to Convention 3.2. 


Pseudo-manifolds 


Definition 5.12. A pseudo-manifold of dimension d’ in M is a subcomplex 
X of M, with respect to some triangulation of M, satisfying the following 
conditions: 


(1) Every simplex in X is a face of some d’-simplex in X. 
(2) Every (d’ — 1)-simplex is the face of exactly two d’-simplices. 


The pseudo-manifold X is orientable if 


(3) The d’-simplices in X can be oriented so that, if s is a (d’ — 1)-simplex 
in X and if s, and s2 are the two simplices that contain s in their 
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boundary, then the prescribed orientations of s; and sg induce opposite 
orientations of s. 


An orientable pseudo-manifold X is said to be oriented, once orienta- 
tions of d’-simplices in X satisfying (3) above are fixed. We say that X 
is irreducible if X \X*'~? is connected, where X“~? denotes the (d’ — 2)- 
skeleton of X. A general point of X is a point in X \X4-2_ If X is an 
oriented pseudo-manifold, the union of all the d’-simplices in X is a cycle. 
In particular, if X is irreducible, it is called the fundamental cycle of X 
and its class in Hy(X) the fundamental class of X. In this case, there is a 
canonical isomorphism Hy (X) ~ Z, the fundamental class corresponding 
to 1. 

In general, we have a decomposition into irreducible components: 


X=|(JX. 


If X is oriented, then Hy (X) is generated by the fundamental classes of 
the X;’s. 


Example 5.2. 1. A closed submanifold of a C° manifold is a non-singular 
pseudo-manifold. 


2. An analytic variety V in a complex manifold is an oriented pseudo- 
manifold. The irreducible decomposition of V as a variety gives that as a 
pseudo-manifold. A general point of V is nothing but a non-singular point 
of V. 


5.6 Localization and topological residues 


In this section, we let I be a C™® manifold of dimension m and let Ko, K, 
K’' and Kk* be as in Section 4.1. 


Duals of characteristic classes 


Suppose M is oriented and connected so that we have the Poincaré duality 
(Theorem 4.1). 


Chern classes: Let E be a complex vector bundle of rank / on M. We 
use the dual cellular decomposition K* to define the Chern classes of FE 
(cf. Section 5.2). Denoting by s‘) an r-frame already constructed on the 
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(2q—1)-skeleton (K*)?4~! of K*, the Poincaré dual of c7(E) is represented 
in Hm—2q(M) by the cycle 


C= So I(s), bs) 8, (5.7) 


where the sum is taken over all the (m—2q)-simplices s of K and I(s‘"), bs) 
denotes the index of s) on s*  (K*)?4-! at the barycenter b, (cf. Defini- 
tion 5.3, we may take b, as a there). 


Euler class: Let E£ be an oriented real vector bundle of rank I’ on M. 
Denoting by s a non-singular section already constructed on the (l' — 1)- 
skeleton of K*, the Poincaré dual of e(£) is represented in Hm_v(M) by 
the cycle 


C=)S I(s,bs) 8, (5.8) 


where the sum is taken over all the (m —l’)-simplices s of K. 


Localized Chern classes 


Let E be a complex vector bundle of rank |! on M and S a Ko-subcomplex 
of M. We apply the considerations of Section 5.4 by letting A be the sub- 
K*-complex M\ Ox:(S). Thus suppose we are already given an r-frame 
s”) of E on the 2q-skeleton of M\Ox:(S), q=1—r+1. Then we have the 
relative class in H?4(M,M\Ox:(S)) ~ H?74(M, MS), which is denoted 
by €% top(E, s”)) and is called the topological localization of c1(E) by s. 
It will also be denoted by c4(E, 8”), cf,,(E, 8) or c1(E, s‘")), if there is 
no fear of confusion. The class c{,,,(E, s‘")) depends on s‘"), but not on the 
choice of the extension 8) of s‘"). Its image by the canonical morphism 
H?1(M,M\ 8S) > H?4(M) is the usual Chern class c7(E). 

Recall that, in the above construction, for an (m — 2q)-simplex s of K, 
the following are equivalent (cf. Proposition 4.2): 


(1I)s¢Z8, (2) s*nS=9, (3) s* C M\Ox:(S). 
Note that the point a may be assumed to be the barycenter b, of s. 


Suppose M is oriented so that we have the Alexander isomorphism 
(Theorem 4.2): 


A: H74(M, M\S) > Hm_—2q(S). 


Definition 5.13. The topological residue TResea(s“, E;S) of s\") for 
c1(E) at S is the image of cf,,(E, 8) by A. 
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Remark 5.7. In order to have the above localization and residue, it suffices 
to have s") on OS¢/(S) M (K*)?4 (cf. Remark 4.4). 


Suppose that S$ has only a finite number of connected components (.$))). 
Then we have a decomposition 


Hy 95(8) = @, Hin—2q(Sd) 


and accordingly we have the residue TRes¢a (s, E; Sy) in Hm—2q(Sx) for 
each A. 
We have (cf. (5.7)): 


Proposition 5.4. In the above situation, the residue TRes_a(s“), E; Sy) is 
represented by the cycle 


Ce ¥ 16") be) 8, (5.9) 


where the sum is taken over the (m — 2q)-simplices of K in Sy. 


Note that the class of the cycle does not depend on the choice of 5"). 

In particular, if 2g = m and if S) is compact, Ho(S) = Ho(S)) ~ Z, 
the isomorphism given by the augmentation (cf. Appendix B). Thus we 
may regard TRes,a(s”), E;S)) as an integer and we have 


TReseo(s""), B;S,) = > 1(8), bs), (5.10) 


where the sum is taken over all the 0-simplices s of K in S), in fact b, = s. 


Let R be an m-dimensional manifold possibly with boundary in M. 
We may assume that R and OR are Ko-subcomplexes of M. In the above 
considerations, we let S be R. Thus suppose we are given an r-frame s‘") 
of E' on the 2q-skeleton of M\Ox:/(R). Then we have the relative class in 
H?4(M, M\Ox:(R)) ~ H?4(R, OR), which is denoted by ch ¢op(E, 8”), or 
simply by c},(E, s‘"). Its image by the canonical morphism H?4(R, OR) > 
H?4(M) is the usual Chern class c%(E). 


Remark 5.8. To have the above relative class ch (E, 8), it suffices to 
have s‘") on OSi«/(R) MN (K*)?4 (cf. Remark 5.7). 


Suppose M is oriented so that we have the Lefschetz isomorphism 
(Theorem 4.3): 


L: H?9(R, AR) ~> Hm—2q(R). 
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Recall that it is given by the left cap product with the class [AR]. The class 
[R] ~ ch,(E, s“”) is represented by a cycle as in the right-hand side of (5.9), 
where the sum is taken over the (m — 2q)-simplices of kK in R. 

In particular, if 2g = m and if R is compact, Hp(R) = Ho(R) and there 
is the augmentation ¢, : Hyo(R) > Z. In this case, e,([R] ~ ch (E, s)) 
is equal to the Kronecker product ([R],c},(E,s‘")) (cf. (B.19)). It is an 


integer given by 
15, bs), 


where the sum is taken over all the 0-simplices s of K in R, in fact b, = s. 


Coming back to the previous situation, let S be a Ko-subcomplex of 
M and s‘") an r-frame of E on the 2q-skeleton of M\ Ox:(S). Let R be 
as above and suppose S$ C Int R. The r-frame s‘”) restricts to an r-frame, 
denoted also by s‘"), on the 2q-skeleton of M\Ox/(R). Thus we have the 
relative class c},(E, s‘")) in H?4(R, OR) as above. 

From Corollary 4.3, we have the following “residue theorem”: 


Theorem 5.2. Let M be an oriented C°@ manifold of dimension m and 
E a complex vector bundle of rank l on M. Also let S be a subcomplex of 
M with a finite number of connected components (Sy), and s‘") an r-frame 
of E on 2q-skeleton of M\Ox(S), q=l—r+1. In this situation, it holds: 


1. For each X, we have the residue TRes¢a (s, E; Sy) in Hm—2q(Sx); which 
is represented by the cycle (5.9). 


2. If S is in the interior of a manifold R of dimension m possibly with 
boundary in M, 


yu 


S"(ey)« TResco(s”), ES) = [BR] ~ ch(E,8) in Hn—aq(R), 
d 
where 1, : 8, — R denotes the inclusion. 


Remark 5.9. 1. If we take M as R in 2 above, the right-hand side is 
expressed as [M] ~ c?(£) in Hy,~2q(M). 

2. In the case 2q = m, if R is compact, Ho(R) = Ho(R). In this case each 
S) is compact and, appling the augmentation ¢, : Hp(R) > Z to the both 
sides of the equality in 2 in Theorem 5.2, we have (cf. (B.2)) 


S" TRes.o(s), E; $y) = ([R], ch(E, 8)) 
Xr 


as integers. Suppose M is compact. If we take MW as R, the right-hand side 
is expressed as ([M], c?(E)). 
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Transverse residues: Let WM, Ko, K, K* and S be as above. Suppose 
the maximum dimension of the simplices of K in S is m— 2q and let S’ be 
an oriented submanifold of M of dimension m — 2q which is contained in 
S. We may assume that the orientations of simplices in K are compatible 
with that of S’. Let x be a point in S’ and D a slice of S’ in M at x 
(cf. Definition 3.24). We may assume that x is the barycenter b, of some 
(m — 2q)-simplex s of K in S’ and that s* is in D (cf. Theorem 5.1). We 
may also extend the triangulation K’ on s* throughout D. Let s‘") be 
an r-frame of E on the 2q-skeleton of M\Ox:/(S), as before. Restricting 
E and s”) to D, we have the localization Chop(E|p, s)|p) and the residue 
TRes¢a(s”) |p, Elp; x), which correspond to each other by the Alexander 
isomorphism 


H?4(D, D\ {2}) © Ho({2}). 


As Ho({a}) ~ Z, we may think of TResga(s‘)|p, Elp; x) as an integer, 
which is referred to as the transverse residue at x. In fact it is given by 


TRes¢a(s"” |p, Elp; x) = I(s, bs). 


Remark 5.10. 1. If we denote by 1: D — M the inclusion, we have the 
commutative diagram (cf. Proposition 4.13): 


H?4(M, MNS) =~ Hm-2q(S) 


| [© * Je 


H?4(D,D\ {z}) are Ho({x}) 


so that we may write 
TResca(s“ |p, Elp; x) = (D+ TResca(s), E; 8). 


2. By Remarks 4.4 and 5.7, in the above notation, TResea(s“")|5«, E|s«; 0s) 
makes sense and is equal to TResga(s“") |p, Elp; 2). 


As a function of a, TResca(s") |p, E|p; 2) is locally constant. Thus, if 
S’ is connected, it is constant. From Proposition 5.4, we have (cf. Conven- 
tion 4.2): 


Proposition 5.5. If S) is an (m— 2q)-dimensional submanifold of M, 
TResca(s”), E; Sx) = TResea(s |p, Elp; x) - Sy in Hm—2q(Sx); 


where x is a point in S, and D a slice of Sy atx. 
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The above expression of the residue is generalized to the case S$) 
is a pseudo-manifold. Thus let S, be a connected component of S as 
above and suppose it is an oriented pseudo-manifold of dimension m — 2q 
(cf. Definition 5.12). If s is an (m — 2q)-simplex of K in Sy, s* is a 
2q-cell such that s* MS, = {b,}. Thus we have the transverse residue 
TResga(s|s+, E|s«;bs), which is equal to I(s‘"),b,) (cf. Remark 5.10. 2). 
From Proposition 5.4, we have: 


Theorem 5.3. Suppose S) is an oriented pseudo-manifold of dimension 
m —2q. Then the residue TRes.a(s“”), E; Sy) in Hm—2q(S») is represented 
by the cycle 


3 L 


sx} Ds) ' 8, 


S- TResca (s”) 


where s runs through all the (m — 2q)-simplices of K in Sy. 


Corollary 5.1. In the above situation, suppose that the set of general points 
of Sy has the structure of a C° submanifold of dimension m — 2q of M 
and that, in the irreducible decomposition S, = J; Sy, the set {Sy}; is 
locally finite. Then we have: 


TReseo(s\), B;$,) = S> TResea(s |p, Elp; 22,1) [Sy,i] im. Hm—2q(S), 


a 


where x); 18 a general point of Sy; and D a slice of Sy; at x4. 


In the above, [';] denotes the class of Sy; in Filo), In fact 
Hm_—2q(S) is a free Abelian group generated by these classes. 
In the case S is a submanifold, the above reduces to Proposition 5.5. 


Remark 5.11. In Chapter 10 below we discuss localization problems in 
various settings mainly from the differential geometric viewpoint and give 
a general residue theorem (Theorem 10.1). The localization of Chern classes 
by frames in this context is treated in Section 10.3, where the differential 
geometric counterpart of Theorem 5.2 is given (cf. Theorem 10.6). We 
then prove that these two are essentially the same (cf. Theorem 10.13). In 
Chapters 12 and 13, we discuss these residues in detail. 


We now give some fundamental examples. 


Hyperplane bundle: Let P” be the n-dimensional complex projective 
space with homogeneous coordinates [¢o,... , Gn]. We denote by U,, the open 
set in P” defined by ¢, 40, a =0,...,n. Let H be the hyperplane defined 
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by ¢o = 0. The hyperplane bundle Ly is the line bundle defined by the 
transition functions {¢3/¢.} (cf. Example 3.6, where it is denoted by H,,). 
It admits a section s represented by the collection (54) given by sa = ¢o/Ca.- 
The zero set of s is exactly H so that we have the localization c!(Ly, s) 
in H?(P”",P”\ H) of c\(Ly) and the associated residue TRes,: (s, Ly; H), 
which is the image of c!(Ly,s) by the Alexander isomorphism 
H?(P",P"°\ HH) —> Hon-2(H). 
Proposition 5.6. We have: 
TRes.1(s, Ly; H) = [H] in Hon—2(H). 


Proof. By Proposition 5.5, it suffices to show that the transverse residue 
is equal to 1. Thus let x be a point in H and assume that it is in Ug, 
a #0. We have a trivialization Ly|y, ~ C x U, and s is expressed as 
IC] © (z,[¢]), = ¢o/Ca. Let D be a complex 1-dimensional disk transverse 
to H at x. We may think of z as a coordinate on D and we see that the 
transverse residue is 1 (cf. Example 5.1). 


The above is a special case of Theorem 12.2 below. 


Corollary 5.2. The first Chern class c'(Ly) of the hyperplane bundle is 
the Poincaré dual of |H]. 


Universal bundle: More generally we consider the universal bundle Q 
on the Grassmann manifold G(N,r) of r-planes in C%, which is of rank | = 
N-—r (cf. Section 3.6). For gq = 1,...,1, we have the g-th Chern class c?(Q) 
of Q. Let [4 denote the r-tuple of integers (1+1—q,1+2,/+3,...,l4r =). 
Note that the Schubert variety Ey< has complex dimension Ir — q and each 
element is represented by a matrix A such that the rank of AU+!—®, which 
is an (r + q—1) xX r matrix, is less than or equal to r— 1. We have the 
exact sequence of vector bundles on G(N,r): 


ros SQ 0. (5,11) 


Let s; be the section of Q defined by s; = m(e;), i = 1,...,N, and set 
s(*) = (s1,...,94), k=l—q4+1. 


Theorem 5.4. For qg=1,...,1, the singular set of s) is Eqa and 
TRes¢a (s), Q; Ea) = [E74] in Ao(tr—q) (Er). 
Proof. If we think of G(N,r) as the union of the e;’s, then (s1,..., 5%) 


fails to be linearly independent exactly on €7¢. Moreover, in the coordinate 
neighborhood Uya, Eya is given by @j42-¢,1 =++* = @41,1 = 0. 
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Corollary 5.3. The Schubert class [Ey] is the Poincaré dual of c4(Q). 


Remark 5.12. More generally, let J = (i1,...,i,) be an arbitrary element 
in Z. For each j = 1,...,r, let A; be defined by A; = N—r+ j—i; and set 


Ar(Q) = det(c*#**F(Q))1<ijer- 


In the above, the product is the cup product. Since the Chern classes are of 
even degree, we may define the determinant as in the case of usual numbers. 
Then we have (Giambelli’s formula): 


[G(N,r)] ~ Ar(Q) = [£7], 
ie., the Schubert class [E7] is the Poincaré dual of A;(Q). 
In view of Theorem 3.8, we see that the cohomology H*(G(N,r);Z) is 


the graded Z-algebra Z[c!(Q),...,c!(Q)], the polynomial ring over Z freely 
generated by the Chern classes of the universal bundle. 


Localized Euler class 


Let E be an oriented real vector bundle of rank I’ on M and S a Ko- 
subcomplex of M. Suppose we are already given a non-vanishing section 
s of E on the lI/-skeleton of M\ Ox:(S). Then we have the relative class 
in H"(M, M\Ox:(S)) ~ H"(M, M\S), which we denote by e(E,s) and 
call the localization of e(E) by s. Its image by the canonical morphism 
H" (M, M\S) + H"(M) is the Euler class e(E). 

Suppose M is oriented so that we have the Alexander isomorphism 


A: H"(M,M\S) > Hm_v(S). 


Definition 5.14. The topological residue TRes,(s, E;S') of s for e(E) at 
S' is the image of e(£,s) by A. 


Remark 5.13. As in the case of Chern classes, it suffices to have s on 
AS (S)N (K*)" to have the localization and residue (cf. Remark 5.7). 


If S has a finite number of connected components (.5,), we have the 
residue TRes.(s, £;.Sy) in Hm—(S)) for each A. It is represented by the 
cycle (cf. (5.8)) 


Cy = _ 1(8, bs) 8, (5.12) 


where the sum is taken over the (m — l’)-simplices of K in S). 
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In particular, if I’ = m and if Sy is compact, Ho(S,) = Ho(S,) ~ Z and 
we may regard TRes,(s, #;,S)) as an integer and we have 
TRes.(s, E; S) =a (5, bs) (5.13) 


where the sum is taken over all the 0- Spliced s of kK in S), in fact b, = s. 


Let R be an m-dimensional manifold possibly with boundary in M. In 
the above considerations, we let S be R. Thus suppose we are given a 
non-vanishing section s of F on the l’-skeleton of M\Ox’/(R). Then we 
have the relative class er(E,s) in H' (R, AR). 


Remark 5.14. Similar remark as in Remark 5.8 apply to the case of Euler 
class. 


If M is oriented, we have the Lefschetz isomorphism: 
L: H"(R,OR) > H_v(R). 
The class [R] ~ er(E,s) is represented by a cycle as in the right-hand side 
of (5.12), where the sum is taken over the (m — I’)-simplices of K in R. 
In particular, if l/ = m and if R is compact, Hp(R) = Ho(R) and there 
is the augmentation ¢, : Ho(R) > Z. We have «,([R] ~ er(E,s)) = 
((R], er(E,s)). It is an integer given by 


So 18,0 


s 
where the sum is taken over all the 0-simplices s of K in R, in fact b, = s. 


Coming back to the previous situation, let S be a Ko-subcomplex of 
M and s a non-vanishing section of E on the l’-skeleton of M~\ Ox:(S). 
Let R be as above and suppose S C Int R. The section s restricts to a 
non-vanishing section on the I/-skeleton of M\Ox:(R). Thus we have the 
relative class er(E,s) in H" (R,9R) as above. 

We have the residue theorem as Theorem 5.2 for the Euler class: 


Theorem 5.5. In the above situation, it holds: 
1. For each A, we have the residue TRes.(s, E; Sy) in Hm_v (Sx), which is 
represented by the cycle (5.12). 


2. We have 


S“(ta)« TRese(s, B; S$) =[R] ~er(E,s) in Hm_v(R). 
Xr 


Remark 5.15. Similar remarks as in Remark 5.9 apply to this case, 
replacing c!, 2q and s‘”) with e, l/ and s, respectively. 


Chern Classes and Localization via Obstruction Theory 149 


Transverse residues: As in the case of Chern classes, we may consider 
the transverse residue. For simplicity we consider the case S$) is a sub- 
manifold of dimension m — I’. Let x be a point in Sy and D a slice of 
S, in M at x. Then restricting E and s to D, we have the transverse 
residue TRes,(s|p, E|p, x), which is an integer independent of 7. We have 
(cf. Proposition 5.5): 


Proposition 5.7. If S) is an (m—I')-dimensional submanifold of M, 
TRes.(s, E; Sy) = TRes-(s|p, |p; x) : Sy an Hym—1(S)). 


In the case S is a pseudo-manifold, we have expressions of the residues 
similar to the ones in Theorem 5.3 and Corollary 5.1. 


Poincaré-Hopf theorem 


Euler-Poincaré characteristic: Let X be a topological space with finite 
homology type and b, the p-th Betti number (cf. (B.13). Here we set A = 0). 
Suppose b, = 0 for p > po. Then the alternating sum 


is called the Euler-Poincaré characteristic of X. 

If X = |K| is the polyhedron of a finite simplicial complex K, then 
X satisfies the above conditions and it is shown that its Euler-Poincaré 
characteristic is also given as 


p20 


where k, is the number of p-simplices in K. 
If M is a compact C° manifold, it admits a triangulation by a finite 
simplicial complex and we have 


x(M) = SU(-1)? bp = D0 (-1)? kp, (5.14) 


where m is the dimension of M. Note that, if m is odd, then y(M) = 0 by 
the Poincaré duality. 

Likewise we may consider the Euler-Poincaré characteristic y(R) of a 
compact manifold R with boundary. 
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Euler class of the tangent bundle: Let M be a C™ manifold of 
dimension m. If E = TpM is the tangent bundle of M, then l’ = m 
so that (K*)" = M. The sections of TgM are vector fields. 


Definition 5.15. Let a be a point in M and U a neighborhood of a. For 
a non-vanishing vector field v on UX {a}, its Poincaré-Hopf index PH(v, a) 
at a is the index I(v,a) as defined in (5.5). 


Now suppose that M is oriented so that TM is also oriented. In this 
case, we define the Euler class e(M) of M to be the Euler class of Tp. In 
the above, we may think of a as a vertex of K and may write (cf. (5.13)) 

PH(v, a) = TRes-(v, Tr; a). 


More generally, let S be a Ko-subcomplex of M. For a compact con- 
nected component S$) of S and a non-vanishing vector field v on UNS), 
where U is a neighborhood of S$), we define (cf. (5.13)) 


PH(v, Sy) = TRes.(v, TipM; S$). (5.15) 


Let R be a compact manifold of dimension m with boundary in M. 
For a non-vanishing vector field v on a neighborhood of OR, we have the 
relative class er(TpM,v) in H™(R, OR) (cf. Remark 5.14). We then define 


PH(v, R) = ([R], er(TrM, v)). (5.16) 


Then for a compact subcomplex S$ of M in the interior of R and a non- 
vanishing vector field v on M\S,, by Theorem 5.5 (see also Remark 5.15), 
we have 


S > PH(v, $y) = PH(v, R). 
ar 


In the above situation, if MM is compact, we have 


S” PH(v, 5x) = ([M], e(M)). (5.17) 
r 


On the other hand, there exists a vector field vp having a singularity of 
index 1 at the barycenter of each even-dimensional simplex and a singularity 
of index —1 at the barycenter of each odd-dimensional simplex, and for vp 
we have (cf. (5.14)) 


> PH(v9,bs) = x(M), 


where s runs through all the simplices in K. From (5.17), we have 


x(M) = ([M],e(M)). (5.18) 
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Thus we have: 


Theorem 5.6. Let M be a compact oriented C® manifold. For a vector 
field v defined and non-vanishing away from a compact subsomplex S with 
a finite number of connected components S), 


S > PH(v, 5x) = x(M). 
r 


Corollary 5.4 (Poincaré-Hopf theorem). Let M be as above. For a 
vector field v defined and non-vanishing on M, except for a finite number 
of points a1,...,Qr, 


> PH, ai) = (M). 


Remark 5.16. Let R be a C® manifold of dimension m with boundary 
in M. For a point p in OR, we take a coordinate system (U, (x1,...,%m)) 
around p in M so that RMU is given by a1 < 0. We say that a tangent 
vector v = yyy a4 at p is pointing outward, or inward, if a, > 0 or 
a, < 0, respectively. Suppose R as above is compact and oriented. For 
a vector field v on a neighborhood of OR in M pointing outward at every 
point of OR, we have 


PH(v, R) = x(R). 
On the other hand, if v is pointing inward at every point of OR, we have 
PH(v, R) = x(R) — x(OR). 
Thus the above results are generalized for such vector fields. 


Case of complex vector bundles: From the construction we have the 
following (cf. Remark 5.4. 2): 


Proposition 5.8. If E is a complex vector bundle of rank 1, we may think 
of it as an oriented real vector bundle of rank 21 and we have 


e(E,s) = c'(E,s) in H?(M,M\S). 
If M is oriented, we also have 


TRes.(s, E;S,) = TRes,i(s,E;S,) in. Hm-—21(S3). 
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Suppose M is a complex manifold of dimension n. Then the q-th Chern 
class c1(M) of M is defined to be the q-th Chern class c4(TM) of the 
holomorphic tangent bundle TM. Recall that (cf. Proposition 3.5) TM 
can be naturally identified with the real tangent bundle TpM. Thus a 
section of TM can be considered as either a complex vector field or a real 
vector field. 

As a special case of Proposition 5.8, we have: 


Proposition 5.9. Let v be a section of TM defined and non-vanishing on 
a neighborhood of a, possibly except for at a. Then its Poincaré-Hopf index 
PH(v,a) as defined in Definition 5.15 coinsides with the index as defined 
in Definition 5.3 (with r =1). 


We also see that, since the top Chern class c”(M) is the primary 
obstruction to constructing a (non-vanishing) vector field, it coincides with 
the Euler class e(M) of TrM: 


x(M) = ([M],c"(M)). (5.19) 


Example 5.3. Let M = P! be the Riemann sphere with homogeneous 
coordinates [Co, G1] (cf. Exercise 2.1). For 1 = 0,1, let U; be the open set 
given by ¢; 4 0. On Uo, z = 61/9 is a coordinate and on Uy, 2’ = ¢o/G, 
is a coordinate. Let ao = [1,0] and a; = [0,1]. For every integer d, 
we consider the holomorphic vector field v on P+ \ {ao,a1} given by v = 


te Sag ent ae We have (cf. Example 5.1) 


PH(v, a9) + PH(v, a1) =d+2-—d=2, 
confirming that x(P') = 2. 


Later in Section 8.2, we represent the Chern classes of a complex vector 
bundle by differential forms using connections for the bundle. If M is 
compact, (5.19) may be written (cf. Proposition 7.11 below) 


x(M) = ih c"(M), (5.20) 


which is referred to as the “Gauss-Bonnet formula”. 
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Thom class as a localized Euler class 


Let M be a C® manifold of dimension m and 7 : EF + M an oriented real 
vector bundle of rank I’. We apply the above consideration to the “diagonal 
section” of the pull-back 7*F. Recall that (cf. (3.4)) the pull-back of E to 
itself is a vector bundle on FE given by 


mE ={(61,€2) € Ex E | m(f1) = m(E2) J. 


We think of it as a vector bundle @ : 7*E — E on the second factor with 
o@ the restriction of the projection. We denote by »’ the image of the zero 
section of 7 : E — M, which is narurally diffeomorphic with M. The 
bundle x*E admits the diagonal section s, defined by sa(€) = (€,€) for 
€ in E, whose zero set is 3’. Thus we have the localization e(a*E,s,) in 
H" (E, ES) of e(x*E) by sa. 

Suppose M is oriented so that »’ is also oriented. We orient the total 
space E so that the orientation of the fiber followed by that of »' gives 
the orientation of E (cf. Convention 3.3). Then we have the corresponding 
residue TRes,(sa,7*E; ©) in Hm(2) (note that E is (m+l’)-dimensional). 

Recall that we have the Thom class Wg of E in H' (E,E\ SZ). 


Theorem 5.7. In the above situation, 
1. e(n*E, 8a) =e in H" (E,E\S). 
2. If M is oriented, 
TRes.(sa,m*E;Z)=Z in Hm(Z). 


Proof. It suffices to prove the statement 1 as the statement 2 follows 
directly from 1. 

This time we take a triangulation Ko of E compatible with ’. Let 7 
be a cocycle representing e(z*E,sa). For an m-simplex s not in 2’, we 
have (s*,y) = 0, as the dual l’-cell s* does not intersect ’. Suppose s is 
in S’ and let U be a neighborhood of b, such that we have a trivialization 
Ely ~ R" x U. Then we have a trivialization 


n* El_-yy & RY x (U) = RY x RY xU 
and the section sa is expressed as (€,x) +> (€,,a). As the l’-cell s* may 


be thought of as being in the fiber of EF’ at bs, we have (s*,y) = 1 (cf. (5.5)). 
By Proposition 4.6 we have the theorem. 


Remark 5.17.1. By the “functoriality” of the obstruction cocycles 
(cf. Remark 5.4.1) and Theorem 5.7, we have m*e(£) = e(m* EF) = j*Wg. As 
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the map 7: E — M is a deformation retraction, it induces an isomorphism 
a : H"(M) 4 H" (EB) and we have 


e(E) = (n*)~719* We. (5:21) 


2. The Thom class is a universal lozalization of the Euler class in the 
following sense. Given a section s: M — E of E with the zero set S$, which 
is a subcomplex of M. We have the induced morphism 


s*: H"(E, E\Z) — H"(M,M\S). 
By the functoriality of relative obstruction cocycles, we have 
e(E,s) = s*e(n* E, sa) = 8° Wp. 
If M is oriented, we have the commutative diagram: 


H" (E, EXE) —<—> Hm(5) 


|. [on *,)s (5.22) 


H" (M,M\S) > Hm_v(S), 


where (M+, )g denotes the intersection product with s localized at S$ 
(cf. Definition 4.4). Thus we may express the residue as 


TRes,.(s, £;S) = (M>+,27)g. 


If E is a complex vector bundle of rank J, we have the topolog- 
ical localization ci, (7*E,sa) in H?'(E,E \ M), which coincides with 
e(m*E, sa) (cf. Proposition 5.8) so that we have: 


Corollary 5.5. For a complex vector bundle E of rank l, 
1. hoo(m*E,sa)=We_ in H*(E, ENS). 
2. If M is oriented, 

TResx(sa,7°E;5)=S in Hm(2). 
Remark 5.18. 1. Remark 5.17.2 applies with e and I’ replaced by c! and 
21, i.e., the Thom class of a complex vector bundle is a universal localization 
of the top Chern class. Namely, If E — M is a complex vector bundle of 


rank / and s a section of EF on M with the zero set S, which is a subcomplex 
of M, then 


Clop(E, 8) = s*W rp. (5.23) 
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We come back to this point and review this from differential geometric 
viewpoint in Section 10.4 below (cf. also Section 7.9). 


2. The previous example of hyperplane bundle (Proposition 5.6) may be 
thought of as a special case of Corollary 5.5. Let P” be the projective space 
with homogeneous coordinates [Co,...,¢n]. Also let H be the hyperplane 
defined by ¢) = 0 and p the point [1,0,...,0]. Recall that (cf. Exercise 3.14) 
the map 7: P”\ {p} > H, [¢] 6 [0,G,...,¢,], may be identified with the 
hyperplane bundle 7 : H,-1 3 P"~!. With this identification, 7*Hp—1 
is the restriction of H, — P” to Hy,_1 and the diagonal section s, is the 
restriction of the canonical section to H,_1: 


A +—n* H,,-4 ——* Ay-4 


ae ee 


Pp” < Hy, ——> Pr-}, 
Moreover, by excision we have H?(P",P”\ H) = H?(Hy_1, Hn_1\ 4H). 


Whitney sum formula for localized classes 


Let E be an oriented real vector bundle of rank 1’ on M. Also let s be 
a section of EF on M whose zero set S is a Kg-subcomplex of M. In this 
situation, we have the localization e(E, s) in H" (M, M\S). If M is oriented, 
we have the residue TRes,(s, E; S) in Hy,—y(S) as the image of e(E,s) by 
the Alexander duality 

H" (M,M\S) + Hm_v(S). 

Note that, if s is the zero section, then S = M and e(E,s) is the Euler 
class e(£). 

For i = 1,2, let E; be an oriented real vector bundle of rank li on M. 
Also let s; be a section of E; on M whose zero set S; is a Ko-subcomplex 
of M. We set E = Ey © Eo,’ = 1, +14, and s = s1 @ 82. Then the zero set 
S of s is given by S = $1 So. In this situation, we have the localizations 
e(Ej, s;) in H"\(M, M\S;), i = 1,2, and e(E, s) in H"(M, M\S). We also 
have the cup product 

H4(M, M\S,) x H2(M,M\S2) — H"(M,M\S). 


Theorem 5.8. In the above situation, 

1. e(E£,s) = e( Fy, 51) v e( Fa, $2). 

2. If M is oriented, 

TRes.(s, E;S) = (TRese(s1, £1; 51) + TRese(s2, £2; S2))g in Hm_1(S). 
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Proof. The statement 1 follows from Corillary 4.5 and Remark 5.17.2 
and the statement 2 from Theorem 4.8. 


In the case of complex vector bundles, we have: 


Corollary 5.6. In the above situation, suppose E; is a complex vector 
bundle of rank 1;, i = 1,2, and setl=1, + lg. 


1. Chop (E; 8) = ct (E1, 81) 7 cl2,, (E2, 82). 
2. If M is oriented, 
TRes,i(s, £; S) = (TRes,1, ($1, £1; $1) * TResgis (52, E2; S2))s 
in Hm—2(S). 


Following is an application of the above, which will be stated for complex 
vector bundles and Chern classes, however, it holds for real oriented vector 
bundles and Euler classes as well. 

Suppose we have an exact sequence of complex vector bundles on M: 


0— EF’ > E> BE” > 0. 


We denote by l’, 1 and 1” the (complex) ranks of E’, E and E”, respectively. 
Let s be a section of E’ whose zero set S is a Ko-subcomplex of M. We 
may think of s also as a section of E so that we have the localizations 
c(E',s) and c!(E,s). Moreover, if M is oriented, we have the residues 
TRes,v (s, E’;$) in Hm—2(S) and TRes,.(s, E; S) in Hm—21(S). 


Proposition 5.10. In the above situation, we have: 
TRes,i(s, £; S')) = TRes.v (s, E’; 8) - ic (B") in Hm—2(S), 


where i: S << M denotes the inclusion. 
Proof. By Proposition 3.3, EF is isomorphic with E’ 6 E” and s corre- 
sponds to s@0. Thus by Corollary 5.6, c!(E,s) = cl (E’,s) v cl (E). The 
proposition then follows from Proposition 4.3, letting p = 2l', r = 21 and 
y=cl"(E"). 


Example 5.4. Let P? be the projective plane with homogeneous coordi- 
nates [€o,¢1, 2] and set M = P?\ {[0,0,1]}, ie., the total space of the 
hyperplane bundle on P! = {[Go, Gi]}. The manifold M is covered by two 
open sets U given by ¢ #0, i = 0,1. On U), we set 21 = ¢1/¢o and 
z2 = C2/Co, and on U®), we set 24 = Co/Gr and z4 = ¢2/¢,. Consider the 
vector field v (section of TM) given by 


/ 
U = 2g-— = 2 


Oz 
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The singular set S of v is the projective line G2 = 0. We wish to find 
Res,2(v, 7M; S$), which is in Hp(S) and is equal to the Poincaré-Hopf index 
of v at S. Let 7: M — S be the bundle map so that we have the exact 
sequence 


0—> Tr — TM > TS — 0. 


We may think of v as a section of T'7 and its transverse residue is 1. By 
Proposition 5.5, we have TRes,1(v, 77; S) = S. Using Proposition 5.10, we 
have 


TRes,.2(v, TM; S) = S -i*c'(n*TS) = S$ ~c'(TS) = x(S) = 2. 


Note that v can be extended to a vector field on P?, which is given by 


— 


in the coordinates z// = Co/¢z and 24 = ¢,/¢2. Thus v has a singularity of 
index 1 at [0,0,1] and the above result is consistent with the Poincaré-Hopf 
theorem, as x(P?) = 3. 


Remark 5.19. Later we show the Whitney sum formula for the total 
Chern classes (cf. (8.15)) as well as the formula corresponding to the one in 
Proposition 5.10 (cf. Theorem 10.7 and Corollary 10.2) in the framework 
of Chern-Weil theory. See also Corollary 10.5 for the differential geometric 
counterpart of Corollary 5.6. 

The Whitney sum formula is further refined in Section 14.1 below. 


Intermediate Thom classes 
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The identity in Corollary 5.5.1 suggests the possibility of defining the “in- 
termediate Thom classes” for a complex vector bundle by localizing appro- 
priate Chern classes. 

Let M be a C™® manifold of dimension m and 7: E — M a complex 
vector bundle of rank 1. Let E” = E®---@E be the direct sum of r copies 
of EF with the projection p: E” + M. Consider the “fiber product”: 


EE 
[= |. (5.24) 
BE "4M. 
Thus p*F is a vector bundle of rank | on E” given by 
PE ={(§,(&1,--.5&)) € Bx E" | w(€) = o(1,.--s&r) }. 
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Note that the condition 7(€) = p(&1,...,€-) means that &,...,& and & 
are all in the same fiber of 7. The bundle p* F has a natural r-section, i.e., 
the “diagonal r-section” s®) = (s1,...,8,) given by 


Sila, see &r) = (Es; (&1, see Ge): 


Let W(l,r) denote the Stiefel manifold of ordered r frames in C! 
(cf. Section 3.5). It is an open subset in (C’)" = C’” and is given by 
W(l,r) = (C!)"\ Xo, where 


So = {(v1,..., Ur) € (C/)" | vp A+++ A up =O}. (5.25) 


If we represent elements in C'” by 1 x r matrices, Xo is the common zero 
set of all the r x r minors and has codimension / — r + 1. 

Let W(E,r) denote the Stiefel bundle of r frames in FE, which is a fiber 
bundle with fiber W(/,r) associated with E and is an open subset in E”. 
We have W(E,r) = E”\ 5, where 


T={(&,...,6) eB |G A+ A& =O}F. (5.26) 
It coincides with the singular set of s®: y= 5(s¥?). Thus we have the 


localization c1(p*E, s®) € H74(E", E"\»’) by 8 of c4(p*E) € H74(E"), 
q=l—-r+l. 


Definition 5.16. The topological q-th Thom class Wj, of E is defined by 
Wi = cLi(p*E, so) im H*4(E", E'\S). 


Note that YW, = Wp is the Thom class defined previously. We have a 
diagram as (4.23) with l’, E,, E,\0, E, EX M and 7 replaced by 2q, E", 
ET \ 3), E", E°\ 2 and p, respectively. Noting that 6* is an isomorphism 
and ET. XU, ~ W(l,r), we have H74(E", E7\ U,) ~ H79-\(W(1,r)) ~ Z. 


We also have: 
e(E) = (0°) 17H. 
As in the case of Thom class, the intermediate Thom class wi may be 
thought of as a universal localization of c?(£). In general, if we have a 


collection s‘") = (s,,...,s,) of r sections of E, we may think of it as a 
section of p: E” + M, which induces a morphism 


3" + H?4(E", B.S) —> H?4(M, M\S), 
where § = S(s‘")). We have 
c(E,s) = 3) w4, 
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If M is oriented, we have a commutative diagram: 


H?4(E", ESE) + Hm oir—2q(E) 


xo*| [oe a(n) Ss 


H?4(M, MX S) ——> Hm—2q(8). 


We have TRes¢s(p* £, s®); 2) = A(Wh) = © and 
TRes.a(E, 8°"); S) = (M +, Z)g- 


Remark 5.20. In Section 10.4 below we define the classes corresponding 
to the above via differential geometric localization. Thus we refer the above 
classes as topological intermediate Thom classes. 


Notes 


Obstruction theory for characteristic classes of fiber bundles is thoroughly 
explained in [Steenrod (1951)], to which we refer for details of the materials 
in this chapter. The descriptions given here are modifications of those in 
[Brasselet, Lehmann, Seade and Suwa (2001)]. 

As a general reference for characteristic classes, we list [Milnor and 
Stasheff (1974)], to which we refer for the equality (5.6), see also [Hirzebruch 
(1966)]. 

For piecewise-linear manifolds, we refer to [Hirsch and Mazur (1974); 
Rourke and Sanderson (1972)]. In particular, Theorem 5.1 is due to [Hirsch 
and Mazur (1974)]. 

See [Brasselet, Seade and Suwa (2009)] and references therein for 
Remark 5.16. 

Let EF be a complex vector bundle of rank / on an oriented C manifold 
M. Also let s be a section of EF with zero set S. Then TRes,u(s, E; S') 
corresponds to what is called the “localized top Chern class” defined in 
the algebraic category in [Fulton (1984)]. The formula in Proposition 5.10 
above corresponds to the one in Example 14.1.3 in there and the formulas 
in Corollary 5.6 to the one in Example 17.4.8. 
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Chapter 6 


Differential Forms 


Differential forms are objects that represent cochains explicitly in the 
cohomology theory of C'° manifolds, the exterior derivative corresponding 
to the coboundary operator and the dual operation being given by integra- 
tion. In fact, if we pass on to the cohomology, the cohomology defined by 
differential forms is canonically isomorphic with the (singular or simplicial) 
cohomology of the manifold. That is the content of the de Rham theorem, 
which we prove in the next chapter. In this setting, the exterior product 
corresponds to the cup product. 

In this chapter, we discuss some topics related to differential forms on 
C™ and complex manifolds. Integration and integration along fibers are 
discussed. We also recall the Frobenius theorem and non-singular holomor- 
phic foliations. 


6.1 Vector fields and differential forms 


Let M be aC’ manifold and U an open set in WM. Recall that a vector field 
on U is a section on U of the tangent bundle TpM of M (cf. Section 3.4). 
Differential forms are alternating forms on the space of vector fields: 


Definition 6.1. A complex valued differential p-form of class C®, a C% 
p-form for short, on U is a C® section of the bundle A\?(TgM)* on U. 


We denote by A?(U) the set of C® p-forms on U, which is by definition 
C™~(U; \?(T§M)*) . The set A°(U) is thought of as the set of C°° functions 
on U and it has the structure of a C-algebra. For each p, A?(U) has the 
structure of an A?(U)-module. 
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Let {U.} be a covering of M by coordinate neighborhoods U, with 


coordinates (xf,...,@°). For a point x in Ug, we denote by (dx?,...,dx°,) 
the basis of Tz ,, M dual to the basis (5%, On xo) of Tr, M. A p-form 
1 m 
w on U is expressed as, on UN U4, 
w= NE © ip (@) dah, A+ + A da®, (6.1) 


1<i1<---<ip<m 
oe i, are C™ functions on UN Ua. 
Exterior product: We have the exterior product 
AP(U) x AT(U) —> APT1(U), 


which assigns to w € A?(U) and 6 € A%(U), the form w A 0 given by 
(w A 0)(x) = w(x) A O(x) for x € U. It is bilinear in w and 0 and satisfies 


wAO= (-1)P46Aw. 


As said above, we may think of A?(U) as the space of alternating p- 
forms on C°(U;TgM). In particular, for p 1-forms w1,...,w, and p vector 
fields v1,...,Up, we have 


wy A+++ AWp(U1,.-.,Up) = det(w;(v;)). 
Exterior derivative: The exterior derivative 
d=d? : AP(U) —+ AP (0) 


is defined as follows: for p = 0, 


df(v) = o(f) 
and for p > 0, 
pt1 
dux(v1,..-, Up+1) =S0(-1) v(w(r1, ++) 0i,+--,Upt1)) 
i=1 
+ So(-1)u([n, v4],01; ores peaPs St ies aes ay s Up41)- 
i<j 


In particular, if p = 1, 
dux(u,v) = u(w(v)) — v(w(u)) — w([u, v]). 
The operator d is C-linear and satisfies: 
d? od?" =0 (6.2) 
and 


d(w A 0) = du A 0 + (—1)?w A dO (6.3) 
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for w € A?(U) and 0 € A7(U). 
In terms of local coordinates as before it is given by, on UN Ug, 


df = So ue (x)dae 
i=1 


Ox’ 
for f € A°(U) and 
du= So deg, Ndag A--- Ada 
1<i1<-+<ip<m 
for w € A?(U) expressed as (6.1). 


Pull-back: Let f : M’ + M be a C™ map of C™® manifolds. For an 
open set U in M, we have the “pull-back” 
fA OD) ane )); (6.4) 


which is a C-linear map with the following properties: 


(1) ffh=hof, he A°(U), 
(2) ftwA0)=ftwrf'6, we AP(U), 6€ AYU), 
(3) ftdw=dftw, we AP(U). 


If we denote by ( , ) the canonical pairing between the elements of the 
tangent and cotangent spaces, we have 


f*( fav, w) = (v, f*w) 
for v € Tg,2 M' and w € (Tx, f(z) M)*. 


Remark 6.1. The above notion of pull-back should be distinguished from 
that of the pull-back of a section (cf. (3.6)). Although a from w on M’ may 
be though of as a section of the bundle A?(TgM’)*, the pull-back f*w as 
a form is not a section of the bundle f*(A?(Tg.M’)*). 


Forms with coefficients in a vector bundle: For a complex vec- 
tor bundle EF on M and an open set U in M, we set A?(U;E) = 
C™~(U; A?(TgM)* ® E). An element in A?(U; E), called a differential p- 
form with coefficients in E, is expressed locally as a finite sum )> w;®s; with 
w; p-forms and s; sections of E. The exterior product induces a bilinear 
map 


AP(U) x A4(U; E) — A?T4(U; E). 
Suppose f : M > M’' isa C™® map and 7: FE > M’' a C™ complex 
vector bundle. For an open set U of M’, we may define the pull-back 
PAG FE) SA Uf 2) (6.5) 
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by }ow; @ 5; + YS f*w; ® f*s;, where f*w; denotes the pull-back as a 
from (cf. Remark 6.1). If p = 0, it coincides with the pull-back of sections 
(cf. (3.6)) and if E = C x M’ is the product bundle, it coincides with the 
pull-back of forms. 


Differential forms on complex manifolds 


Let M be a complex manifold of dimension n. Recall that the holomorphic 
cotangent bundle is the vector bundle T* M dual to the holomorphic tangent 
bundle TM. By (3.4), we have a natural isomorphism 

(TgEM)*~T*M OT M. (6.6) 
Hence we have an isomorphism 

A’ (TgM)y ~ @B APT*M@ AIT M. 
ptq=r 

Definition 6.2. A differential form of type (p,q), a (p,q)-form for short, 
is a section of \? T*M @ A\'T M. 


A differential r-form is expressed as a sum of (p, q)-forms with p+q =r. 
Suppose that a point z in M is in a coordinate neighborhood U,, with 
coordinates (zf,...,2%). We write 2% = x% + /—Ly® and identify T* M 
and TM with subspaces of (T,¢ M)* by the isomorphism (6.6). Then, if 
we set 


dz& = dx® + V—1dy* and dz% = dx* — /—1dy°, 


a straightforward computation shows that dzf,...,dz* are in T;M and 

form a basis, which is dual to the basis (5% ar ats x2) of T,M and that 
L n 

dz-,...,d2¢ are in TM and form a basis, which is dual to the basis 


2-) of T.M. As bases of A? T*M and A\‘T,M, we may take 


(gee sey Ooze 
the collections 

(dz; A+++ A dz V1 <iy<1<ip<n and (dz, A+++ A ZS Vi<ji<e<jgSny 
respectively. Thus a (p, q)-form w is written as, on U,, 


w= S- FE cosipstu yond (2) O28, No -Nd2& Adz% A. + Adz, (6.7) 


1<iy <-<ip<n 
1<ji<--<jgSn 


are C® functions on U,. By setting I = (t1,...,%p) 
and J = (ji,...,jq) we may write (6.7) in short as 


w= 5° fty(2) def A dzG. (6.8) 
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In particular, a (p,0)-form w can be written as, on Ug, 


w= S- SF yeeytp (2) G2, Avs Adzy. 


UL y-++5tp 
1<iy <s<ip<n 


If each ner is holomorphic, we say that w is a holomorphic p-form. 
It is nothing but a holomorphic section of A? T*M. 

We denote by A?4(U) the set of (p,q)-forms on an open set U in M. 
For each (p,q), it is an A°(U)-module and we have the decomposition 


AU) = @ A?(V). 


ptq=r 


Thus we may express the exterior derivative d as a sum 
d=0+0 
with 
0: APU) —> APt4() and 0: A? 4(U) — AP tt1(U). 
From (6.2), we have 
d00=0, O00=0 and 000+000=0. (6.9) 


The operators 0 and 0 are given, on a coordinate neighborhood U4, as 
follows. First, for a C® function f, 


n af ts dais n of i 
Of =) gat and Of = dat 
If w is a (p,q)-form expressed as (6.8), 
dw =S Off, Ndzerdzy and dw= Off; Ndzf Adz. 


If we denote by (U; A’ T*M) the set of holomorphic p-forms on U, it is 
a sub-C-vector space of A?°(U). A form w in A?:°(U) is in P(U; A? T*M) 
if and only if Ow = 0 and we have: 


d=0:T(U;A\?T*M) — T(U; A?" T*M). 


For a C'® complex vector bundle E on M and an open set U in M, we set 
AP-4(U; E) = C°@(U; A? T*M ® \'T M @ E). An clement in A?4(U; E), 
called a differential (p,q)-form with coefficients in EF, is expressed locally 
as a finite sum )>w; © s; with w; (p,q)-forms and s; sections of E. 
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Suppose F is holomorphic. Then, we may define 

0: A°(U; E) —+ A°1(U; E) 
as follows. Let e! = (e1,...,e7) be a local holomorphic frame of E. For 
s € A°(U; E), we may write s = Soy fiei. If we set Os = , Of; ® ei, 
then we see that it does not depend on the choice of holomorphic frame 


and defined an element in A°!(U; E). We have 0(fs) = Of ®s+ fds, for 
f € A°(U). Furthermore we may define 


0: A?4(U; E) — A? t1(U; E) (6.10) 
so that it satisfies 
O(w @ 8s) = Ow @s+(—1)?*4w A Os 
for a (p,q)-form w and a section s of E. Note that 
d0d=0. 


If f : M — M’ is a holomorphic map of complex manifolds, then f* 
preserves the types so that it induces 


f AP) AU): 
Moreover, it commutes with 0 and 0. 


Adjunction formula: Let V be a non-singular hypersurface in M@. From 
(3.13), we have the exact sequence 


0—- NT M|\y - T*V — 0, 
which together with the isomorphism Ny ~ Ly|vy (cf. Exercise 3.13) implies 
Ky ~ (Ku ® Ly )\v, (6.11) 


where Ky and Ky, denote the canonical bundles of V and M (cf. Defini- 
tion 3.13). The above is referred to as the adjunction formula (cf. Theo- 
rem 14.3 below for a related result). 

Let {U,,} be a covering of M such that V is given by f, = 0 on Ug. 
Then a holomorphic section w of Kj, ® Ly is represented by a collection 
{wa} such that wa is a holomorphic n-form on Ug and we/ fa = we/fe on 
U.Ug, i.e., we may think of w as a meromorphic n-form with a pole along 
V. We may assume that Uy is a coordinate neighborhood and that fo, is 
one of the coordinates on U,. Thus we may write wy = dfy \wi,. Then we 
see that i*wi, = i*w inUagNUgNV so that it defines an (n—1)-form on V, 
which corresponds to w under the above isomorphism. The correspondence 
wt>w’ is called the Poincaré residue map. 
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6.2 Integration of differential forms 


In this section we let M/ denote a C™® manifold of dimension m and Ra 
commutative ring with unity. 


Integration via singular homology 


C@™ singular homology and cohomology: Let A” be the standard 
p-simplex in R? (cf. Section B.1). A C™® singular p-simplex of M is a map 
a : AP — M which is C™ in the sense of Definition 3.19. We denote by 
Sci(M;R) the free R-module generated by all the C® singular p-simplices. 
Then S¢i(M;R) is a subcomplex of S, (M; R) and, if we denote by H¢'(M; R) 
the p-th homology of S$i(M; R), it is known that the inclusion S$i(M;R) @ 
S.(M;R) induces an isomorphism 
He'(M;R) —> H,(M;R). (6.12) 
Also, if we set S%,(M;R) = Hom(S¢'(M;R), R) and denote by H2.(M;R) 
the p-th cohomology of the complex $%(1/;R), the canonical cochain mor- 
phism S*(M;R) — S*%(M;R) induces an isomorphism 
H?(M;R) > H?.(M;R). (6.13) 


Remark 6.2. The proofs for the isomorphisms (6.12) and (6.13) are based 
on the Whitney approximation theorem, which asserts that every continuous 
map f : M— M' of C® manifolds is homotopic to a C® map and that, if 
f is C® on a closed set A in M, the homotopy can be taken to be relative 
to A. 


Integration on singular chains: Let ao: A? — M bea C® singular p- 
simplex of M. Then, from definition, g|mt ar is C°, where Int A? denotes 
the interior of A? in R?, and for each point a of OA”, there is a neighborhood 
U of a in R® such that o|arqy has a C® extension on U. We may take 
U so that the image of the extension is in a coordinate neighborhood in 
M. Then, in view of Proposition 3.12, for a p-form w on a neighborhood of 
a(A?) in M, we may define the integration of w on o by 


fo-f o*w, 
oO AP 


where A? is oriented as in Remark B.13. 1. 
Also for a finite C° singular p-chain c = )\ ago, dg € C, of M anda 
p-form w on a neighborhood of (J 0(A?) in M, we define 


[o=dDew fw (6.14) 
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Then we have: 


Theorem 6.1 (Stokes theorem). For a C™ singular p-chain c and a 


(p — 1)-form w, 
[= [- 


Proposition 6.1. Let f: M— M’ be aC™® map of C® manifolds. For a 
p-form won M' and a C™ singular p-chain c of M, 


[re= fs 


Integration via triangulation 


From definitions, we have: 


Let (K,h) be a C™ triangulation of M (cf. Section 4.1). We regard the 
orientation conventions in Sections 4.1 and 4.2. Let s be an oriented p- 
simplex of K. Then we may think of h|, : s ~ M as a C@™ singular 
p-simplex. For a C°® p-form w on a neighborhood of h(s) in M, we set 


fox flere, (6.15) 


which is to say that we identify s with h(s) in the C™ sense. For a finite 
p-chain c = )\as8, ag € C, and a C™ p-form w on a neighborhood of 
|c| in M, we define the integral {/w of w on c as (6.14) with o replaced 
by s. Then we have the Stokes theorem as before. The integrations are 
compatible with the natural morphism C/* (M;C) — S¢(M;C). 

Let R be a closed p-dimensional piecewise C'°° submanifold of M pos- 
sibly with boundary. We may assume that (A,h) is as in Definition 5.10. 
Suppose that R is oriented. Thus OR is orientable and is oriented according 
to Convention 3.2, modified for piecewise C'°° manifolds. If R is compact, 
we may think of it as a finite p-chain and, for a p-form w on a neighborhood 


of R, we have the integral 
w= W, 
ee) 


where the sum is taken over all p-simplices s in R with the orientation 
same as that of R. The definition does not depend on the choice of the 
C@ triangulation because of the uniqueness after subdivision. In this case 
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we may think of OR as a finite (p — 1)-chain and thus we may integrate a 
(p — 1)-form on OR. From Theorem 6.1, we have the following, which is 
also referred to as the Stokes theorem: 


Theorem 6.2. Let R be an oriented compact p-dimensional piecewise C° 
submanifold of M possibly with boundary. For an (p — 1)-form w in a 


neighborhood of R, 
[w= Ww. 
R OR 


In the case M itself is oriented and compact, we may define [ u& for 
an m-form w on M. 
If we denote by —R the manifold R with opposite orientation, we have 


ee 


Exercise 6.1. Let f : M — M' bea C™ map. 
1. Show that the graph I’y = { (x,y) € M x M'| y= f(a) } of f has the 


structure of a submanifold of M x M’ such that the map 7, : M — I's given 
by «+> (a, f(x)) is a diffeomorphism. 

2. Suppose M is a compact oriented manifold of dimension m. We orient 
I's so that f is an orientation preserving diffeomorphism. Show that for 


forms w and @ on M and M’ of degrees p and m — p, we have 


| riwango= [ wi f*d, 
ry M 


where 7 and 72 denote the projections of M x M’ onto the first and second 
factors. 


6.3 Integration along fibers 


Let M be a C'™® manifold of dimension m without boundary and F' a 
compact oriented C'° manifold of dimension I’ possibly with boundary OF. 
Also, let 7 : IT — M be an oriented C™ fiber bundle with fiber F. In 
this situation, we have the integration along fibers of 7, fiber integration for 
short, which is a C-linear map 


m, : AU +?(T) —+ A?(M) 


defined as follows. If F has a boundary, the space A!’+?(T) is to be under- 
stood as described below. We take a covering {U,} of M so that there is a 
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positive trivialization Wa : t~'(Ua) + F x Ug for each a. Taking a smaller 
Uq, if necessary, we may assume that each U,, is a coordinate neighbor- 
hood with coordinates (xf,...,2%,). We think of F' as being inside of some 
oriented manifold F’ of the same dimension. Then we may think of T as 
being in a fiber bundle # : T + M with fiber F and each 7, as being the 
restriction of a trivialization Wa : (#)~!(Ua) > F x Us of T on Ug. In fact, 
we define the integration along fibers as a map 


nm, : Al +?(T) —y AP(M). 


We cover F' by coordinate neighborhoods {V\}. Let (t},...,¢$) be a 
positive coordinate system on V) for each \ and suppose that, if OF NV) 4 9, 
then FOV) = {t}? < 0}. Then recall that (t},...,¢) is a coordinate system 
on OF NV, and OF is oriented so that the form dt} \ --- A dts is positive. 
If we set Wo, = (tha) 2(Va x U.), it is a coordinate neighborhood on ip 
with coordinates (¢},...,¢$,v%,...,a%,) and T is covered by {Way}. Let 
w be a p-form on (a neighborhood of) T. If we write w explicitly on Way, 
the sum of the terms involving dt* = dt} A --- A dt} is of the form 


aot %) dd A det, 


where the sum runs through the p-tuples of integers I = (i1,...,i)) with 
l<ip<-+<tp im, Gas) are C® functions on W,,, and dxf = 
dae Woe K dxy. It is not difficult to show that, for each J, 


FEAR, 2%) db? = fee (ta) dt! in War Wop: (6.16) 


Hence the collection 1G daa (cae x) dt*} defines an l’-form w¢(t,2%) on 
(w)~!(U.). By integrating w(t, ~) on each fiber of 7, we obtain a function 
Fe(x%) on Ug. It is further shown that 


De )dat = Ee )dx® in UyNUsz. (6.17) 


Thus we sect a p-from on M, ian is denoted by 7,w and is called the 
integral of w along fibers of 7. The definition does not depend on the choice 
of coordinates and trivializations involved. 

If we further assume, in the above situation, that M is orientable, then 
the total space T is also orientable. If M is oriented so that (x{,...,2%) 
as above is positive, then we orient T so that the form dt* \ dx is positive, 
where we set dx® = dxf A---Adx®. Thus OT is oriented so that the form 
dt} \--- A dt \ dx® is positive. This coincides with the orientation of OT 
as a fiber bundle over M with fiber OF. 
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With these, we have the following fundamental formulas. 


Proposition 6.2 (Projection formula I). Let M be a C@ manifold of 
dimension m and a:T — M an oriented fiber bundle with fiber a compact 
oriented manifold F' of dimension I’ possibly with boundary. 


1. For w in A" +?(T) and 6 in A%(M), 
Ta (Ww A 1*0) = 1. AO. 


2. If M is compact and oriented, for w in Al’+?(T) and 0 in A™~?(M), 


[enre= TW NO. 
T M 


Proposition 6.3. In the situation of the previous proposition, 
Ts Od + (-1)"tdo Ts. = (Or), 07%", 


where 1 denotes the inclusion OT 3 T. 


Exercise 6.2. Show (6.16), (6.17) and Propositions 6.2 and 6.3. 


6.4 Frobenius theorem and non-singular foliations 


We start by considering everything in a neighborhood of the origin 0 in C”. 
Let @;,, be the ring of germs of holomorphic functions at 0 (cf. Section 1.4). 
As in the case of functions, we may define germs of vector fields and differ- 
ential forms. We denote by O,, and (2?, respectively, the sets of germs of 
holomorphic vector fields and holomorphic p-forms at 0. Each of them has a 
natural structure of @,-module. We denote 2} simply by Q2,. A germ v in 
Q,, is written as vu = Doi, fi-0/0z; with f; germs in @,, and we see that O, 
is a free @,-module of rank n having (0/021,...,0/0zn) as a basis. Also, 
a germ w in QP is written as w = ii eed fiat ch “Nae, 
with Tele ces germs in @,, and we see that 2? is a free @,,-module of rank 
(°) having (dz, A+++ A dz, )1<i<.--<i,<n a8 a basis. The exterior product 


QP x QI —+ QPr4 
sending (w,@) to w A 6 and the exterior derivative 
d 222 — grr! 
are well-defined. Since (2, is the dual @,,-module of 9,,, there is a natural 
pairing 


On x Qn —_ On, (v, w) > (v,w). 
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Now we take a system (wi,...,w,) of germs in 2,. Each germ w; 
is represented by a holomorphic 1-form in a neighborhood of 0. In the 
following, we assume that 


wi A-++AwW,4(0) £0. (6.18) 
Thus w(z),...,W9(z) are linearly independent over C at each point z ina 


neighborhood of 0. 


Definition 6.3. A system (w1,...,w q) of germs in §2,, with (6.18) is said 
to be integrable if there exist germs 6;; in 2,, for i,j =1,...,q, such that 


qd 
dix = N° Gig Nw, 1<i<g. 
j=l 


The following is proved as in the real case: 


Theorem 6.3 (Frobenius theorem). A system (wy,...,wq) of germs in 
2, satisfying (6.18) is integrable if and only if there exist germs f;, and gj; 
in On, 1,9 =1,...,q, such that det(g;;)(0) #0 and that 


qd 
wi => gi af, 1<i<g. 
j=l 


Note that the condition det(g;;)(0) #4 0 implies that det(g;;) is a unit 
in @,, and thus (g;;) is an invertible matrix. Hence the Frobenius theorem 
shows that if a system (w1,...,W,) is integrable, the sub-@,,-module of Qn, 
generated by w1,...,Wg is the same as the one generated by df,,...,dfg. In 
other words, the system of differential equations 


Wy = +++ = Wg =0 
is equivalent to 
df =--- = dfy =0, 
which can be easily solved to get equations 
fr Sc1,:., fe = Ca; co €C. 
From (6.18), we see that 
df: N= 1 dfq(0) #0. 


Hence 0 is a regular point of (f1,..., f,). By the implicit function theorem, 
we may choose (fi,..., f,) as a part of a local coordinate system about 
0 and for each (c),...,¢,), the set {z | fi(z) = c } is a submanifold of 
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dimension n—q. This is an integral submanifold of the system (w1,...,wq) 
in the sense that each w; vanishes identically on this submanifold. 
We may as well state the Frobenius theorem in terms of vector fields. 
In general, if G is a sub-@,,-module of 92,,, we set 
G° ={veE 9, | (v,w) =0, for allw eG} 
and call it the annihilator of G. This is a sub-@,,-module of O,. Also, for 
a sub-@,,-module F' of O,,, we set 
F°={weE, | (v,w) =0, for allue F} 
and call it the annihilator of F’. This is a sub-@,-module of 2,. 
Note that the sub-@,,-module of 2, generated by w ,...,wg satisfying 
(6.18) is a free submodule of rank g. The proof of the following is also the 
same as in the real case. 


Lemma 6.1. 1. Let (w1,...,wg) be a system of germs in 2, satisfying 
(6.18) and G the sub-G,,-module of Qn generated by wi,...,Wq. If we set 
F=G’", then F is a free sub-@,,-module of Oy of rank p = n—q and admits 
a basis V1,...,Up satisfying 


v1 A+++ A Up(0) 40. (6.19) 


2. Let (v1,...,Up) be a system of germs in O,, satisfying (6.19) and F the 
sub-0,,-module of On generated by v1,...,Up. If we set G= F%, then G is 


a free sub-@,,-module of 2, of rank ¢q =n—p and admits a basis w1,...,Wq 
satisfying (6.18). 

3. In the above correspondence, the system (w1,...,Wq) is integrable if and 
only if 


[v;, v5] = Yoon for some ak, EGOn, 1,j,h=1,...,p 
Remark 6.3. In particular, if G is generated by (dzp41,...,dzn), F = G* 
is generated by (0/02z1,...,0/0zZp) and vice versa. 


Next we introduce global (non-singular) foliations on a complex mani- 
fold. Let M be a complex manifold of dimension n. 


Definition 6.4. Let F' be a holomorphic subbundle of TM of rank p. We 
say that F is involutive (or integrable) if, for each point in M, there exist a 
neighborhood U anda pole en frame (v1,...,Up) of F over U satisfying 


[v:, V5] -> 1s i,j,k =1,...,D, 


for some holomorphic ee ay, ~on U. 
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Let F' be as above and G = F*® its annihilator, i.e., G is the holomorphic 
subbundle of T*M such that 


T(U;G) ={w Ee T(U;T*M) | (v,w) =0, for all v € PU, F) }. 


Then G is a subbundle of T*M of rank q = n — p and is integrable in 
the sense that, for each point in M, there exist a neighborhood U and a 
holomorphic frame (w,...,w,) of G over U satisfying 


qd 
du, = Sig A 5, B= Nya. Q5 
j=l 


for some holomorphic 1-forms 6;; on U. Conversely let G be an integrable 
holomorphic subbundle G of T*M of rank q. Then its annihilator F = G* 
is an involutive subbundle of 7M of rank p=n—q. 

By the Frobenius theorem, an involutive subbundle F' of TM corre- 
sponds to a structure on M defined by a particular coordinate covering 
{Ua}, i-e., we may find a coordinate system (zf,...,z@) on each Uy such 
that 022/02? = 0 in UaNUsz, fori =pt+l,...,n and j =1,...,p. Such 
a structure is called a (non-singular) holomorphic foliation on M. We call 
F and G, respectively, the tangent and conormal bundles the foliation and 
p and q, respectively, the dimension and the codimension of the foliation. 
Sometimes we refer to F or G simply as a foliation. 

A (complex) submanifold Z of M is called an integral submanifold of 
the foliation if 


KEL) SR, 


for all p in L, where . : L ~ M denotes the inclusion. This is equivalent 
to saying that 


for the system (w1,...,Wq) as above. A p-dimensional integral submanifold 
L is maximal if L’ is a p-dimensional integral submanifold containing L, 
then L’ = L. Such a submanifold L is called a leaf of the foliation. From 
the Frobenius theorem, we get the following theorem. 


Theorem 6.4. If M admits a foliation, then M is the disjoint union of 
leaves of the foliation. 
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Notes 

We list [Lee (2013); Matsushima (1972)] as general references for this 
chapter. For the topics involving complex structures, we refer to [Griffiths 
and Harris (1978)]. 

See [Lee (2013)] for a proof of the isomorphism in (6.12). The Whitney 
approximation theorem mentioned in Remark 6.2 is due to [Whitney 
(1936)]. 


This page intentionally left blank 


Chapter 7 


Cech-de Rham Cohomology 


We introduce the de Rham cohomology, Cech cohomologies of locally con- 
stant functions and of differential forms. We then combine them to form 
the Cech-de Rham cohomology, through which we have a canonical corre- 
spondence between the de Rham cohomology and the Cech cohomology of 
locally constant functions. We define integration on Cech-de Rham cochains 
and establish various canonical isomorphisms (Theorem 7.4). The canonical 
de Rham theorem (Theorem 7.5) then immediately follows. 

We then discuss the relative Cech-de Rham cohomology, which is partic- 
ularly suited to describe various localizations. We prove the relative version 
of the de Rham theorem (Corollary 7.8). 

We give description of the Poincaré, Alexander and Lefschetz dualities 
in terms of differential forms. We define the Thom class in the relative 
Cech-de Rham cohomology. As an application we prove the Lefschetz fixed 
point formula. 


For algebraic background on homology and cohomology, we refer to 
Section A.1. 


7.1 de Rham cohomology 


Let M be a C™ manifold of dimension m and A?(M) the C-vector space 
of complex valued C® p-forms on M. 
By (6.2), the exterior derivative defines a complex of C-vector spaces: 


qm} 


0 — 4M) & aim) 4...75 amc) — 0, 


which is called the de Rham complex of M and is denoted by (A*(M), d). 
We set d~' = 0. 
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Definition 7.1. The p-th de Rham cohomology of M is the p-th cohomol- 
ogy of (A*(M), d): 


H?(M) = Ker d?/Imd?"!. 


For a closed p-form w, its class in H4(M) is denoted by [w]. Since 
Ker d° = C(M), the complex valued locally constant functions on M, we 
have: 


HS(M) = C(M). 


In the case M is connected, H9(M) = C. 

One of the main aims of this chapter is to prove the de Rham theorem 
which states that H?(M) is canonically isomorphic with the singular coho- 
mology H?(M;C) of M (cf. Theorem 7.5 below). The following is one of 
the essential ingredients for the proof of this: 


Lemma 7.1 (Poincaré lemma). Let w be a p-form on R™, p > 0. If 
dw = 0, there exists a (p—1)-form 0 on R™ such that w = dd. 


Proof. For a p-tuple of integers (7),...,%)) with 1 <i) <-+- <i, <m, 
we set 


peee§ 


v=1 


so that dy, = pdx;, \-+-A dzi,. We define 


h = AP: AP(R™) —> AP-1(R™) 


by setting, for w = f(x)da;, \---A dai, 


1 
hP(w) = i Pf (tx)dt -Wiy,..ay 


0 


and extending them C-linearly. Then we compute doh+hod=1, which 
implies that, if dw = 0, then w = dhw. 


Corollary 7.1. The de Rham complex of R™ is acyclic, 1.e., 
HR™)=0 for p> 0. 


Remark 7.1. The proof of Lemma 7.1 is valid for every open set U in R™ 
that is “star shaped” relative to some point in R™. 
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Functoriality: If f:M’ > M isa C™ map of C® manifolds, we have 
the pull-back f* : A?(M) — A?(M") for each p (cf. (6.4)). They commute 
with the exterior derivative. Thus it induces a morphism 


fq: H(M) — Hi(M"). 
It is functorial in the sense that: 


(1) for the identity map 1yy of M, (1nz)% is the identity map of H?(M), 
(2) for a sequence of C° maps M” 4 M’ x MP eo) = GOs. 
In particular, if f is a C° diffeomorphism, f7 is an isomorphism. For 


example we have: 


Proposition 7.1. If M is diffeomorphic with R™, the Poincaré lemma 
holds on M and the de Rham complex of M is acyclic. 


We will see that this pull-back corresponds to the pull-back in the singu- 
lar cohomology under the isomorphism of Theorem 7.5 (cf. Proposition 7.5 
below). 


7.2 Cech cohomology 


Let M be a C™ manifold and U = {Ua}aer an open covering of M. 


Cech cohomology of locally constant functions 


Let R be a commutative ring with unity. For an open set U in M, we denote 
by R(U) the ring of locally constant functions on U with values in R. We 
set R(@) = 0. 


For ao,..-,Qp in I, we set Uag...a, = (bo Ua,. We define an R-module 
CP?(U;R) as the direct product: 
C?(U;R) = II RUC seiviu, 


An element c in C?(U;R) is called a p-cochain of locally constant func- 
tions on U. It assigns to each (ao,...,a@ )) in I?*1 an element Coie iecegl 
R(Uay...a,)» The coboundary operator 


5 = 5? : OP (U;R) —> CP+1(Y;R) 
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is defined by 


Oe@leawaaey = Re yore ee (7.1) 


v=0 


9 


where means the symbol under it is to be omitted. Note also that 
Cag...@p...4p)4, I the right-hand side means its restriction to Uay...a,41- We 
do not write this explicitly to avoid complications, however this is one thing 
that should not be forgotten. The operators have the property 5?06?-! =0 


and define a complex of R-modules: 
0 eel ot 6p-t 6P 
0— C™(U;R) — C°U;R) —-:- 4 C?PU;R) S --,, 


which is called the Cech complex of locally constant functions with values 
in R on U and is denoted by (C*(U;R), 6). We set d-' = 0. 


Definition 7.2. The p-th Cech cohomology of locally constant functions 
on U is the p-th cohomology of (C*(U; R), 5): 


H®(U;R) = Ker 6?/Im6??. 


For a p-cocycle c, its class in H?(U;R) is denoted by [c]. Since Ker 6° = 
R(M), we have: 


H°(U;R) = R(M). 
In particular, if M is connected, H°(U;R) = R. 
Exercise 7.1. Verify the identity 6? o 6?-! =0. 


Simplicial coverings: Let K be a triangulation of M and I the set of 
vertices in K. For each a in J, let Uz = Ox(a), the open star of a in K. 
Then U = {U,} is an open covering of M, called the simplicial covering 
associated with K. Note that the set of simplicial coverings is cofinal in 
the set of open coverings of M (cf. Remark 2.1.1). 


Remark 7.2. The coboundary operator 6 is define as in (7.1) so that it is 
compatible with the boundary operator of simplicial chains in the case U 
is a simplicial covering. In fact in this case, H?(U;R) is isomorphic with 
the simplicial cohomology of M and in turn with the singular cohomology 
H?(M;R) of M (cf. Theorem 7.3 below). 
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Cech cohomology of forms 


For an open set U in M, let A7(U) denote the C-vector space of C'™ q-forms 
on U. We set A%(9) = 0. Replacing R(U) with A‘(U) in the above, we 
have H?(U; A’), the Cech cohomology of q-forms on U/. Thus we define 
C?(U; A’) to be the direct product: 


C?(U; A?) = Il ANU ices): 


(a9,.--,@p)ELP+t 


An element € in C?(U; A‘), called a p-cochain of g-forms on U, assigns to 
each (ao,...,@p) in J?+! an element €5...a, in A?(Ua...ap): The cobound- 
ary operator 


5 = 6? CPU; AX) — CP; AY) 
is defined as (7.1). It holds again that 6? o d?-! = 0. 


Definition 7.3. The p-th Cech cohomology of q-forms on U is the p-th 
cohomology of (C*(U; A®), 6): 


H? U; A*) = Ker 6?/Im 6??. 
Since Ker 6° = A%(M), we have 

H°(U; A‘) = A4(M). 
Lemma 7.2. Suppose U is locally finite. For a Cech p-cocycle £, p > 0, 
there exists n in C?~1(U; A) such that € = 6n. 
Proof. Let {pq} be a C™ partition of unity subordinate to U. For p > 0, 
we define 

h = hP : CPU; At) — C?-1U; Ad) 


by setting, for € in C?(U; A®), (hE)ao...ap-1 = doa PaSaag...ap-1- Then we 
see that 6h + hé = 1, which implies that, if 6€ = 0, then € = dhE. 


Corollary 7.2. If U is locally finite, the Cech complex of q-forms on U is 
acyclic, 1.e., 


H?(U; A’) =0 for p> 0. 
Remark 7.3. Since a C® manifold M is paracompact, the set of locally 


finite coverings is cofinal in the set of open coverings of M, i.e., for every 
covering U, there exists a locally finite refinement of U/ (cf. Remark 2.1.3). 
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Alternating cochains 


Let S' denote either R or A?. A cochain € in C?(U; S) is said to be alternating 
if: 


(1) €ao...c, = 0, whenever two of the indices ag,...,a,) are equal, 
(2) ba,(0)--Ap(p) = SBN P* Fao...ap, for every permutation p of {0,...,p}. 
The alternating p-cochains form a subcomplex of (C*(U;S),6), which is 
denoted by (C8, (U;S),5). We denote by H®,(U; S) its p-th cohomology. 
Proposition 7.2. The inclusion C%,(U;S) @ C*(U;S) induces an iso- 
morphism 
H?..U; S) —> H?U;S). 
Proof. Choose a total ordering on I and let 
a: C?(U;S) — C2,U;S) 
be defined as follows. Take an element € in C?(U;S'). For (ao,...,@p) in 
IP*1, we set 
n(€) — sgnp- Goleta} cstlpeg) if the a,;’s are distinct, 
ee 0 otherwise, 


where p is the permutation such that a,(9) < +++ < Qpp). Then it can be 
shown that 7 is a cochain equivalence. 


Reduced expression 


In practice, it is more convenient to use the following expression of cochains 
to avoid the presence of redundant terms. 


Definition 7.4. The index set I of a covering U = {Ua}aer of M is properly 
ordered if it is ordered so that if Vay...a, F , the induced order on the subset 
{Q0,---,Q@p} is total. 


For instance we may endow J with a total ordering to fulfill this con- 
dition. Also, if YU is a simplicial covering with J the set of vertices, every 
simplicial order in J satisfies the condition. 

For a covering U = {Ua}aer with I as above, we set 


T®) = { (ag,...,@p) | @o < +++ < Op, ay ET}. 
Let S$ denote either R or A% and denote by C?(U; S) the direct product: 
C?(U; S) = TT =8@ ea 
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We may define the coboundary operator 6 : C?(U;S) > CPt; S) as 
(7.1) and we have 6?+! o 6? = 0. Thus we have a complex (C*(U; S), 6). 
We denote by H?(U; S) its p-th cohomology. 


Convention 7.1. Let € be an element in C?(U; S). For every (ao,..., Qp) 
in I?+1, we set 


é _ Jsenp: bex9(0) ---p(p) if Uag...c, #9 and the a;’s are distinct, 
Q0 -+-Op 0 otherwise, 


where p is the permutation such that a,(g) < +++ < Qpip)- 


By the above convention, C?(U;S') may be identified with CP (U; S) 
and the coboundary operators are the same. Thus from Proposition 7.2, 
we have an isomorphism 


H?(U; S) = H2,(U; S) —> HU; 5). (7.2) 


An immediate consequence of the above is that, if the index set I of the 
covering U/ consists of k elements, then H?(U;S) = 0 for p> k. 


7.3 Cech-de Rham cohomology 


Let M be aC®™ manifold of dimension m. For an open covering U of M, we 
have the group C?(U; A‘) and the operator 6 : C?(U; AY) + C?t!(Y; A4) as 
defined in the previous section. This together with the exterior derivative 
d: CP(U; AZ) + C?(U; At*") makes C*(U; A®) a double complex (cf. Sec- 
tion A.1). The simple complex associated with it is denoted by (A*(/), D) 
and is called the Cech-de Rham complex, CdR complex for short, of U. 


Definition 7.5. The r-th Cech-de Rham cohomology H},(U) of U is the 
r-th cohomology of (A*(U), D). 


We examine this cohomology more closely. First, we have 


AU) = @B Cu; A*) 


ptq=r 


and an element € in A’(U), ie., a CdR r-cochain, may be expressed as 
€ = (E))ocp<p with €®) € CP(U; ATP). We write 2) 4, also £ay..ay- 
Then the total differential D: A’(U) + A’*1(U) is given by 


(DE) = 5€P-Y) 4 (-1)PdE™, = OOS p<r4), (7.3) 
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where we set €(—)) = 0 and €("+) = 0. In particular, for small values of p, 
(DE) ao = dba, (Do \énsees = fa, — a9 — Eagar and 


(DE )ecoivtvs 7 boras _ Sana + gaoar + db aoaras: 
In general the condition for € being a cocycle is given by 


dé =0, 
5€P-1) + (—1)PdE) = 0, l<p<r, (7.4) 
dé") = 0, 


Obviously we have 
Hy(M) = Hp) = H°U;C), 
all of them being equal to C(M). 


Remark 7.4. 1. The Cech-de Rham cohomology H',(U) is in fact the hy- 
percohomology of the complex of sheaves of differential forms on U (cf. Def- 
inition 11.8 below). 
2. As in the case of Cech cohomology, we may consider the group of 
alternating cochains: 
AU) = GB Cis 4%). 
prq=r 
The operator D leaves A$),(U) invariant and, as in Proposition 7.2, we see 
that the cohomology of (A%,,(), D) is naturally isomorphic with Hj, (U). 
We may also consider the reduced expression: 
AU) = @B CPU; A?) 
pt+q=r 
The operator D is also defined on A® (U) and, by Convention 7.1, A*(U) 
may be identified with A%,,(U). Thus denoting by Ae (UU) the cohomology 
of At,(U/), we have a natural isomorphism: 


AD(U) > HEU). (7.5) 
Example 7.1. Let U = {Up,Ui} be an open covering of M consisting of 
two open sets with 0 < 1. We have 
A™(U) = A™(Up) @ A" (U1) @ A™~1(Uo1). 


Thus an element € in A’(U/) is given by a triple € = (&,€1,€ 1) with &; 
an r-form on U;, i = 0,1, and 9; an (r — 1)-form on Up;. The differential 
D: A"(U) > A*1(Y) is given by 


DE = (d§o, d&1, £1 — 0 — d&o1). 
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de Rham-CdR correspondence 


There is a natural morphism 
ya: A"(M) —> C°(U; A") c ATU), (7.6) 


which assigns to an r-form w the cochain € given by €, = wly,. It is 
injective and the image of w in A’(UY) will also be denoted by w. 


Theorem 7.1. If U is locally finite, the morphism (7.6) induces an 
isomorphism 


ga: Hy(M) —> Hp). 


Proof. As an element in A’(U/), dw = 0 so that we have dw = Dw and 
we see that the inclusion induces a morphism yg: Hi(M) > HU). 

First we show that yg is surjective. For this, we claim that, given a 
CdR r-cocycle €, r > 1, there exist a closed r-form w on M and a CdR 
(r — 1)-cochain 7 such that 

E=w+ D7. (7.7) 
To prove this, by the last equality in (7.4) and Lemma 7.2, there exists 
n—) in CT-1(U; A®) such that € = 6n-). Then from the middle in 
(7.4) and Lemma 7.2, we can successively find 7”), 0 < p< r—1, satisfying 
EP) = GyP-V + (—1)?dn®, ae eae 

Finally, from the identities 6€©) —dé™ = 0 and €M = 6n —dn™, we have 
6(€ — dn) = 0. Noting that the kernel of 6 : C°(U; A’) > C1(U; A’) is 
A™(M), we have €) — dn =w,w € A'(M). From the first in (7.4), w is 
closed. Thus, for 7 = (n)), we have (7.7). 

Now we show that yg is injective. Thus suppose 

w= Dy 

for some (r — 1)-chain 7. The above is equivalent to 


w=dn®™, dn?) + (—1)?dn®™ =0, 1<p<r-1, and dn) =0. 
As in the above algorithm, we may find an (r—2)-chain o such that 7°°~)) = 
da"-?) and 
n®) = 60-) 4 (-1)Pdo), l<p<r-2. 
From 67 — dn = 0 and 7 = 50 —do™, we have 5(n — do) = 0. 


Thus 6 = 9 — do is an (r—1)-form on M and from w = dn, we have 
w= dé. 
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In view of Remark 7.3, we can make the following assumption without 
loss of generality: 


Assumption 7.1. Hereafter the coverings we consider are locally finite. 


Corollary 7.3. The Cech-de Rham cohomology H',(U) is determined 
uniquely modulo canonical isomorphisms, independently of U. 


Exercise 7.2. Considering the reduced expression (cf. Remark 7.4.2), we 
have the isomorphisms: 

Hi(M) > HEU) ~ ABW), 
where the second is the one in (7.5). Let U¢ = {Uo, U1} be an open covering 


of M and {po, pi} a C™ partition of unity subordinate to U. Show that, 
for a given CdR cocycle € = (£9, €1, £01) in A"(U) (cf. Example 7.1), 


w = poo + pifi — dpo A €o1 
is a closed form on M representing the class in H7(M) that corresponds to 
the class [€] in H7,(U). 


Cech-CdR. correspondence 


There is a natural morphism 
ys : C™(U;C) —+ C™(U; A®) c ATU). (7.8) 


It is injective and we denote the image of an r-chain c in A’(U) also by c. 


Definition 7.6. We say that an open covering U/ of M is good, if every 
non-empty finite intersection Uay,...,2, is diffeomorphic with R™. 


Note that any simplicial covering is good so that every C° manifold M 
admits a good covering and that the set of good coverings is cofinal in the 
set of coverings of M. 


Theorem 7.2. If U is good, the morphism (7.8) induces an isomorphism 
ys: H"(U;C) —+ Hp). 

Proof. As achain in A’(Y/), dc =0 so that dc = Dc. Thus the inclusion 

induces a morphism ys : H"(U;C) > H7,(U). 

We show that it is surjective. For this, given a CdR r-cocycle €, r > 1, 
there exist an r-cocycle c in C’(U;C) and a CdR (r — 1)-cochain ¢ such 
that 

E=c+ DE. (7.9) 
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This is done as in the proof of Theorem 7.1. This time, from the first 
equality in (7.4) and Proposition 7.1, there exists ¢ in C°(U; AT—!) such 
that €) = d¢. Then from the middle in (7.4) and Proposition 7.1, we 
can successively find ¢®), 0 < p< r—1, satisfying 


E) = §CP-Y + (-1)Pdc), l<p<r-l. 
From 6€—) + (—1)"dé™ = 0 and €°-) = 660-9) + (-1)"-td¢"-), we 
have d(€") —6¢("-1)) = 0. Since the kernel of d: C’(U; A°) + C"(U; A?) is 


C"(U;C), we have €() — 6¢°-) =¢,c€ C’(U;C). From the last in (7.4), 
c is a cocycle. Thus for ¢ = (¢)), we have (7.9). The proof for injectivity 


is similar. 


de Rham-Cech correspondence 


From Theorems 7.1 and 7.2, we have: 


Corollary 7.4. For a good covering U, there exist canonical isomorphisms: 


Hi(M) => Hyp (U) — A"(U;C). 
Ya P65 


In the above, we think of a closed r-form w and a Cech r-cocycle c 
as CdR cocycles. Thus the classes [w] and [c] correspond in the above 
isomorphism, if and only if there exists an (r —1)-CdR cochain y such that 


w—c= Dy as CdR. cocycles. (7.10) 


Such a y is given by y = ¢—7 with 7 and ¢ as in the proofs of Theorem 7.1 
and Theorem 7.2, respectively. The relation (7.10) is rephrased as, for 
in CPU; Av-P-1),0<p<r-l, 


w = dy, c= 5x"), 


dx) 4 (-1)?dyx®) =0, 1<p<r-1. 
Here we write down the relation explicitly for small values of r: 
(1) if r =1, for x in C°(U; A®), 
w=dxXq on Ug and cog =—-xX8+Xa on Ugg, 


(2) if r = 2, for y¥ in C°(U; At) and yx in C1; A®), 


w= dx on Us, ax? = tee 


1 1 
Capy = —Xg) + xD — x} 


—x© on Uag and 


on apy: 
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The above correspondence may be illustrated in the following diagram: 


WwW 
AO as AL ts San eth 
C°(U; C)\ + C9(U; A°) ©; C9(Y; At) ©... COU; AT) © 
5° 5° 5° 6° 
clu; c)—> 01; A°) 4 cl; AY) 4. £5 ot; A") = 
{os 61 6+ ot 
ort oral oral 
ce cru; cy— cru: as —Foru; ays. 
6” 6” é” 


(7.11) 


7.4 Integration of Cech-de Rham cochains 


In this section, we define integration on the Cech-de Rham cohomology and 
for this purpose we introduce the notion of a system of honeycomb cells. 
In the following, we let M denote a C' manifold of dimension m. 


Special cases 


We discuss some special cases before we proceed to the general case. Here 
we assume WM to be compact and oriented. 


Integration on de Rham cohomology: Recall that we have the in- 
tegration f,, : A”(M) > C. By the Stokes theorem (Theorem 6.2), it 
induces the integration 


/ : Hi (M) — C. (7.12) 
M 


If M is connected, the above is an isomorphism, which is the content 
of the Poincaré duality with C-coefficient in this case (cf. Theorem 7.12 
below). 
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Covering with two open sets: Let U¢/ = {Uo,U,} be an open covering 
of M. For i = 0,1, let R; be an m-dimensional manifold with C® boundary 
in U; such that Ro UR, = M and that Int Rg N Int R; = 0, where Int R; 
denotes the interior of R;. We set Ro, = ORo, which is equal to —OR), the 
boundary of R, with opposite orientation. Let A”(U) be as in Example 7.1 
and define 


[ :amm—e i [s=f orf a+ [go (78) 


Then we see that 


(1) if € is a coboundary, then [,, € = 0, 
(2) if € is a cocycle, then the right-hand side does not depend on the choice 
of {Ro, Ri} as above. 


Thus the above integration induces the integration 


3 : AAU) C. 


Again, if M is connected, the above is an isomorphism, which is another 
expression of the Poincaré duality in this case. 


Exercise 7.8. Verify the above statements (1) and (2) (cf. Proposition 7.3 
below for general case). 


System of honeycomb cells 


Let U = {Ua}aer be an open covering of M. 


Definition 7.7. A system of honeycomb cells, or a honeycomb system for 
short, adapted to U is a collection {Ra}acz of m-dimensional piecewise C° 
manifolds Ra with boundary in M (cf. Definition 5.10) satisfying: 


(1) for each a, Ra C Ug and M =U, Ra, 

(2) ifa #6, then Int Ra NM Int Rg = 9, 

(3) if Uao...c, #9 and if the a,’s are distinct, then Ray...a, is an (m — p)- 
dimensional piecewise C° manifold with boundary, 

(4) if the set {a0,...,a@p} is maximal, then Ra,..., has no boundary. 


In the above, we set Rag..ap = (Veo Ra, which is equal to (\P_5 ARa, 
by (2). Also, {ao,...,@p} being maximal means that if Uajao,....a, F# 9, 
then a is in {ag,..., @p}. 
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Remark 7.5. If {Ra}aer satisfies, instead of (1), 
(1)’ for each a, Ra C Ua, 
then we say that it is subordinate to U. 


Orientation: Suppose M is oriented and I is properly ordered (cf. Defi- 
nition 7.4). In this case, we orient Rag...c, by the following rules: 


(1) each Ry has the same orientation as M and its boundary is oriented as 
in Convention 3.2. 


(2) for (ao,...,@p) in I), p > 1, Rag...a, iS oriented as a part of 
ORcigbis4:9 
(3) fot (@o,<.40p) in, dP» we stt: Rago, = sep * Raseoy ccegas il 


Vag... # @ and the a,’s are distinct, where p is the permutation such 
that apo) < +++ < Qpip). Otherwise we set Rag...a, = 9. 


With the above convention, we may write: 
ORiievtn =? Beane tats (7.14) 
acl 
Example 7.2. 1. Let K be a C™ triangulation of M and U = {U,} the 
associated simplicial covering of M (cf. Section 7.2). Thus, for each vertex 
ain K, Ug = Ox(a), the open star of a in K. Let Ry be the dual cell of 
the vertex a. Then {R,} is a honeycomb system adapted to U. 


2. If U = {Uo,Ui} and if {Ro, Ri} is a honeycomb system adapted to 
U, then Ro, is an (m — 1)-dimensional piecewise C® submanifold of M 
without boundary, separating the two open sets Int Ro and Int R,. If M is 
oriented, we have ORp = Roi and OR; = Rig = —Ro1.- 


3. Let S be a closed set in M. Suppose we are given a stratification S = 
Laer Xa of S by submanifolds X, of M (cf. Definition 2.13). We introduce 
an order relation on I’ by saying that a > 8 if X_ C Xg\Xg. Let J = I'U 
{0} and assume 0 < a for every a in J’. Let Uj) = MXS and, for each a € I’, 
let U,, be a tubular neighborhood of X,, in M (cf. Theorem 3.10). We denote 
by U the covering {Ua}acr of M. If we choose each U, sufficiently small, 
then I is properly ordered (cf. Definition 7.4). We set Ty = Uo and, for 
each a in I’, we let T,, be a closed ball bundle in Uy. Moreover, for each a 
in I, we set 
Ro = Ta (| (MN Int Ty). 

a’l>a 
Then, if {Xq} is a Whitney stratification, {R.} form a honeycomb system 
adapted to U (cf. Section 13.1 below). 
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Remark 7.6. Let U be an open covering of a C™ manifold M of dimen- 
sion m. It is conjectured that, if / has order at most m+ 1, then there 
exists a honeycomb system adapted to U. Thus, if this is true, every open 
covering of M admits a refinement having an adapted honeycomb system 
(cf. Section 2.5). 


Integration on CdR cohomology 


In this paragraph we assume M to be compact and oriented. Let U = 
{Ua}saer be an open covering of M with I a finite properly ordered set. 
Here we assume that there exists a honeycomb system {R,} adapted to U. 
Noting that each Ry, is compact, as M is compact, we define the integration 


5 A™(U) —C by € => ve S- | Seip scitey 3 
(7.15) 
which depends a priori on the choice of the honeycomb system {R,}. 
Proposition 7.3. 1. If € = Dn, then J,,€ =0. 
2. If Dé =0, then J,, € does not depend on the choice of {Ra}. 
Proof. 1. Setting n‘—) = 0 and n'™) = 0, we have (cf. (7.3)) 
(Dn) ®) = §nP-Y) 4 (—1)?dn?, 0<p<m. 
Thus 


i: Dn= 3 s: I aes eee 


Lag +. Ap 


ah (7.16) 
yoy YY fae... 
p=0 (20)...,ap)EL@) ¥ Rag..-ep 


Using the Stokes theorem and (7.14), we compute 


I @o= + DY I 1?) oo: 


20+ &p (Q0,--,ap)ELT@) wel AOE Ope 
(7.17) 
For (a0,.-.,@p) € T®) and a € I with Uag...apx # 9, there are three 
possibilities: (1) a < ag, (2) a; < a < ai41, O< i < p—1, or (3) ay <a. 
We have 
(LE Raw die case (1), 
Rag...apo — (SI)? Rng condo abe case (2), 


Rag...apa case (3). 
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Thus we may express the right-hand side of (7.17) as 


a (”) 
+1 4, (p 
(=i)? De [ (-1) Neg yes QiyeesQp$1 


(ag..-Ap41)ELPt) Rag..ap41 i= yy 
= (-1)Pt! = i (CA) ne 
(ao.. -Qp+1) yETPt!) Rag.. “Xp 
Hence from (7.16), we have [,, Dn = 0. 


2. If DE = 0, there is an m-form w on M such that € = w+ Dn for some 
(m —1)-CdR cochain 7 (cf. (7.7)). The statement then follows from 1. 


Remark 7.7. 1. The above may also be proved using the Stokes theorem 
for CdR cochains (cf. Lemma 7.4 and (7.5) below). 

2. It suffices to consider reduced cochains to define the above integration 
(cf. Remark 7.4. 2). 


From the above we see that the integration (7.15) induces the integration 
on the cohomology 


HEU) SC. 
M 


Let ya and ys» be the inclusions (7.6) and (7.8). By restricting (7.15), 
we have the commutative diagram: 


A™(M) > Am(U) <—— Cm UC) 


DS [ee 


C. 


d :A™(M) — C. 


coincides with the usual one and 


| :C™(U;C) > C is given by ct> S- Cis ops 
M 


The integral 


From the above we have: 


Proposition 7.4. We have the commutative diagram: 


Hi"(M) > Hp (U) —— HU; C) 


Ds oe 


C, 
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where ~q is the isomorphism of Theorem 7.1 and, if U is good, ps is an 
isomorphism, which is the one in Theorem 7.2. 


This will be refined in Section 7.5 below to yield the de Rham theorem. 


Exercise 7.4. Let U = {Up,U,} be an open covering of M. For a CdR 
cocycle € in A™(U/), let w be the form as given in Exercise 7.2. Show by 


direc computations that 
M M 


Remark 7.8. If U/ is the simplicial covering associated with some triangu- 
lation of M (cf. Section 7.2), there is always a honeycomb system adapted to 
U (cf. Example 7.2.1). In this case ys in Proposition 7.4 is an isomorphism. 


7.5 Combination with combinatorial topology 
Throughout this section, we let M denote a C™® manifold of dimension m. 


Integration of CdR cochains 


C° singular chains: Let R be a commutative ring with unity. We 
denote by S$i(M;R) and S%(M;R) the chain and cochain complexes of 
C® singular simplices of M with coefficients in R (cf. Section 6.2). For 
their homology H¢'(M;R) and cohomology H?(M;R), we have canonical 
isomorphisms (cf. (6.12) and (6.13)): 


He\(M;R) —> H,(M;R) and H?(M;R) > H?.(M;R). 


In the following, we do not distinguish the two homologies or the two co- 
homologies to avoid complications of presentation. 


Transverse singular simplices: Let U/ = {Ua}aer be an open covering 
of M and {R,} a honeycomb system adapted to U. 


Definition 7.8. A C™ singular simplex 0 : A > M is transverse to {Ra}, 
if 7 and all its faces are transverse to Ray...c, for all (ag--- ap) € I), 


In the above, “transverse to Ray...a,” means “transverse to the set of 
general points in Rag...a,” (cf. Definition 5.11). 

We denote by St"(M;R) and S*.(1/7;R) the chain and cochain complexes 
of C™ singular simplices transverse to {Ra} of M with coefficients in R. 
Their homology and cohomology are denoted by H}"(M;R) and Hf.(M;R). 
We quote the following fact, which is proved using Theorem 3.11: 
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Lemma 7.3. The inclusion S*(M;R) @ S$'(M;R) induces isomorphisms 
Hy (M;R) > HS'(M;R) and H&(M;R) —> HP.(M;R). 
Integration of CdR cochains: Let U/ be an open covering of M and 
suppose that there exists a honeycomb system {Ra} adapted to U. Let 
a: AT + M bea C®™ singular r-simplex transverse to {Ra}. Recall that 
the standard simplex A” C R” is oriented as in Remark B.13.1. For every 
(a9...Qp), 7 *Rag...c, is an (r — p)-dimensional piecewise C® manifold 
with boundary in (a neighborhood of) A”. We orient these manifolds by 

the following rules (cf. Propositions 3.15 and 3.16): 


(1) for each a, a 'Ry has the same orientation as A”, and its boundary 
is oriented according to Convention 3.2, modified for piecewise C'° 
manifolds, 

(2) for (ao,...,@p) in I?*1, 0! Rag...a, is oriented inductively by the fol- 
lowing identity: 

OG? "Rag ieg = A (Oe) Ray ceo (OR ae ay  4718) 
@ OR gah yO, Raynta hy: 


ael 


With these we define the integration of an r-CdR cochain € = (€)) on 
a singular r-simplex o transverse to {Ra} by (cf. (7.15)) 


[ee ly 


fate pel) Rag..op 


Then we have: 


Lemma 7.4 (CdR Stokes theorem). For an (r—1)-CdR cochain n and 
a singular r-simplez o transverse to {Ra}, 


[on=f n. 
o Oo 


Proof. Setting n‘—) = 0 and n”) = 0, we have (cf. (7.3)) 
(Dn)®) = 5n®&-) + (—1)?dn?, O0<p<r 
Thus 


=1 (p) 79~* Rag...0p 
Pp (a0,.+, ap)eEl 


+(cn? S- bess o*dn®) 4. (7.19) 


p=0 (ao,.--,&p) EL) Rag. Op 
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Using the usual Stokes theorem and (7.18), we compute 


Cie 9S 7 o*dn®)., 


=1 
(Q0,.--;p) ELT) o 9 +.-ep 


= i ong. -Ap 
(dc0)~ 


(ao re ap )EL) AOSD. 


1R 
_ i EI stp: 


(ao,---;@p41) Pe Rag..p 


Hence the right-hand side of (7.19) is equal to 


r-1 


* (Pp) _ : 
me pS | re as [or 


p=0 (ao,...,ap) EL) 


We have a morphism 
p: AU) — > SE(M;C) given by (0, x06} = / é& (7.20) 


By the above lemma, it induces a morphism 
xp: Hp(U) — H"(M;C). 


Remark 7.9. In this and the next paragraphs, we do not assume that M 
is orientable. 


Integration via triangulation: Let kK be a C®™ triangulation of M 
and denote by C&(M;R) and C%(M;R) the chain and cochain com- 
plexes of oriented simplices in K with coefficients in R as in Section 4.1, 
where R is assumed to be Z. If we denote by H/*(M;R) and Hf. (M;R) 
their p-th homology and cohomology, the natural injective chain morphism 


K 
CK (M;R) “ S¢(M;R) © S,(M;R) induces isomorphisms 
nh : HS (M;R) —> H,(M;R) and nx : H?(M;R) —> H?-(M;R). 


Let U = {Ua}aer be an open covering of M and {Ra} a honeycomb 
system adapted to U. 


Definition 7.9. We say that {R,} is adapted to K, if for each r-simplex 
s of K and (ao,...,@p) in T®), sn Rao...a, iS an (r — p)-chain with respect 
to some subdivision of Kk. 
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For example, if U is the simplicial covering associated with K, then the 
system {R,} as in Example 7.2.1 is adapted to U/ and K. 

Let {Ry} be a honeycomb system adapted to U and K. We orient 
81 Rag...a, by the following rules: 


(1) each sR, has the same orientation as s and its boundary is oriented 
according to Convention 3.2, 

(2) for (ao,..-,Q@p) in J?t, sn Rag...a, i8 oriented inductively by the fol- 
lowing identity: 


O87) Ray...) = (AH 1)P 08 0 Rag icaig FSTVORag.c cigs (7.21) 
sf O Rages = S- so Rag..apa- 
ael 


With these we define the integration of an r-CdR cochain € = (€)) on 
an r-simplex s by 


a ae (7.22) 


sNRag...ap 


Remark 7.10. In the case UY consists of two open sets, we have 


gee ne 


for an r-simplex s and an r-CdR cochain € = (£0, €1, €01). 
The following is proved as Lemma 7.4. 


Lemma 7.5. For an (r—1)-CdR cochain n and an r-simplex s of K, 


[le 


It is also referred to as the CdR Stokes theorem. 
We have a morphism 
Uo: A™U) > Ci (Mi©) given by (s,un(@)) =f & (7.28) 
By the above lemma, it induces a morphism 
vp : Hp(U) — H"(M;C). 
Note that we have the commutative diagrams: 
A™(U) Hp) 


Wd wd 
x0 | ee, xe | ae (7.24) 
Sa(M;C) — > Ck (MC), H"(M;C) —> Hi(M;C). 

K Nk 
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de Rham case 


Recall that there is a natural inclusion gq : A"(M) — C°(U; A”) Cc A”) 
(cf. (7.6)). Restricting yp and wp to A’(M), the diagrams (7.24) become: 


A"(M) Ay(M) 
xa a x oor as (7.25) 
Sq(MiC) > Cy(MsC),-H"(M;C) + Hy(M3C). 


In the first diagram, vq and wq are given by 


(orxalwo)) = fw (s.da(w)) = fw 


and coincides with the ones defined in Section 6.2. Note that the CdR 
Stokes theorem reduces to the usual one. We will see that, in the second 
diagram, w%q and thus ya are in fact isomorphisms (de Rham theorem, 
cf. Theorem 7.5 below). 


Cech case 


Recall that there is a natural inclusion ys : C"(U;C) 4 C"(U; A®) c AU) 
(cf. (7.8)). Restricting yp and Wp to C’(U; C), the diagrams (7.24) become: 


C"(U;C) H"(u;C) 
Ws 
xs| oe xs oes (7.26) 
S*.(M;C) ) > Ce (M;C), H"(M;C) —~> Ht-(M;C). 
Nk 


In the first ee X5 and ws are given by 


(a, X6(¢ =) Cag...ar) (s »W5(€ =)5 Cag...ap? 


where the first sum is taken over (ao,...,a,) € I) with the condition 
a(A")N Ray...a, # 9 and the second sum with the condition sM Ray...a, 4 9. 
We will show that, in the second diagram, ws is an isomorphism, if U/ is the 
simplicial covering associated with K (cf. Section 7.2). 

Although the following is a direct consequence of the definitions, we 
state it, as it is fundamental: 


Lemma 7.6. If U is the simplicial covering associated with K, the mor- 
phism ws :C™(U;C) > Ck (M;C) in (7.26) is given by 


((a0, tee , ar), W5(C)) = Cag...a,* 
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For a commutative ring R with unity, we may also define a morphism 
ws: C™(U;R) > Ci (M;R) (7.27) 
the same way. 


Theorem 7.3. For the simplicial covering U associated with K, the mor- 
phism Ws induces an isomorphism 


bs: H"(U;R) —> HK (M;R). 
Proof. Consider the diagram 


C"(U;R) —2> C7, (U;R) 


wy be 


where 7 is the morphism as in the proof of Proposition 7.2 and w¥ is the 
restriction of w;. The diagram is commutative and w¥ is an isomorphism. 
Moreover the morphisms are all compatible with the coboundary operators. 


Thus we have the above isomorphism, in view of Proposition 7.2. 


Setting x5 = (ni) 1 o Ws, we have: 


Corollary 7.5. For a simplicial covering U, there is a canonical isomor- 
phism: 


x5: H"(U;R) —> H"(M;R). 
Summary 
Summarizing the above we have the commutative diagram: 


APM) a Ane OC) 


pa 
| 
| XD N = [vp ne ws (7.28) 
Us 


The morphisms in (7.28) are all compatible with the coboundary operators 
and we immediately have: 
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Theorem 7.4 (Fundamental theorem). For a C® manifold M, an 
open covering U of M and a C™ triangulation K of M, we have a com- 
mutative diagram: 


(7.29) 


(1) ga, Wa and xa always exist and ya is an isomorphism (Theorem 7.1), 
(2) ys always exists and is an isomorphism, if U is good (Theorem 7.2), 
(3) xp and x5 exist, if there is a honeycomb system adapted to U, 

(4) wp and ws exist, if there is a honeycomb system adapted to U and K, 
(5) ws and x5 exist and are isomorphisms, if U is the simplicial covering 
associated with K (Theorem 7.3 and Corollary 7.5 with R = C). In 
this case, Wp and xp also exist and are isomorphisms. 


7.6 de Rham theorem and related topics 


Let M be a C® manifold and Y/ an open covering of WM. As corollaries of 
Theorem 7.4, we have the following theorems. 

First, considering the case where // is the simplicial covering associated 
with K and noting that wa = Ws 0 ps © Ya, we see that 


ba: Hi(M) + Hie(M;C) (7.30) 
is an isomorphism. Combined with the isomorphism j,, we have: 
Theorem 7.5 (de Rham theorem). For aC™® manifold M, there is an 
isomorphism 

xa: Hy(M) —> H"(M;C), 
which is given as in (7.25). 

Theorem 7.6 (Cech-de Rham theorem). For a C® manifold M and 
any covering U of M, there is an isomorphism 
xa0%q' : HEU) — H"(M;C), 


which coincides with xp in (7.24), if there is a honeycomb system adapted 
to U. 
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Theorem 7.7 (Cech theorem). For a C® manifold M and a good cov- 
ering U of M, there is an isomorphism 


Xaopy 05: H"(U;C) — H"(M;C), 
which coincides with v5 in (7.26), if U is a simplicial covering. 


Remark 7.11. 1. The point in the above is that we use the isomor- 
phism Hi(M) ~ H7,(U) to say that HZ(UY) is independent of U mod- 
ulo isomorphism and, in the case UY is simplicial, we have isomorphisms 
AAU) ~ A'U;C) ~ A"(M;C). 

2. In the isomorphism of Theorem 7.5 for r = 0, the class [1] in H°(M;C) 
(cf. Remark B.9) corresponds to the class in H9(M) of the function con- 
stantly equal to 1. 


As we see in the following, we have in fact isomorphisms of graded rings. 


Product structures 


Cech-de Rham: For a covering U of M, we define a product, called the 
cup product 


A™(U) x A8(U) —> ATU) (7.31) 
by assigning to (€,7) in A"(U) x A’(U) the CdR cochain € © n in A"*9(U) 
given by 


Pp 
(€ = Ncw vette = DG eed meer are A Nowy Xp 
v=0 


Then € ~ 77 is linear in € and 7 and we have 
Deny = Deeg (lls Diy. (7.32) 
Thus it induces a product 
Hi,(U) x H$(U) — AD). (7.33) 
Here we write down the above product explicitly for small values of p: 


(E = Nexo = Ea A Ne» 
(E = Waies = (Ly Ses A Nogar + Cope A Near; 
(Ev Nagarar = bay \ Napara, + (Gas marr A Nara2 + Sa0a102 \ Nar: 
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de Rham: There is a natural inclusion yg : A’(M) @ O8(U; A") C 
A”(U) (cf. (7.6)) and the restriction of (7.31) coincides with the exterior 
product 


A"(M) x A®(M) >» A"+8(M). 
It induces the product 
Hj(M) x Hj(M) + H7**(M) 
given by ([w], [6]) + [w A 6]. We have 
lw] A [6] = (-1)"9 19] A [w] (7.34) 


and this product makes the direct sum Hj(M) = @, Hi(M) a graded 
ring. The product corresponds to the cup product in H*(M;C) under the 
isomorphism of Theorem 7.5 (cf. Theorem 7.9 below). 


Cech: There is a natural inclusion ys : C’(U;C) @ CU; A®) c ATU) 
(cf. (7.8)) and the product (7.31) restricts to 


C’(Uu;C) x C8(U;C) —> CTU; C) (7.35) 
given by 
(CM CJag.tnps = Ca9...07 * Corp .nctrts’ 
Let R be a commutative ring with unity. We may also define a product 
C"(U;R) x C®#(U;R) —3 CT**(U;R) 
the same way. Then we have 
(ev c)=dcv ed +(-1)’cv be 
so that it induces a product in cohomology: 
H"(U;R) x H°(U;R) — H’t*U;R). (7.36) 
This product makes the direct sum H*(U;R) = @,. H"(U;R) a graded ring. 


Theorem 7.8. For the simplicial covering U associated with a triangulation 
K of M, the morphism ws in (7.27) induces an isomorphism 


Ws : H*(U;R) — Hi(M;R), 


where the product in Hj-(M;R) is the cup product in topology. 
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Proof. By Theorem 7.3, it suffices to show that ws is compatible with the 
products. Let I be the set of vertices of K and endow it with a simplicial 
ordering (cf. Definition B.14). Then for an ordered (r + s)-simplex s = 
(Q9,--+, Arts); Ao << < Apr, 


(8, W5(e aos c’)) = (c ae Chiat = Cag...ar * Con Arts 
= (8, Ya(c) » Ys(C)), 


which proves the theorem. 


Corollary 7.6. For a simplicial covering U, there is a canonical isomor- 
phism: 


x5: H*(U;R) — H*(M;R), 
where the product in H*(M;R) is the cup product. 


Theorem 7.9. For a C® manifold M, an open covering U of M and a 
triangulation Kk of M, we have a commutative diagram of graded rings: 


H*(M) —** > H4(U) ——*~ H*(u;C) 


w 
Pe | X6 


Xd XD QD 


where 


(1) va, Wa and xq always exist and are isomorphisms, 

(2) ws always exists and is an isomorphism, if U is good, 

(3) xp and x5 exist and are isomorphisms, if there is a honeycomb system 
adapted to U, 

(4) wp and ws exist and are isomorphisms, if there is a honeycomb system 
adapted to U and K. 


Proof. By Theorems 7.4—7.7, it suffices to show that the morphisms are 
compatible with the product structures. First, yg and ys are compatible 
with the products. If YU is the simplicial covering associated with K, ws is 
compatible with the products (Theorem 7.8 with R = C). Then the others 
are also compatible with the products. 


Remark 7.12. Recall that, if / is the simplicial covering associated with 
K, there is a honeycomb system adapted to U and Kk. 
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Pull-backs 
Let f : M’ > M bea C™ map of C® manifolds. 


de Rham: As is seen in Section 7.1, the pull-back f* : A"(M) — A™(M’) 
on forms induces a morphism f} : H}(M) — Hj(M’). Since it preserves 
the exterior product, it is in fact a morphism of graded rings: 


fy : Hi(M) — H7(M’). (7.37) 


On the other hand, we have the pull-back f* : H*(M;C) > H*(M’;C) in 
the singular cohomology (cf. Section B.1). 


Proposition 7.5. The pull-back (7.37) corresponds to the pull-back in the 
singular cohomology under the isomorphism of Theorem 7.5. 


Proof. It suffices to show the commutativity of the diagram: 


A" (M) —*+ 8%,(M;C) 


i [ 


A™(M') 23 8".(M';C). 


Let w be a form in A"(M) and o a C® singular r-simplex in M’. We 
compute 


(oxafte) =f otftam fi (foa)tw = (fuorxaw) = (0, f*xae). 


Cech: Let U = {Ua}acr and V = {V\},\e7 be open coverings of M and 
M', respectively. We assume that there is a map ~: J — I such that 
f(Vx) C Uy) for all A in J. Then we define a C-linear map 


fy: C7; R) — OT(V;R) 

by assigning to c in C’(U;R) the element fj(c) in C"(V;R) given by 
Fp (©) ro..-Av = Cp(Ao)---bOr)* 

Then the map te induces a C-linear map 
f* : H"(U;R) — H"(V;R), 


which is independent of w. 
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Cech-de Rham: Let U = {Ua}acr; and V = {Vy}yeJ be open coverings 
of M and M’, respectively. We assume that there is a map 7: J > I such 
that f(V\) C Uya) for all \ in J. Then we define a C-linear map 


fy: AU) — AV) 
by assigning to € in A’(U/) the element f,(€) in A"(V) given by 
Fo (E)dr0...Av = FS p(do) Pp) 
Then the map fj, induces a C-linear map 
f°: Hp) — Ap(y), (7.38) 


which is compatible, via the isomorphism of Theorem 7.1, with the pull- 
back on the de Rham cohomology (7.37). In particular it is independent 
of w. Moreover by Proposition 7.5, it corresponds to the pull-back in the 
singular cohomology under the isomorphism of Theorem 7.6. 


Isomorphisms in dual cells 


We take a C™ triangulation K of M and let K* denote the cellular 
decomposition dual to K, as in Section 4.1. We could express the above 
isomorphisms using dual cells, as they are K’-chains. 

We have morphisms 


AT (M) *% Ob, (M;C) > Cf.(M;C), 
where y, is the one in (7.25) with K replaced by K’ and u* is the transpose 
of u in (4.3). If we denote the composition 1* o qq by 4, it is given by 
(svi) = fw 


and it induces an isomorphism 
bq: Ha(M) — Hk.(M;C). 


Combined with 7%. in (4.4) with C-coefficient, we have the de Rham iso- 
morphism in Theorem 7.5. 
For any covering U of M, we then have an isomorphism 


Waevy + HpU) > Ak. (M;C), 
where Yq is the isomorphism of Theorem 7.1. Combined with nj,., we have 


the Cech-de Rham isomorphism in Theorem 7.6. If there is a honeycomb 
system adapted to U and Kk’ (cf. Definition 7.9), this is expressed in terms 
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of integration of CdR cocycles on dual cells. This can be done for an 
arbitrary covering, however we do it for coverings consisting of two open 
sets for simplicity. In fact this is the case we later deal with. Thus let 
U = {Uo,Ui} be an open covering of M. We assume that there exists a 
honeycomb system {Rpo,R:} adapted to U and K’. Then, for each r-cell 
s*, s* 1 R;, i = 0,1, are r-chains and s* 9 Ro is an (r — 1)-chain with 
respect to some subdivision of kK’. We consider the composition 


AT(U) © Of, (M:C) s Ch.(M;C), (7.39) 


where w, is the morphism in (7.23) with K replaced by K’, and set W5 = 
t* owt. Then it is given by, for € = (€,&, £1) in A"), 


iwo=fe=f orf arf a, (rao) 


where the orientations of s* 7 R; are naturally determined from that of s* 
and we endow with s* Ro; the orientation as a part of the boundary of 
s* Ro. Then ~% induces an isomorphism ~%, : H7,(M) > Ht..(M;C), 
which is equal to wo Pz 


7.7 Relative Cech-de Rham cohomology 


We introduce the relative Cech-de Rham cohomology in the simplest situa- 
tion, although it can be done in more general settings, for example see the 
proof of Theorem 7.11 below. 

Let M be a C® manifold of dimension m and S' a closed set in M. 
Letting Up = M~S and U, an open neighborhood of S', we consider the 
covering U = {Uo,Ui} of M. In the following, we consider the reduced 
expression of CdR cochains (cf. Remark 7.4.2, also Example 7.1) and we 
denote A” (U) simply by A’(U). 

We set 


A'(U, Uo) = {€ = (£0, £1, €01) € A”) | & = 0}. 


Then we see that (A°(U/, Up), D) is a subcomplex of (A*(U/), D). Note that 
we may write 


A" (U, Up) = A"(U1) @ A" (U1) 
and D: AY, Uo) => AY, Uo) is given by D(&i, 01) = (d&1, &1 = d&o1). 


Definition 7.10. The r-th relative Cech-de Rham cohomology H',(U, Uo) 
of the pair (/, Up) is the r-th cohomology of (A*(U/, Uo), D). 
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Later we show that, if S is a subcomplex of M with respect to some 
triangulation of M, then H7,(U,U ) is canonically isomorphic with the 
relative singular cohomology H"(M,M~S;C) (cf. Corollary 7.8 below). 

First we note that there is an exact sequence of complexes 

SAC Uys AP Aa), 
where J” (1, 01) = (0, £1, 01) and a” (£0, €1, £01) = 0. This gives rise to a 
long exact sequence 

++ + HT '(Uo) > HU, Uo) 2+ HEU) => HG(Uo) >. 

(7.41) 

Recall that there is a canonical isomorphism ya : Hi(M) > A(U), 

which is induced by w ++ (w|y,,wlu,,0) (cf. Theorem 7.1). Its inverse 


assigns to the class of (£0, £1, £01) the class of poo + p11 — dpo A €o1 with 
(po, P1) @ partition of unity subordinate to U/ (cf. Exercise 7.2). 


Exercise 7.5. Show that 6* assigns to the class of a closed (r — 1)-form 6 
on Up the class of (0, —0) (cf. Proposition A.11). 


The cohomology H},(U, Uo) is determined by the local structure of M 
near S in the following sense. 

We consider a special covering U* = {Uo, U7} of M given by Up = MNS 
and Uf = M. 


Definition 7.11. The cohomology H7,(U*,Up) is called the r-th relative 
de Rham cohomology of the pair (7, M~S) and is denoted by H7,(M, MS). 


Remark 7.13. The relative de Rham cohomology is a special type of the 
relative Cech-de Rham cohomology where U; = M. 


Proposition 7.6. For every covering U = {Uo,Ui} as above, the mor- 
phism A’(U*,Uo) + A™(U,Uo) given by restriction of forms induces an 
isomorphism 


Hi,(M, M\ 8) > H?,(U, Up). 


Proof. The morphism A’(U*) > A”(U) given by restriction of forms 
is compatible with the coboundary operators D and induces a morphism 
Hy,(U*) > HEU). This is in fact an isomorphism, since it decomposes 
as ya 0 (y*) | : HR(U*) > Ay(M) > H(U), where ya and y* are 
the isomorphisms in Theorem 7.1 for the coverings U and U*. The mor- 
phism A’ (U*, Uo) + A’(U, Uo) also induces a morphism H7,(M,M~S') > 
Hy,(U, Uo). Comparing the sequences (7.41) for U/* and U, we see that this 
is an isomorphism by the five lemma (Lemma A.6). 
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Corollary 7.7. The cohomology H},(U, Up) is determined uniquely modulo 
canonical isomorphisms, independently of the choice of Uy. 


Proposition 7.7 (Excision). Let S be a closed set in M. For every open 
set U in M containing S, there is a canonical isomorphism 


H?,(M, M\S) “+ Ht,(U,U\S). 


Proof. We denote by U& the covering of M consisting of Uy = M\S 
and U; = U and by W the covering of U consisting of Wo = UX S and 
W, =U. Then we may identify A”(U, Uo) and A’(W, Wo) and we have, by 
Proposition 7.6, a canonical isomorphism 


Hi,(M, MX 8) + HU, Uo) = HE (W, Wo) = HR(U,UNS). 


Integration: Now we assume that M is oriented and S$ is a compact set in 
M. Letting Up = MX\S and U, a neighborhood of S in M and consider the 
covering U = {Up, U1}. Let Ry be a compact m-dimensional manifold with 
boundary in U; containing S' in its interior and set Ro = M Int R,. Then 
{Ro, Ri} is a honeycomb system adapted to U. The integration (7.15), see 
also (7.13), which is not defined in general for A™(U/) unless M is compact, 
makes sense on A™(U, Uo): 


| : A™U, Uo) —C given by EW i & + £01. (7.42) 
M Ry Ro. 

Then the conditions (1) and (2) after (7.13) also hold and it induces the 
integration 


| HBU.U0) >. (7.43) 


We will see that, if S is asubcomplex of M with respect to some triangu- 
lation, then H7}(U, Up) is canonically isomorphic with the relative cohomol- 
ogy H™(M, M\S;C) (cf. Corollary 7.8 below). In this case the integration 
(7.43) is written f,, (cf. Remark 4.5.3). If, moreover, S is connected, the 
morphism (7.43) is an isomorphism, which is interpreted as a special case 
of the Alexander duality with C-coefficient (cf. Proposition 7.16 below). 


Let R be an m-dimensional compact manifold with boundary in M. 
Letting O be a neighborhood of OR in M, we apply the above by setting 
S = RO. As to the covering U = {Up, Ui}, we let Up = MS and U; a 
neighborhood of R. Let Ri = R and Ro = M\ Int R. Then {Ro, Ri} isa 
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honeycomb system adapted to U. Then, Noting that Ro; = —OR, we have 
the integration 


/ AAU, Uo) —C given by [g] b> ie _ [, (7.44) 

If S = RNO is a subcomplex of M, there is a canonical isomorphism 

AY (U, Uo) ~ H™(M,M~S;C), which is isomorphic with H™(R,OR;C), 

if S has the same homotopy type as R. If, moreover, R is connected, the 

integration morphism (7.44) is an isomorphism, which is a special case of the 

Lefschetz duality with C-coefficent (cf. Remark 7.18 and Proposition 7.19 
below). 


Remark 7.14. In most of the situations we consider, the set S as above 
is given beforehand. However, if {Up, U,} is a covering of M in general, we 
may consider the cohomology H7,(U, Uo) by regarding M\ Up as S. 


Relative Cech-de Rham theorem 


Let S be a closed set in M. Letting Up = MS and U, a neighborhood of 
S' in M, we consider the covering U = {Uo, U1}, as before. If {Ro, Ri} isa 
honeycomb system adapted to U/, the morphism (7.20) 

xp: A"(U) — St.(M;C) 


is given by 


oxo@)=fe=f oot f vars om 


Suppose now that S is a subcomplex of M with respect to a C™ tri- 
angulation Ko of M and let K, K’ and K* be as in Section 4.1. We may 
assume without loss of generality that U, contains the star S/(S) of S 
in K’. 

Definition 7.12. A honeycomb system {Ro, Ri} is adapted to YU and S if 
it is adapted to U and if Ry C Ox(S). 


For example, if we set Ry = Sx(S), the star of S in the barycentric 
subdivision K” of K’, and Ro = M\Int Ri, then {Ro, Ri} is adapted to 
U and S. 


Theorem 7.10. If {Ro, Ri} is adapted toU and S, then the morphism xp 
induces a morphism 
vp: A’(U,Uo0) — Si.(M, M\Ox:(S);C). 


Moreover, it is compatible with the coboundary operators. 
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Proof. First, let {Rpo, Ri} be an arbitrary honeycomb system adapted 
to U. Then for an element € = (1,61) in A"(U,Uo) and a singular 


r-simplex o, 
(xo@)=f a+] o%tor 
oR, o-!Roi 


Now suppose { Rg, R,} is adapted to S. Then, for a simplex o whose image 
is in M\Ox/(S), o-'R, =90 so that the two terms above vanish. The last 
part follows from Lemma 7.4. 


Corollary 7.8 (Relative Cech-de Rham theorem). Let S be a closed 
set in M. If S is a subcomplex of M with respect to some triangulation of 
M, there is a canonical isomorphism: 


Xp : HU, Uo) — H"(M, M~8S;C). 
Proof. The morphism xp in Theorem 7.10 induces a morphism 
HD, Uo) > Ai.(M, M\Ox:(S);C) ~ A"(M, M\S;C). 
Comparing (7.41) with the exact sequence 


--. => H"-(M\S) > H"(M,M~S) > H"(M) > AT(M\S) >>, 


and using the five lemma, we see that it is in fact an isomorphism. 


Remark 7.15. 1. The isomorphism yp in Corollary 7.8 is independent of 
the choice of the honeycomb system adapted to U and S. 


2. In Corollary 7.8, considering the case of the covering U/*, we see that 
there is a canonical isomorphism Ht,(M, MS) + H"(M,M\~S;C). This 
is compatible with the excisions in Proposition 7.7 and (B.10). 

3. In fact, for every closed set S in M, there is a canonical isomorphism 
Hi,(U, Uo) + H"(M,M~S;C). The point in the above description is that 
the isomorphism is expressed as the integration of CdR cocycles on singular 
chains. 


Pull-back: Let M and M’ be C® manifolds and let S and S” be sub- 
complexes of M and M’, respectively, with respect to some triangulations 
of M and M’. Let f : (M’,M’~S’) — (M,M\S) be a C™® map. We 
set Up = MS and Uj = M'\S’. Letting U; and Uj be neighborhoods 
of S and S” such that f(U{) C U1, we consider coverings U = {Uo,Ui} 
and U’ = {Uj, Uj} of M and M’. On the one hand we have the pull-back 
f* : HBU,U0) > HEU’, UG) as defined in (7.38) and on the other hand 
we have the pull-back f* : H"(M,M~S;C) > H"(M’', M’\S’;C) on the 
singular cohomology. We readily see the following: 
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Proposition 7.8. The following diagram is commutative: 
HU, Uo) Sal H"(M,M\~S;C) 


r| [r 


H®, (U',U’) —~+ H"(M’, M’\S';C). 
a ae 


Isomorphism via triangulation: We could also use a triangulation to 
define the isomorphism in Corollary 7.8. We choose a honeycomb system 
{Ro, Ri} so that it is adapted to U, K’ and S (cf. Definitions 7.9 and 7.12). 
For example, we may set Ry = Sxv(S') and Ro = M\ Int R,. Then we 
have the morphism (7.23) for A’: 


Wp: ATU) — Ch (M;C). 
It induces a morphism 
Wp : ATU, U0) — Ch. (M, MX Ox:(S);C), (7.45) 
given by 


to) = [é= = f+ dee. die 


for a relative r-CdR cochain € = (€,,€ 1) and an r-simplex t of K’. Then 
wp induces an isomorphism 


Wp : Ap (U, Uo) => Hi. (M, M\Ox:(S);C). 
Combined with Hy..(M,M\Ox:(S);C) ~ H"(M,M~S;C), we have the 
isomorphism yp of Corollary 7.8. 
Isomorphism in dual cells: We consider the morphism (7.39) 

bp: AU) — Cr-(M;C), 

which is given by (7.40). If we choose a honeycomb system {Rpo, Ri} so 
that it is adapted to U, K' and S, we see that it induces a morphism 

vp: A"(U, U0) — Crs (M, MX Ox: (S);C), 
given by 


w= fe=f otf wo (748) 


for an r-cochain € = (£1, 01) and an r-cell s*. Then 7 induces an isomor- 
phism 

Wy : HEU, U9) — Hic (M, MX Ox:(S);C). 
Combined with Hj,.(M,M~\Ox:(S);C) ~ H"(M, M~\S;C), we have the 
isomorphism of Corollary 7.8. 
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Cup product: Let M, S and U = {Uo,U;i} be as above. In the product 
A™(U) x AS(U) > A™t8(U) of (7.31), we have, for € = (€,€1,€01) and 
7 = (0,101); 


E~ n= (fo A 70,81 Am, (-1)"E0 A mor + £01 A m)- 
Thus, if € is a relative CdR cochain, i.e., if & = 0, then 


E~ n= (0,1 Am, &o1 Am) (7.47) 


and we have a product A"(U, Uo) x A®’(U) > A™t+8(U, Up), which induces a 
product 


An, Uo) x Ap (U) > ADU, Up). 


Suppose now that S' is a subcomplex of M with respect to a triangu- 
lation Ko of M. Then there is a honeycomb system adapted to U (cf. the 
paragraph after Definition 7.12) and thus there is a canonical isomorphism 
xp : H},U) + H*(M;C) (Theorem 7.6). There is also a canonical isomor- 
phism yp : H1,(U, Up) + H"(M,M~S;C) (Corollary 7.8). 

Recall that we have the cup product (cf. Section B.1) 


H"(M, M\S;C) x H*(M;C) —> H"**(M, M\S;C). 


Theorem 7.11. In the above situation, the following diagram is commu- 
tative: 


H}(U, Uo) x HU) ———> Hp**(U, Up) 


xoxx0 | [xe 


H"(M, M\S;C) x H*(M;C) —> H’+*(M, M\S;C). 


Proof. Recall that in the diagram of Theorem 7.9, if U/ is the simplicial 
covering associated with K, all the morphisms exist and are isomorphisms. 

Let Ko be as above and K’ the second barycentric subdivision of Ko, 
as before. Let I be the set of vertices of K’ and we consider the simplicial 
covering W = {W.}aer associated with K’. Let (A*(W),D) denote the 
Cech-de Rham complex on W. Also let Ip denote the set of vertices not in 
S and I; the set of vertices in S. We set Wo = {Wahaen;, 


C?(W, Wo; A%) = {6 € CP(W; AY) | Cay..a, = 9, if a; € Io, OS <p} 


and A’(W,Wo) = By ger C?(W, Wo; A?). Then A*(W, Wo) is a subcom- 
plex of A*(W), whose cohomology is denoted by H,(W,Wo). 
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There is a natural inclusion 

yp : A"(U, Up) 4 C°(W, Wo; A") ® C*(W, Wo; A”™") C A"(W, Wo), 
which assigns to a cochain (£1, 1) the cochain ¢ given by 

2 &y ifach _ £01 if ag Elo, a Eh 
Sa = ‘5 otherwise, Sapar = 0 otherwise. 
It is compatible with the differentials D and D and induces a morphism 
yp: Hp(U, Uo) — Hp(W,W»), 

which is shown to be an isomorphism, as Theorem 7.1. 

Next we set 

C™(W,Wo3C) = {cE C7; C) | Cag..a, =9, ifai € Io, OS t<r}. 
Then C*(W,Wo;C) is a subcomplex of (C*(W;C), 6), whose cohomology 
is denoted by H"(W,Wo;C). There is a natural inclusion 

ys : C’(W, Wo; C) @ C™(W, Wo; A°) C A” (W, Wo). 
It is compatible with 6 and D and induces a morphism 
Ys: HH" (W,Wo;C) —- AA(W,Wo), 

which is shown to be an isomorphism, as Theorem 7.2. 

Since there is a honeycomb system adapted to W, K’ and S, there is 
a morphism wp : ATW) > Ch.(M;C) (cf. (7.23)), which induces wp : 
A"(W,Wo) > Ci. (M, M~Ox:(S);C). The composition ~ o yp is the 
morphism ¢~, of (7.45), which induces an isomorphism on the cohomology 
level. We have the morphism ~ : C’(W,Wo;C) > Ck (M, M\OxK:(S);C) 
as the composition 7p o ys. It induces an isomorphism on the cohomology 
level as Theorem 7.3. Thus we have the commutative diagram (cf. (7.28)) 


A? (U, Up) —*2—+ A" (W, Wo) ——*— 07 (W, Wo; C) 
bd 
Ws 
Che (M, MX OxK:(S);C), 
which induces the commutative diagram 


H?,(U, Up) —2—> H3,(W, Wo) <—"— _H"(W, Wo; C) 


Wy | 
Vp 
v5 
HYy..(M,M\Ox:(S);C). 


In the above, yp, wp, Ys and W are isomorphisms. Thus wp is also an 
isomorphism. The product H7,(U,Uo) x H}(U) corresponds to the prod- 
uct H5(W, Wo) x H4(W), which in turn corresponds to the cup product 
H"(M,M~S;C) x H*(M;C) via the isomorphisms of Theorem 7.9. 
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Remark 7.16. The formula (7.47) shows that there is a product 

A” (U, Uo) x A*(U1) — A”**(U, Uo), 
which induces a product 

Ap, Uo) x AG(U1) => ADU, Uo). 
Denoting by U4, the covering {Up1,U,} of U,, we have canonical isomor- 
phisms AAU, Uo) & Ay (M,M~ S) + AYU, U, N S) = HY (M1, U1) 
(cf. Propositions 7.6 and 7.7). There is also the de Rham isomorphism 


xa: H3(U1) + H°(Ui;C) (Theorem 7.5). Thus we have the commutative 
diagram: 


Ht,(U, Up) x H§(U,) ————— H7*(U, Up) 


XD xa ix» 


H"(U;,U,\S;C) x H9(U;;C) — H"t4*(U;, UN S;C). 


More generally, let S; be a closed set in M,i=1,2. Let us =MN~S; 
and ul a neighborhood of Sj and consider the covering U“ = uo, uy 
of M. We set S = S, MS, Up = MS and U, an open neighborhood of 
S contained in ul) al yu?) and consider the covering U = {Up,Ui} of M. 
The set Up is covered by two open sets U") and Ue. Let {p™, p?)} be a 
partition of unity subordinate to the covering. We define a product 

AUD, UM) x AsU®, UO) = atts(U,Uo) by 


Ev n= (&Am, por Am + (-1)" (p ELA mor — dp™ A £01 Aor). (7-48) 
Then we see that the equality (7.32) also holds and we have the product 
HEU, US?) x HEU, UP) — HEU,U). (7.49) 
It is not difficule to see that (7.49) does not depend on the choice of the 
partition of unity {p™, p@)}. 
In particular, if $2 = M, we may set p = 1 and p®) = 0 and (7.48) 
reduces to (7.47). 


Proposition 7.9. [f 5S; and S2 are Ko-subcomplezes of M, the following 
diagram is commutative: 


HUM, US?) x HZ(U®, US?) ———-+ H5}*(U, Up) 


XD * x0 | if» 


H"(M, M\S1;C) x H*(M, M\ S;C) —> H’+*(M, M\S;C). 
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7.8 Description of dualities in differential forms 


We describe the Poincaré, Alexander and Lefschetz dualities with C- 
coefficient using differential forms. We also discuss some related topics 
along the way. 

Let M be a C™® manifold of dimension m. Also let Ko be a C@™ trian- 
gulation of M and let K, K’ and K* be as in Section 4.1. 


Absolute case 


Cap product: Let qq: A?(M) > C?-(M;C) be as in (7.25). We define 
the cap product 


CK (M;C) x A?(M) —+ CK,,(M;C) by cnw=crnwaw) (7.50) 


for a locally finite r-chain c of K and a p-form w with r > p. More explicitly, 
we endow the set of vertices of K with a simplicial ordering and for an 
ordered r-simplex s = (a9,...,Qr), A0 <-+++ < Gr, we set $1 = (Q0,...,Qp) 
and s2 = (Qp,...,a,). Then 


sow=(f w) a (7.51) 


By (B.17), we have the cap product 
H,.(M;C) x H2(M) —>+ H,—»(M;C). 


For a closed p-form w and a closed q-form 0, we may write, by Theo- 
rem 7.9, 


Wa(w A 0) = walw) ~ valO) + 5u, ue CRtI1(M;C). 
Then for an r-cycle c we compute, using (B.17) and (B.18), 
en (WA) =(enw) A 0+ (-1)?T4A(e> u). (7.52) 
Thus on the level of homology and cohomology, 
[el > wA 6] = ([] > (wl) > (8). 


Note that, if c is a finite chain in (7.50), so is c ~ w. Thus we have the 
cap product 


Cy (M;C) x A?(M) —> CL, (M;C), 
which induces 


H,(M;C) x H?(M) —> H,—-»(M;C). 
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Proposition 7.10. Let c be a finite r-chain. 


enw) = fiw 


where e : CK (M;C) — C denotes the augmentation. 


1. For an r-form w, 


2. Let w and @ be a closed p-form and a closed q-form, respectively. If c is 


a cycle andifp+q=r, 
fons= | 0. 


Proof. The statement 1 follows from (7.51) and 2 follows from (7.52) and 
1, noting that the composition CK (M;C) x CK(M;C) + C is the zero 
map. 


We can do exactly the same things for CdR cochains, using the mor- 
phism wp : ATU) > CK(M;C) in (7.23) instead of wa. 
Recall that, if M7 is compact and oriented, we have the integration 


Sup HIt(M) 3 C (ef. (7.12). 


Proposition 7.11. Suppose M is compact and oriented. Then, for a class 
a in H™(M;C) and the class [w] in H'?(M) corresponding to a under the 
isomorphism of Theorem 7.5, we have 


(iM},0) = f fe 
M 
Proof. This follows from Proposition 7.10.1 and (B.19). 


The right-hand side above is in fact [,, w. 


Poincaré duality: We assume that / is oriented and use the orientation 
conventions in Sections 4.1 and 4.2. From the Poincaré duality with C- 
coefficient (cf. Theorem 4.1) and the de Rham theorem (Theorem 7.5), we 
have: 
Theorem 7.12. There is a canonical isomorphism: 
P: H®(M) > Hm_p(M;C). (7.53) 

It is also referred to as the Poincaré duality. The isomorphism is induced 

by the composition 


AP(M) 4 CR..(M;C) — CK_,(M;C), 
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where the second one is (4.6) with C-coefficient. It assigns to a p-form w 


the (m — p)-chain 
er ee ae 
8 s* 


where s runs through all the oriented (m — p)-simplices of K. 

In particular consider the case p = m. If M is compact, Ho(M; C) = 
Ho(M;C) and there is the augmentation ¢, : Ho(M;C) > C. In this case, 
we have 


2P({w}) = [i (7.54) 


for any closed m-form w, which restates the equality in Proposition 7.11. 
If, moreover, M is connected, €, is an isomorphism so that (7.53) may be 
thought of as given by the integration 


i: : A (M) — C. 


The isomorphism (7.53) is also induced from the composition (cf. Corol- 
lary 4.1) 


A?(M) “ C®.,(M;C) “3 OK (M;C), wa Mnw. 


Thus, from Proposition 7.10.2, we have: 


Proposition 7.12. Suppose M is compact. Then in (7.53), a class [w] in 
H'(M) corresponds to the class of an (m— p)-cycle c such that 


f° = , wh for every closed (m — p)-form 6 on M. 
c M 


In the case p = m, we recover (7.54). 
Noting that, if WZ is compact, 


Ayn p(M;C) = Hm—p(M;C) ~ H™-?(M;C)* ~ Hy” ?(M)*, 
we have 
Corollary 7.9. If M is compact, the pairing 
A?(M) x A™-?(M) “+ A™(M) 4 C 
induces a non-degenerate pairing 
H®(M) x HT-?(M) > HP(M) “SC 
that defines the Poincaré duality (7.53). 


These describe Proposition 4.1 and Corollary 4.2 in terms of differential 
forms. 
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Intersection product: Intersection products (cf. Section 4.4) may also 
be described in terms of differential forms, using Theorems 4.7 and 7.12. 

We consider the case M is compact. For an (m—p)-cycle c and a p-cycle 
c on M, we have the intersection product [cq] « [c’] in Hp(M;C) = Ho(M;C). 
We take a closed p-form w and a closed (m—p)-form 6 such that P([w]) = [c] 
and P([w’|) = [c’]. Then we have (cf. (4.32) and Proposition 7.10) 


eld [e) = f wru'= fw’ 


where €, : Ho(M;C) — C denotes the augmentation. If M is connected, 
we may drop €x. 

The intersection product with a map is described as follows. Let V be 
a compact oriented C® manifold of dimension d’ and f : V — M aC™ 
map (M may not be compact). From Propositions 7.5 and 7.12 we have: 


Proposition 7.13. Let a be a class in Hm—p(M;C) and w a closed 
p-form on M with P(|w]) = a. Then the intersection product (V +7 a)v 
in Hy —p(V;C) is represented by a cycle c! such that 


/ y= | frwrAy for every closed (d' — p)-form p on V. 
C Vv 
In particular if p = d’, we have 


e(Vepav = f fw, 


where ¢, : Ho(V;C) — C denotes the augmentation. If V is connected, we 
may drop €x. 

Note that, in the case V is a submanifold of M with the inclusion 
i:VOM, (V+a)v = (V-> a)y is the intersection product with V in 
Hu _»(V; C). 


We discuss the following topic before we go further to the relative case. 


Push-forward: Let 7:7’ — M be an oriented fiber bundle with fiber F 
(cf. Section 3.7). If F' is compact we have the integration along the fibers 
a, : A’ +?(T) — A?(M), where I’ is the dimension of F (cf. Section 6.3). 
By Proposition 6.3, if OF =, 7, induces a C-linear map 


nm : Ho t?(T) — H?(M). 


On the other hand, if M is oriented, the total space T is also oriented 
and we have the push-forward 7, : H!+?(T) + H?(M) as defined in (4.19). 
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Proposition 7.14. In the above situation, the following diagram is com- 
mutative: 


HY+?(r) ~> H"+°(7;C) 


Hi(M) ——> H?(M;C), 
where the horizontal isomorphisms are the de Rham isomorphisms. 
Exercise 7.6. Prove Proposition 7.14. 


See Section 7.9 for the case OF #4 Q. 


Relative case 


Let S be a closed set in M and U = {Up, U1} a covering of M with Up = 
Mw~S and U; a neighborhood of S' as before. 


Cap product: Suppose that S is a subcomplex of M with respect to 
Ko. Then there is a honeycomb system {Ro, Ri} adapted to U, K’ and S. 
Recall that there is the cap product (cf. (B.39), (4.12)) 


C¥" (Sies(S), OSK? (8); C) x CR, (SKr(S), 9S K1(S);C) > CX (Sx1(S);C). 


Note that CK" (Sic(S), 05K+(S);C) = CK (Sx-($);C)/CK (OSx:(S);C). 
We denote by c the class of a locally finite chain c and refer to it as a 
locally finite relative chain. 

We have the morphism 7, : A?(U,Uo) + Ch. (M,M ~ Ox:(S);C) 
in (7.45). Noting that C?,(M,M ~\ Ox’(S);C) may be identified with 
C®.(SK(S), OSK(S);C), we define the cap product 


CH (81¢1(8), 084(S)sC) x APU, Uo) + CK (Sx(S)sC) (7.58) 
by cn € =c~ ¥)/(E) for a locally finite relative r-chain c and a relative 
p-CdR cochain €. 

To express it more explicitly, endow the set of vertices I of K’ a simpli- 
cial ordering and for an ordered r-simplex t = (ao,...,Q,), @o <-+++ < Gp, 
we set t) = (ao,...,Q@,) and te = (ap,...,a,). For ¢ as above, we write 
c = att, locally finite sum with t ordered r-simplices and az complex 
numbers. Then, for a relative p-CdR cochain € = (&, £01), 


eng= dal | 


f+ / fou) + te. (7.56) 
tyNRy tin Ro. 
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Note that the right-hand side does not depend on the representative 
c=) agt, since, if t is in OSx/(S), then t; OR, = 0. 
By (B.17), the product (7.55) represents the cap product 
H,.(S(S), OS«1(S);C) x H2(U, Uo) > Hy—p(S;C). 


We apply Theorem 7.11 with M = U, (cf. Remark 7.16). For a relative 
p-CdR coycle € and a closed q-form 7, on U;, we may write 


UD(E-~ m) = Wp(§) ~ valm) + du, ue CRIT 1 (Uy, U1\ Ox: (S);C). 


Then for a relative r-cycle cin C¥' (Sx:(S), 0S«-(S);C), we compute, using 
(B.17) and (B.18), 


en (E~m) = (er €) 0m + (-1)?** Oe w). (7.57) 
Thus on the level of homology and cohomology, 


[el ~ (E] = Im) = (lel > (61) > [ral 


Note that, if ¢ is a finite chain in CK'(Sjx/(S);C) and € is a relative 
p-CdR cochain, then ¢ ~ € is a finite chain in CK’ (Sx:(S);C). In par- 
ticular, if p = r, writing c = )oa¢t, we have the integration (cf. (7.22), 


Remark 7.10) 
JES fae) 


The following is a relative version of Proposition 7.10: 


Proposition 7.15. Let c be a finite r-chain in CK (Si/(S);C). 
1. For a relative r-CdR cochain €, 


ene)= fe, 


where € : CE (Sic(S);C) > C denotes the augmentation. 


2. Let € be a relative p-CdR cocycle and n, a closed q-form on U,. If ¢ is 
a relative cycle and ifp+q=r, 


feva-f m- 
c eng 


Proof. The statement 1 follows from (7.56) and 2 follows from (7.57) and 
1, noting that the composition C# (S'x-(S);C) Bs CE" (Si¢+(S);C)  C is 
the zero map. 
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Alexander duality: We now assume that M is oriented and use the 
orientation conventions in Sections 4.1 and 4.2. From the Alexander duality 
with C-coefficient (cf. Theorem 4.2) and the relative Cech-de Rham theorem 
(Corollary 7.8), we have: 


Theorem 7.13. [f S is a subcomplez with respect to a triangulation Ko of 
M, there is a canonical isomorphism: 


A: H®(U, Uo) ~+ Hm_p(S;C). (7.58) 
It is also referred to as the Alexander duality. Let kK, K’ and k* 
be as before and {Ro, Ri} a honeycomb system adapted to U, K’ and S 
(cf. Definitions 7.9 and 7.12). Then the isomorphism is induced from the 
composition 
AP(U, Up) 2 CP..(M, MX Ox:($);C) — CX_,(S;C), 


where the first one is defined as in (7.46) and the second one is (4.10) with 
C-coefficient. It assigns to a relative p-CdR cochain € = (€1, 9) the chain 


S- Cg 8, Cz3= / &y +f 01, (7.59) 
s s*nRy, s*ORo1 


where s runs through all the oriented (m — p)-simplices of K in S. 

In particular consider the case p = m. If S is compact, H(S;C) a 
Ho(S;C) and there is the augmentation ¢, : Ho(.$;C) > C. In this case, 
since the m-cells s* appearing in (7.59) cover Sx:(S), we have 


,A((E]) = [ of? I at fo, (7.60) 


which coincides with the integral [,, € in (7.42). If, moreover, S is con- 
nected, ¢, is an isomorphism and we have: 


Proposition 7.16. IfS is compact and connected, in the Alexander duality 
Hy (U, Uo) —+ Ho(S;C) = C, 
the class of € = (£1, 01) is sent to the complex number Jy, &. 
The isomorphism (7.58) is also induced from the composition (cf. (4.11)) 
APU, Up) “8 Che, (Sx1($),O8x°(8);C) + CR" ,(S1(S);©), 


where the second map is the cap product with the relative cycle S'x/(S). 
Note that for a particular choice of ordering of the vertices of K’, the 


receiving group can be OF 3(5: C). 
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Suppose that S is compact. In this case Sx/($) is a finite relative cycle 
and letting c be Sx/(S) in Proposition 7.15.2, we have: 


Proposition 7.17. Suppose S is compact. Then in (7.58), a class [E] in 
H?,(U, Uo) corresponds to the class of an (m— p)-cycle c in S such that 


[u=f aam+ f €o1 Am 
c Ry Roi 


for every closed (m — p)-form m, on Uj. 


In the case p = m, we recover (7.60). 


If S is compact and if U; has the same homotopy type as S (for example, 
the open star Ox (5) of S in K), we have 


Hy (5! OC) Hye 3(S) 0) Hy (UGC) HT a) 


Corollary 7.10. If S is compact and if U, has the same homotopy type as 
S, the pairing (cf. Remark 7.16) 


APU, Uo) x A"™-P(Uy) + AU, Uo) 2% € 


induces a non-degenerate pairing 


HB(U,Uo) x Hy?(Ui) > HBU, Uo) “4 
that defines the Alexander duality (7.58). 
Remark 7.17. Let M and S be as above. If a stratification of S is given, 


then, instead of the covering as above, we could take a covering as described 
in Example 7.2.3 to obtain more “precise” results. 


Before we proceed to the Lefschetz duality, we consider the following 
situation. Let R be an m-dimensional compact manifold possibly with 
boundary in M. We may assume that R and OR are Ko-subcomplex of M. 
By setting S = R in the above, we have the integration, which we denote 


by Sr 
| : H®(U,Uo) — C. (7.61) 
R 


As noted above, it coincides with the integration (7.43) for S = R. We also 
have a canonical isomorphism (cf. Corollary 7.8): 


H?,(U, Uo) ~ H?(R,OR;C). 
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If R is connected, the integration morphism (7.61) is an isomorphism, 
which is a special case of the Lefschetz duality with C-coefficent (cf. Propo- 
sition 7.19 below). 

In this situation, we have a generalization of Proposition 7.11: 


Proposition 7.18. Suppose M is oriented and R is compact. Then, for a 
class a in H™(R,OR;C) and the class [€] in H(U,Up) corresponding to 
a under the above isomorphism, we have 


Proof. This follows from Proposition 7.15.1 and (B.19). 


Remark 7.18. In the equality above, the right-hand side is given by [ ro= 
Jr, & + Sp, 601 with {Ro, Ri} a honeycomb system adapted to UW. If €o1 
is defined on a neighborhood of OR, by the Stokes theorem, we may write 


(cf. (7.44)) 
f= fa- fi t- 


Lefschetz duality: Suppose M is oriented. If R is an m-dimensional 
manifold with boundary in M, the Lefschetz isomorphism with C-coefficient 
(cf. Theorem 4.3) 


L: H2.(U,Up) > Hm—p(R;C) (7.62) 
is obtained by setting S = R in Theorem 7.13. Thus it is induced from the 
morphism assigning to € = (€1, 01), the cycle as given in (7.59). 


In particular, in the case p = m and R is compact, we have an expression 
as (7.60): 


e,L((é]) = i é (7.63) 


for any m-CdR cocycle £, which restates the equality in Proposition 7.18. 

If, moreover, R is connected, we have a statement as in Proposition 7.16 

for the Lefschetz duality: 

Proposition 7.19. [f R is compact and connected, in the Lefschetz duality 
H?(U, Uo) —> Ho(R;C) ~ C, 

the class of € = (€1,€01) is sent to J, &. 


If R is compact, we have statements corresponding to Proposition 7.17 
and Corollary 7.10, setting S = R. 
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Remark 7.19. With the expressions as above of the duality theorems, we 
have a diagram similar to the one in Proposition 4.4 with C-coefficient. 


Example 7.3. We describe the Alexander duality for the pair (R”, {0}) 
in terms of relative Cech-de Rham cohomology. By the Alexander duality, 


Cc p=m, 
0 pF, 


where we denote R™~ {0} simply by R™\ 0. Let U = {Uo,Ui} be the 
covering of R™ given by Up = R”™~\O and Ui = R™. Then we have 
H?(R™,R”™\0;C) ~ H®(U,Uo). Also, let R; be the closed unit ball 
with center 0 and Ro = R™\ Int R; so that Roy = —OR, = —S™!. 
Any class of H™(R™,R™\0;C) is represented by a cocycle € = (£1, £01) 
in A™(U,Up) and the isomorphism H™(R™”,R™” \0;C) > C is given by 
[g] ai Jr, eit i fo1- 

We may make the expression more explicit. First, as H?(R™;C) = 0 
for p > 1, we have the exact sequence: 


H?(R™,R™\0;C) © Hm-p({0}; C) = 


0— H™-1(R™,C) £5 A™-1(R™\0;C) 25 H™(R™,R™\0;C) 3 0, 
where i: R™\0 © R” is the inclusion. 


(1) The case m = 1. We have H°(R;C) ~ C, H1(R,R\O;C) ~ C and 
H°(R\0;C) ~ C? and each element in H°(R\0;C) ~ H¥(Up) is 
represented by a locally constant function f on R\O, which is written 
f = (c4,c_) with cy and c_, respectively, the values of f on the positive 
and negative parts. Thus every element in H1+(IR, RO; C) is represented 
by an element of the form (0,—f) with f as above. It corresponds to 
— no, f = ¢+ — c— by the isomorphism A(R RSC) C, 

(2) The case m > 1. We have H™~!(R™; C) = 0 and 6* is an isomorphism. 
It assigns to the class [6] in H™—!(IR™\0;C) ~ H1”~"(IR™\O) of a closed 
(m — 1)-form @ on R™\0 the class of (0,—0) in H™(R™,R™\0;C). 
Thus every class [€] in H™(R™,R™ \0;C) is represented by a cocycle 
of this form and the isomorphism H™(R™,R™ \0;C) + C is given by 


ae es 0. 


Localized intersection product: Localized intersection products 
(cf. Section 4.4) may be described in terms of differential forms, using The- 
orems 4.8 and 7.13. Here we discuss the case of intersection product with 
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a map (cf. Definition 4.4, where the homology and cohomology are with 
Z-coefficient). 

Let M, S and U be as before and suppose S' is a subcomplex of M. 
Let V be an oriented C® manifold of dimension d’ and f:V > Ma 
C® map. We set Z = f~!(S) and let W = {Wo, W,} be a covering of V 
with Wo = V\Z and W, a neighborhood of Z in V such that f(W,) C U4. 
Suppose that Z is a subcomplex of V with respect to some triangulation Lo 
of V and let L’ be the second barycentric subdivision of Lg. Then there is 
a honeycomb system {Qo, Qi} adapted to W, L’ and Z (cf. Definitions 7.9 
and 7.12). For example, we may set Q; = Sz (Z) and Qo = V\ Int Qi. 

For a class c in Hm_—p(S;C), we have the localized intersection product 
(V “ff C)z in Hw —»(Z; C). 

From Propositions 7.8 and 7.17 we have: 


Proposition 7.20. In the above situation, suppose that Z is compact. Let 
a be a class in Hm—p(S;C) and € = (€1,€01) a cocycle in AP(U, Uo) with 
A([£]) =a. Then the localized intersection product (V +, a)z in Hw —p(Z;C) 
is represented by a cycle c’ in Z such that 


[e=f rarer], ranae 


for every closed (d’ — p)-form y on W,. 


In particular if p = d’, we have 


aVeyaa= f rat fe f* E01, 


where ¢, : Ho(Z;C) > C denotes the augmentation. 

Suppose Z has a finite number of connected components (Z)),. Then 
Hu —p(Z;C) = @y Ha—p(Zy;C) and, for a class a in Hm—p(S;C), the class 
(V +, a)z determines a class (V +7 @)z, in Ha—p(Z); C) for each A. For each 
A, we take an open neighborhood W), of Z) in W, so that W,. 1 W, = 0 
if \ A pw. We may assume that Qi C U, Wy and set Q, = Q1M Wy and 
Qyo = Qi0 NW) (= —OQ)). Then, letting € be as in Proposition 7.20, the 
localized intersection product (V +¢a)z, in Hw —p(Z);C) is represented by 
a cycle c\ such that 


[e-f rarerf renae 


for every closed (d’ — p)-form y on Wy. 


Cech-de Rham Cohomology 225 


In particular if p = d', Ho(2);C) ~ C and (V +-a)z, may be thought 
of as a number given by 


woen= [ ae a Pei (7.64) 


7.9 Thom class in Cech-de Rham cohomology 


The Thom isomorphism and the Thom class are introduced in Section 4.3 
from the topological viewpoint in cohomology with Z-coefficient. In this 
section we express them in terms of differential forms via the relative Cech- 
de Rham theorem (Corollary 7.8). Thus the cohomologies involved here are 
with C-coefficient. 

Throughout this section, MM denotes a C'° manifold of dimension m. 


Case of submanifolds 


Let V be a closed submanifold of dimension d’ of M. We set k’ = m— dd’. 
Assuming that the normal bundle of V in M is oriented, we have the Thom 
isomorphism (Theorem 4.4). It also holds with C-coefficient and there is 
an isomorphism: 
Te : H?(V;C) “> H*+?(M, M\V;C). 

We set Wi = Tf-([1]) and call it the complexified Thom class of V. The class 
Wy is the image of the Thom class Wy in Definition 4.2 by the canonical 
morphism H*’(M, M\<V;Z) > H*(M,M\V;C). 

Letting Up = MSV and U, a neighborhood of V, we consider the 
covering U = {Up,U;} of M. Then we have a canonical isomorphism (cf. 
Corollary 7.8): 

H™ (M,M\V;C) ~ HEU, Up). 
The class in H uf (U, Up) corresponding to WF is also denoted by WF. Let 
Ko, K, K', K* and Ky, be as in Section 4.3. If we choose a honeycomb 
system {Ro, R1} so that it is adapted to U, K' and V (cf. Definitions 7.9 
and 7.12), then by Proposition 4.5, the class Wf is represented by a cocycle 
(v1, Wo1) in AR (U, Up) such that, for each oriented k’-cell s* forming a basis 
of CE (MC), 


1 if s*nV 49, 
/ 1 +f Wor = : 7 (7.65) 
s*ORy s*NRo1 0 otherwise 


(cf. (7.46)). In fact the above characterizes the Thom class. 
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Remark 7.20. In the case M and V are oriented, we have a commutative 
diagram as in Proposition 4.9 with C-coefficient and we have A(Wf) = [V] 
in Hw (V;C) (cf. (4.24)). Since Hg (V;Z) 3 Ha (V;C) is injective, so is 
H® (M, M\V;Z) > H® (M, M\V;C). Thus we may identify YW with Vy 
and denote Wy, by Wy in this case. 


If we choose U, to be a tubular neighborhood of V with a C° deforma- 
tion retraction r : U; + V, then we have the composition of isomorphisms 


H?(V;C) ~ Hy(V) —> HG(U1), 


where the first one is the de Rham isomorphism (Theorem 7.5). We may 
express the Thom isomorphism as (cf (4.25) and Remark 4.11) 


Te: HR(V) + HE*?U,Uo), —TE((6)) =¥E~r*((8]), (7.66) 
where Wf, ~ r*([9]) is represented by (#1 Ar*6, Wo1 Ar*@) (cf. Remark 7.16). 


Case of oriented vector bundles 


Let 7: E — M be a C™ oriented real vector bundle of rank I’. We denote 
by +’ the image of the zero section sy : M — E. Let Ky be a triangulation 
of the total space & compatible with X’. We identify M with X’ by sg and 
denote by K the triangulation of M induced by Kg. If we denote by kK} 
and K* the cellular decompositions of EF and M dual to Kg and K, the 
Thom isomorphism with C-coefficient 


TS : H?(M;C) “> H"+°(E, EX S:C) 
is induced from the isomorphism 
TE : Ch. (M;C) > Cyr?(E, EN Ox, (Z);C), ur ug, 
where ug is given by, for each (m— p)-simplex s in Kg, 
(s*,u) if sc M, 
0 otherwise. 


(Sk, UE) = 


In the above, sj, and s* are the dual cells of s in Kj and K*, respectively, 
so that s* = 83,1 M (cf. (4.20)). The complezified Thom class Wf, of E is 
defined by Wf = Ty,((1]). It is the image of Wz by the canonical morphism 
H" (E, EX Z;Z) > H"(E, EXZ;C). 

We show that, if we use the relative Cech-de Rham cohomology, the 
inverse of the Thom isomorphism in given by integration along fibers. Thus 
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we set Wo = EX. Letting W, = ELE, in fact we may take arbitrary 
neighborhood of 7 in E as W, by Corollary 7.7, we consider the covering 
W = {Wo, W,} of (the total sapce of) E. Let T, be a closed ball bundle in 
W), with respect to some Riemannian metric on E (cf. Remark 9.1 below), 
and let To = E\ Int T,. Then {75,7} is a honeycomb system adapted to 
W. We denote by 7, and 71, respectively, the restrictions of 7 to T, and 
Toi. Thus 7 : T; — M is a closed I'-ball bundle and 71 : Tp) ~ M an 
(l’ — 1)-sphere bundle. Note that the orientation of To: is opposite to that 
of the boundary of 7}. 
Definition 7.13. The fiber integration on CdR. cochains 
7, : A" +P(W, Wo) — A?(M) 

is defined by 

T€ = (71)x€1 + (To1)*fo1 = for € = (£1, £01). 


From Proposition 6.2, we have the following: 


Proposition 7.21 (Projection formula IT). In the above situation, 
1. For € in A’ +?(W,Wo) and 6 in A1(M), 

T(E 1°0) = TEND, 
where 1*0 is considered as an element in A9(W}). 


2. If M is compact and oriented, for € in A" +?(W, Wo) and @ in A™-?(M), 


[evwe= fi mene. 


Also, using Proposition 6.3 and noting that (07), = —(701)«, we have: 
m0 D+(-1)'*!dom, =0. (7.67) 

From this we see that the fiber integration induces a morphism 
tH" +?(B, EXE: C) ~ Ht?(W, Wo) — H2(M) ~ H?(M;C). (7.68) 


Theorem 7.14. The morphism (7.68) is an isomorphism. In fact, it is the 
inverse of the Thom isomorphism Ty, with C-coeffictent. 


Proof. By Proposition 7.21.2, we see that the following diagram is 
commutative: 


Al'+?(W, Wo) ——~—> A?(M) 


t0| | 


Cht?(B, EX Ox, (2);C) = 0%. (MC). 
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From Proposition 7.21.1, we recover the expression (4.22) in terms of 
differential forms: 


Tr(a) = Vp v m*(a) for a € H?(M;C). (7.69) 


Thus, if Wf; is represented by a cocycle (W1,Wo1) € A" (W, Wo), Tr is 
induced in cohomology by the map 6 +> (w, A 7*6, 91 A 7*0) from A?(M) 
into A’ +?(W, Wo) (cf. (7.66)). 

We now describe the Thom class in terms of Cech-de Rham cohomology. 
First note that, from Theorem 7.14, we have: 


Corollary 7.11. A class ¥ in H"(W,Wo) coincides with the Thom class 
Wr if and only if 


T,W =1. 


Proposition 7.22. The Thom class V% in H" (W,Wo) is represented by a 
cocycle in A" (W,Wo) of the form 


(me, —), 


where € is a closed l’-form on M and w is an (I! — 1)-form on Wo, such 
that dw = —1*e in Wo, and —(m91). = 1. 


Proof. Suppose W¢% is represented by a cocycle (W1, Wo1) in AY (W, Wo). 
Then, from 0 = D(w1, V01) = (dv1, v1 — dvo1), we see that ~, is a closed 
l'-form on W, and wo; is an (i/ — 1)-form on Wo, such that dwo, = 4. 
Since 7 induces an isomorphism between the de Rham cohomologies of W, 
and M, we have ~ = m*e + dy, for some closed I'-form ¢ on M and an 
(l’ — 1)-form y, on W,. If we set w = —wo1 + 1, then it is an (J/ — 1)- 
form on Wo; and from (w1, Yo1) = (a7*e, —w) + D(v1,0), we see that WF is 
represented by (7*e, —w). We have dy = —n*e in Wo, and, moreover, from 
(71)«01 + (701)«o1 = 1, we have —(701)«% = 1. 


The form w above is called a global angular form. In particular, if M is 
a point, then & = R" and we have 


H5(W, Wo) = H" (R" RR" \{0};C) x C. 


The Thom class W% is then represented by a cocycle (0, —7) with 


| y=1, 
gl/-1 


i.e., w is an angular form (cf. Section 7.10 below). 
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In the diagram (4.23) with C-coefficients, we see that the global angu- 
lar form w restricts to an angular form on each fiber E, and we recover 
Proposition 4.7 using differential forms. 

We readily have: 


Proposition 7.23. Let EF = R"” x M be the product bundle and p: E > 
R" the projection onto the fiber direction. Then the Thom class Up is 
represented by a cocycle in A" (W,Wo) of the form 


(0, —p%), 


where is an angular form on R" ~ {0}. 


If EF = C! x M, Ws is represented by a cocycle (0,—p*6:) with 3; the 
Bochner-Martinelli form on C! (cf. Sections 7.10 and 10.4 below). 

The Euler class in terms of differential forms naturally arises in this 
context: 


Proposition 7.24. The form € in Proposition 7.22 represents the Euler 
class e(E) in H(M) ~ H"(M;C). 


Proof. The class of ¢€ in Fi (M) corresponds, by 7*, to the class of 
H" (W) represented by (m*e,7*e,0). In view of (5.21), the proposition 
follows from (0, 7*e, —) — (m*e,7*e,0) = D(w,0,0) in A" (W). 


Proposition 7.25. The Euler class e(F) vanishes if and only if there is a 
closed (1 — 1)-form ~' on Wo, such that Wf is represented by (0,—w"). 


Proof. If e(£) = 0, there is an (i/ — 1)-form 7 on M such that « = dj. 
Then (z*e, —w) = (0, —¥’) + D(x*n, 0), where w’ = w+ 7*n. The converse 
is obvious. 


In particular, if EF is trivial, we have e(E) = 0. More generally, we 
recover the following: 


Proposition 7.26. If E admits a non-vanishing section, then e(F) = 0. 


Proof. A non-vanishing section s can be thought of as a section of Wo1 = 
EX. Since 1*e = —dw in Wo1, we have € = —ds*v on M. 


7.10 Angular form and Bochner-Martinelli form 


We give an explicit closed (m — 1)-form generating H1’~'(R™~ {0}) ~ 
H™1(S™"-!;C) ~ C. As we have seen, it is in the core of the Thom class 
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of a real oriented vector bundle. In the complex case, we have the Bochner- 
Martinelli form on C” \ {0}, which is a closed (2n — 1)-form generating 
Ha" *(C"\{0}) ~ H?7"-1(S2"-1;C) & C. In fact it is a O-closed (n, n—1)- 
form. As we see later, it is in the core of the Thom class of a complex 
vector bundle (cf. Section 10.4). 

Consider the forms on R™ = {(#1,...,%m)} given by 


@(r) = dar, A---Ad&%m, (2) = (—1)* 1a; dr, A--- A di; \-++ A d&m 
so that d®;(a) = B(x). Also let C!, be the constant given by 
(k—-1)! m — 2k 


aQnk 
! 
cle m=2k+1. 


Cc! 


m~— 


Then the form 
C! pia G; (x) 


I[ar||"" 


is a closed (m — 1)-form on R™~ {0} such that 


Ym = 


Um = 1, (7.70) 


gm-1 


where S”~! is the unit sphere, in fact it may be a sphere of arbitrary radius. 
It is called the angular form on R™. 
If we identify C” with R2”, then Wn = (Bn + Bn)/2, where 


By = Cy EE PHIAPE) Gg 8 (yy tee ad! 
ne ea 
We call 6, the Bochner-Martinelli form on C”. Note that 
_ 1 dz 
A= Inf 1 2’ 


the Cauchy form on C. The form 8, is a closed form of type (n,n — 1) on 
C”~ {0}, real on S?"~1 and 


es Bn = 1. (771) 


This follows from (7.70), however will be reproved in Proposition 9.18 below 
using the following expression: 


Proposition 7.27. The Bochner-Martinelli form on C” is given by 


Ba = (5-73) “Plog =|?) A (Bd og 21°)" 
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Proof. Using the notation (dz, z) = S> Z;dz; and (dz,dz) = Y dz; A dizi, 
we compute 

(dz, z) 
(z, 2) 


Since (dz, z) A (dz, z) = 0, we have 


(dz,dz) | (dz,z)A (z,dz) 


(z,z) (z, 2)? 


Alog ||z||? = and 00 log || z||? — 


(dz, z) A (dz,dz)""} 
(2, 2)" 


(A log ||z||?) A (0d log ||z||?)"~* = (-1)"" (7.72) 
For each i, the term in (dz,dz)"~' not containing dz; is given by 


(—1) 
Hence the right-hand side of (7.72) is given by 


n(n—1) 
2 


(n —1)!dz, A+++ Adz A+++ din Ada A+++ N dG A+++ N din: 


TFEAG) 


I|21|?" 


n(n—1) 
a 


(— (n — 1) 


Comparing with the definition of 3,,, we have the proposition. 


Remark 7.21. We may write 


= = 1 ie 2/5 2\n-1 
Bn = Om n= (sq) Mostlel!?(A log HeI/?)"*. 


Cohomology of Stiefel manifolds 


Let W(N,r) be the Stiefel manifold of r-frames in C% (cf. Section 3.5). 
Recall that the map 7 : W(N,r) > W(N,r — 1), which is given by 
taking the first (r — 1) vectors, has a fiber bundle structure with fiber 
cr-! x (C7\ {0}), gq = N-r+l. Let ve: C27\ {0} o W(N,r) be the 
inclusion of C%~\ {0} into a fiber of 7. Then it induces an isomorphism 
bx t+ Hog—1(C4 {0}; Z) 4 Hog-1(W(N,r);Z). Tt also induces an isomor- 
phism v* : H?4-!(W(N,r);C) + H24-!(C4\ {0};C) ~ C. By the de Rham 
theorem (Theorem 7.5) and Proposition 7.5, we have an isomorphism 


“: Ht '(W(N,r)) > Het (C4\ {0} = C. 


We have seen that the class of the Bochner-Martinelli form 6, generates 
H=4~* (C4\ {0}). Thus we have: 


Proposition 7.28. The de Rham cohomology Hi (W(N, r)) is generated 
by (v*)~*[Bq]- 
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7.11 Lefschetz fixed point formula 


In order to illustrate the use of intersection products introduced in Def- 
inition 4.4 and the effectiveness of the representation of the Thom class 
as in Propositions 7.22 and 7.23, we give a proof of this classical formula, 
see in particular Theorem 7.16 below. In this section, the homology and 
cohomology are with Z-coefficients, unless otherwise stated. 

Let M be a compact connected oriented C® manifold of dimension m. 
We set W = M x M and endow it with the orientation so that it is the 
orientation of the first factor followed by that of the second. Denoting by 
A = {(a,x) | « € M} the diagonal in W with inclusion i: A W, we 
have the commutative diagram: 


H™(W,W\A)—> H™(W) 
t/a i[p 
Hy (4) —*— Hn (W). 
Note that A is an m-dimensional closed submanifold of W and that the map 
t: M > A given by u(x) = (a,x), « € M, is a diffeomorphism. We orient 
A so that / is orientation preserving. Let A and [A] denote the classes of A 
in H(A) and H,,(W), respectively (cf. Convention 4.2). The Thom class 
WY, of A in W is given by A~'(A) (cf. (4.24)). We set na = P~'([{A]) so 
that na = 7° Wa. 
Let f : M— M beaC®™ map and I; = {(z,y) € W | y = f(a) } its 
graph in W. We orient I’; so that the map 
f:M—3Iy;CW=MxM 
given by f(«) = (a, f(x)) is an orientation preserving diffeomorphism. 
The Lefschetz fixed point formula for f consists basicaly in computing 
the intersection number I’ + A in two ways, i.e., globally and locally. 


First we consider the global case. For this, we consider the diagram 
(cf. Definition 4.4): 


H™(W) — Fn, (W) 
Pw 
f* (M “F )m 


H™(M) + Ho(M). 


Definition 7.14. The global fixed point index A(f) of f is defined as 
A(f)=(M+;[A))m in Ho(M) ~ Z. 
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We may write 
A(f) = Pu (f*na) = (M, f*na). (7.73) 


Note that f induces an isomorphism f, : Ho(M) > Ho(I's) and A(f) corre- 
sponds to (I; + [A])r, in Ho(I’s), which is sent to [I] + [A] in Ho(W) ~ Z 
by the canonical morphism Ho (I's) + Ho(W). 

Now we consider the local contributions from the fixed point set of f: 


Fix(f) ={eeEM | f(x) =x}. 
Setting S = Fix(f), we have the commutative diagram (cf. Definition 4.4): 
A™(W,W~A) Sat Ay, (A) 
lz (M+; )s 
H”™(M,M\~S) Peres H(S). 
Definition 7.15. The local fixed point index A(f,S) of f at S is defined as 
A(f,S)=(M+;A)s in Ho(S). 
We may write 
A(f,S) = A(f*a). 


Note that f induces a morphism f, : Ho(S) > Ho(Iy) and it sends A(f, S) 
to (Ly ° [A])r,- 

Suppose S = Fix(f) has a finite number of connected components (.S))). 
Then we have Ho(S) = €y Ho(S,) and accordingly we have the local fixed 
point index A(f,$)) in Ho(S,) ~ Z. We have (cf. Remark 4.15. 1): 


A(f) => ACF, $9)- (7.74) 
Xr 


We try to look the both sides more closely. For the left-hand side, let 
H”(f) : H?(M;C) — H°(M;C) 
be the morphism induced by f on the p-th cohomology with C-coefficients. 


Definition 7.16. The Lefschetz number L(f) of f is defined as 


m 


L(f) = )0(-1)? tr HP(f). 


p=0 
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Note that this number turns out to be an integer, as the following the- 
orem shows: 


Theorem 7.15. In the above situation, we have 
A(f) = L(f). 


Proof. Let {up,i}i be a basis of H?(M;C) and {uj,_,,;}; the basis of 
H™~?(M;C) dual to {up} via the Poincaré duality (cf. Corollary 4.2): 


(M, Up,i ~ Um—p,j) = Sig: 


If we set vpi,j = T{Upi ~ TU; pj, then {vp,i,j}p,i,; form a basis of 
H™(W;C) by the Kiinneth formula (cf. (B.27)). We try to find 7a in 
terms of this basis. Thus we write na = > ap,i,j Up,i,j With @pi,j € C. Set 


Um—p,ig = ™Um—p,i ~ 72Up,j and consider the identity (cf. (B.20)) 
(W, A Se: pig) = Alera as)s 


The left-hand side is equal to (—1)@+)("™—P)q,;; and the right-hand 
side is 


( «M, re P; ij) = (M, u ee DP, ij) = (M, tht a9 ae Up,j) = (—1)?(™—P) 6,5. 
Thus Ap ig = (-1)"™"? uy and 
nA = years S- Up, isis 
p=0 a 
If we write f*uy, 9; = 20 25,iUm_pj With hi € C, by (7.73), we have 
A(f) = So(-1)"" Da has = = x (—1)? tr H?(f). 
p=0 p=0 


Now we look at the right-hand side of (7.74). Let Wo = W\A and W, 
a neighborhood of A in W. We consider the Cech-de Rham cohomology of 
the covering W = {Wo, Wi} of W. The class W, is represented by a cocycle 
(W1, 01) in A™(W, Wo). Suppose S' = Fix(f) has only a finite number of 
connected components (5), as before. If we set Up = M~S, we have 
f(Uo) C Wo. For each 4, we take an open neighborhood U) of Sy such that 
f(Ux) C Wy and that U, NU, = 0 if \ ¥ pw. For each 4, we take a compact 
submanifold Ry of aeasacon m with C® boundary in U), containing S$ 
in its interior. We set Ro, = —OR). Then we have (cf. (7.64)) 


A(f, Sy) = : frdit | ftdor. (7.75) 


Rox 
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From (7.74) and Theorem 7.15, we have: 


Proposition 7.29. In the above situation, 


L(f) = So AUF, Sa); 
aN 


where L(f) is as in Definition 7.16 and A(f,S) is given by (7.75). 


To compute (7.75), we proceed as follows. We may take as W, a tubular 
neighborhood of A in W with a C® deformation retraction 7: W, > A. If 
x and y are positive coordinate systems on the first and the second factors 
M, (a — y,x) is a positive coordinate system on W; and we may think 
of x — y as being a fiber coordinate system of 7 and x a base coordinate 
system. Thus 7 : W, — A is isomorphic to (a neighborhood of the zero 
section of) the normal bundle Nga of A in W, with all the orientations 
taken into account. If we identify W; with Nea, the Thom class ¥, may 
be thought of as the Thom class of the vector bundle Ne,~. Thus the 
class W, is represented by a cocycle of the form (m*e,—w) in A™(W, Wo) 
(cf. Proposition 7.22). 

Now we find an explicit expression for the local index A(f,S)) in the 
case S) consists of a point a. 

Let U be a coordinate neighborhood around a with coordinates x = 
(a1,.-.,%m) in M. Also let B™ be a small closed ball of dimension m 
around a in U such that f(B™) C U, which may be naturally thought of as 
a subset of R™. Denoting by 1 the identity map of B’, we may consider 
the map 1 — f : B” — R™ whose image is the origin 0 in R™ only at a. 
The boundary 0B™ is homeomorphic to the unit sphere S”~! and we have 
the map 


_ a f(a) 
lz — f(x) 
We denote the degree of this map by deg(1 — f,a). 


7: 0B" — s™! defined by y(x) 


Theorem 7.16. In the above situation 
A(f, a) — deg(1 ~~ f, a). 
Proof. We may take B™ as R) in (7.75). Since Ro, = —OB™, we have 


Ata)= ff) f— ff Fo. (7.76) 


Bm 
Recall that Ya may be naturally identified with the Thom class of the 
normal bundle Ne,a, which is trivial over 1((U); Nr,alyu) & R™ x (UV). 
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Let p: Ne,al.v) + R™ denote the projection onto the fiber direction. Also 
let %m be an angular form on R™\~ {0}. Then on 1(U) the Thom class of 
Na is represented by the cocycle (cf. Proposition 7.23) 


Let 7, and m2 denote the projections of W = M x M onto the first and 
second factors, respectively. We set x = ajax and y = mzy on U x U. By 
our orientation convention, in a neighborhood of u(a) in Na, we may take 


x — y as fiber coordinates and x as base coordinates of the bundle Na so 
that we may write p(x, y) = x — y. Then (7.76) becomes 


Atia)=f (po fytem= f= bm 
which is nothing but deg(1 — f,a). 


In the above situation, let J¢(a) denote the Jacobian matrix of f at a. 
A fixed point a of the pair f is said to be non-degenerate if 
det(I — J;(a)) £0, 


where J denotes the identity matrix of rank m. 
Corollary 7.12. Ifa is a non-degenerate fixed point, 
A(f,a) = sgn det(I — Jp(a)). 
Combining the above, we have: 


Theorem 7.17 (Lefschetz fixed point formula). Let M be a compact 
oriented C° manifold and f: M—> M aC® map with only isolated fixed 
points. Then we have 


L(f)= S> deg(l— f,a). 
a€Fix(f) 
Remark 7.22. 1. We may interpret the local fixed point index A(f,S)) 
as the (Poincaré-Hopf type) index of a section of a certain vector bundle. 


Let U) be as above and consider the map g, = 70 f : U), + A. We have 
the pull-back bundle 


9xNr,a = { (@,v) € Ud x Nea | g(x) = Tv) }- 
If we define s, : U) > g\ Nr,a by 8y(x) = (2, f(a)), it is a section of g\ Nr, 
on U) which is non-vanishing away from S). Then it is not difficult to see 


that A(f,5) is equal to the topological residue TRes.(s,,9}Nr,a; Sy) of 
the section s, at S (cf. Definition 5.14). 
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2. Let v be a C™ vector field on a C™ manifold M as above. Associated 
with v, there exists a l-parameter family {y, | t € R} of C™ diffeomor- 
phisms of M, i.e., y; is a C°° diffeomorphism of M for each t € R with the 
properties that yo = 1y,, the identity map of M, and that, for each 2 € M, 
the vector u(x) is tangent to the curve {y;(x) | t € R} at t = 0. 

If we let f = y in the above, L(f) = L(1w) = x(M). Moreover, the 
zeros of v correspond to the fixed points of f and, if S) is a compact con- 
nected component of the zero set of v, the Poincaré-Hopf index PH(v, Sy) 
(cf. (5.15)) coincides with the local fixed point index A(f, 5S) above. Thus 
Theorem 5.6 and Corollary 5.4 are special cases of Proposition 7.29 and 
Theorem 7.17, respectively. 


Notes 

We list [Bott and Tu (1982)] as a basic reference for Sections 7.1, 7.2 
and 7.3. For Cech cohomology, we also refer to [Hirzebruch (1966); Serre 
(1955b)]. The idea of combining de Rham and Cech cochains is due to 
[Weil (1952)]. It was then made to be a cohomology theory in [Bott and 
Tu (1982)]. 

The integration theory on Cech-de Rham cohomology is developed in 
[Lehmann (1991)]. Our orientation convention is different from the one 
there, for example compare the identity (7.18) in the text and Lemma 2 
in [Lehmann (1991)]. See also this reference for the proof of Lemma 7.3 
and the conjecture mentioned in Remark 7.6. We refer to [Suwa (1998)] for 
these materials and for the treatment of the Thom isomorphism and the 
Thom class in the context of Cech-de Rham cohomology. As to the relation 
with combinatorial topology, we refer to [Suwa (2008)]. See [Suwa (2023)] 
concerning Remark 7.15.3. For the Bochner-Martinelli form, we refer to 
[Griffiths and Harris (1978)]. 

The Lefschetz fixed point formula was initiated in [Lefschetz (1937)] and 
there have been many literatures on this subject; here we list [Guillemin 
and Pollack (1974); Vick (1994)]. It has been generalized to the fixed point 
formula for elliptic complexes in [Atiyah and Bott (1967-8)]. It is studied in 
[Goresky and MacPherson (1985)] in the context of intersection homology. 
The significance of the approach as above is the use of the expression of the 
Thom calss in the relative Cech-de Rham cohomology. See [Bisi, Bracci, 
Izawa and Suwa (2016); Brasselet and Suwa (2021)] for generalizations in 
the context of coincidence theory. 


This page intentionally left blank 


Chapter 8 


Chern-Weil Theory Adapted to 
Cech-de Rham Cohomology 


The Chern-Weil theory gives a way to represent characteristic classes of 
vector bundles by differential forms through the use of connections. In this 
chapter we review this theory for complex vector bundles and modify it to 
have the classes in Cech-de Rham cohomology. 

We first introduce the notion of a connection for a vector bundle. 
Intuitively, it measures the rate of change of a section in each tangential 
direction. We then define the curvature of a connection and, for an invariant 
polynomial, the characteristic form, which is shown to be closed and defines 
a class in the de Rham cohomology and in turn a class in the (singular or 
simplicial) cohomology with C-coefficient via the de Rham theorem. We 
discuss difference forms, which are constructed if we have several connec- 
tions for a bundle. In particular, this is used to show that the class defined 
as above does not depend on the choice of the connection. It is proved, in 
Section 10.5 below, that the class defined this way is the image of the cor- 
responding class defined via obstruction theory by the canonical morphism 
from the cohomology with Z-coefficient to that with C-coefficient. 

We then explain how to define characteristic classes in Cech-de Rham 
cohomology, where difference forms play a key rolle. This way of repre- 
senting characteristic classes is particularly effective in dealing with the 
localization problem, which we discuss in Chapter 10. One of the advan- 
tages is that we may define localizations for general invariant polynomial 
on the cocycle level and it leads to local invariants that do not come from 
classes in homology with Z-coefficients, for example, some residues of sin- 
gular holomorphic foliations. 

Throughout this chapter, we let M denote a C'® manifold of dimension 
m. Also, the vector bundles we consider are C®. For an open set U in M, 
we denote by A°(U) the C-algebra of C® functions on U as before. For a 
complex vector bundle E on M, we set A?(U; E) = C®(U; A\?(T§M)* @E), 
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the A°(U)-module of C° p-forms with coefficients in E. Thus A°(U; E) is 
the A°(U)-module of C® sections of E and for the product bundle E = 
C x M, A?(U; E) = A?(U), the A°(U)-module of p-forms on U. 


8.1 Connections 


Let E be a C® complex vector bundle of rank / on M. 
Definition 8.1. A connection for EF is a C-linear map 
V : A°(M; E) —> A'(M; E) 
satisfying the Leibniz rule: 
V(fs) =df ®s+ fV(s) for f € A°(M) and s € A°(M; E). 
Example 8.1. The exterior derivative 
d: A°(M) —> Al(M) 


is a connection for the product bundle C x M. More generally, if E is 
trivial, choosing a frame and using d we may define a connection for E. 


Lemma 8.1. A connection V is a local operator, i.e., if a section s is 
identically 0 on an open set U, so is V(s). 


Proof. Let x be a point in U and U, a neighborhood of « in U. Take 
a C® function f such that f = 1 on U, and f = 0 on M\U. Since the 
section fs is identically 0 on M, so is V(fs) = df ®s+ fV(s). Evaluating 
the both sides at x, we have V(s)(x) = 0. 


Thus the restriction of V to an open set U makes sense and it is a 
connection for Ely. If e = (e1,...,e,) is a frame of E on U, for every 
section s, writing s = oy fiei, we have 

l 
V(s) = S (df: ® eit fiV(e:)), on U. (8.1) 
i=1 

Thus V(s) is determined uniquely by the values V(e;). 

Definition 8.2. Let e) = (e1,...,e,-) be a C® r-frame of E on an open 


set U. We say that a connection V is trivial with respect to e(), or e(”)- 
trivial for short, on U if V(e;) = 0 fori =1,...,r. 
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Thus in Example 10.1, d is trivial with respect to an arbitrary (non- 
zero) constant section. If E is trivial and if V is trivial with respect to 
some frame, it is the one in Example 10.1, as can be seen from (8.1). 

From the definition we have the following: 


Lemma 8.2. Let Vi,..., Vx be connections for E and fi,..., fx C° func- 
tions on M with 2 fi =1. Then ae fiVi ts a connection for E. 


Using the above, we have: 
Proposition 8.1. Every vector bundle E admits a connection. 


Proof. Let U = {Uq} be a locally finite open covering of M such that FE 
is trivial on each U,. On each U,, there exists a connection V trivial with 
respect to some frame. Let {pa} be a C™ partition of unity subordinate 
to U. Then V = 33 paVa is a connection for E. 


Lemma 8.3. Let V be a connection for E on an open set U of M. For 
every open set U’ with U' C U, there exists a connection Vv for E on M 
such that V = V onU'. Moreover, if V is e)-trivial on U for an r-frame 
e) on M, we may find V which is e")-trivial on M. 


Proof. Take an open set U” so that U’ CU" CU” CU and let f bea 
C@ function on M such that f =0 on M\U” and f =1 on U’. Let V’ be 
an arbitrary connection for E on M and set V = fV+(1—f)V’. Then it has 
the desired property. For the rest, in the proof of Proposition 8.1, on each 
U,, choose a frame so that e“”) is a part of it and let V,, be the connection 
trivial with respect to this frame. Use the connection constructed this way 
as V’. 


If V is a connection for FE, it induces a C-linear map 
V : A'(M; E) —> A?(M; E) 
satisfying 
V(w ®@s)=dw®s—wAV(s) for w¢€ A'(M) and s¢ A°(M;E). 
The composition 
K =VoV: A°(M; E) — A?(M;E) 
is called the curvature of V. It is easily checked that 
K(fs) = fK(s) for f € A°(M) and s € A°(M;E). 
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From this we see that the curvature K may be thought of as an element 
in A?(M;Hom(E, E)) so that it is locally represented by an I x | matrix 
whose entries are differential 2-forms. On the other hand the connection V 
itself may not be thought of as an element in A'(M;Hom(£, E)). However, 
the fact that it is a local operator allows us to represent it locally by a matrix 
whose entries are 1-forms. 

Thus suppose that V is a connection for FE and that EF is trivial on U. 
If e = (e,,...,€;) is a frame of E on U, we may write, for i=1,...,1, 


l 
V(e:)) = 5-04 @e;, ij € AM(U). 
j=l 


We call 6 = (6;;) the connection matrix of V with respect to e. Note that 
V is e-trivial, if and only if 6 = 0. 
For the curvature kK of V, we may write 


l 
K(e;) = y Kyi @ Cj, Kijg € A?(U). 
j=l 


We call « = (Ki;) the curvature matrix of V with respect to e. From the 
definition we compute Ki; = di; + ad biz A Oxj3, Which we write as 


K=dO+0N8. (8.2) 
From this, we get 
dk =KA0-—O0Ak, (8.3) 


which is referred to as the Bianchi identity. 

If f = (e,...,e}) is another frame of E on U’, we have ef = 
yan Pies for some C® functions p,; on UM U'. The matrix P = (p;;) 
is non-singular at each point of UMU’. If we denote by 6 and x’ the 


, : : 1 
connection and curvature matrices of V with respect to el ) 


@=P-<dP+P OP and « =P «KP in Unt’. (8.4) 


Note that the second relation signifies the fact that K is an element in 
A?(M,Hom(E, E)) (cf. Exercise 3.7). 


Remark 8.1. If V and V’ are connections for EF, the difference V’ — V 
may be thought of as an element in A'(M,Hom(E, E)). 
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8.2 Characteristic classes of complex vector bundles 


Invariant polynomials 


Let M(l,C) denote the vector space of 1 x1 complex matrices. A polynomial 
y on M(I,C) is a function y(A) of A € M(I,C) which is a polynomial in 
the entries of A. It is said to be invariant, or symmetric, if 

y(P~'AP) = (A) for all P € GL(I,C). 


If we define a function oy, for q=1,2,...,1, by 


o,(A) = tr(AA), 


it is an invariant polynomial, homogeneous of degree g. Here we recall that 
the exterior power /\“ A is defined as follows. We set 


T={(i,...,iq¢) | 1 <tr <---<ig <0}, (8.5) 


which has N = (‘) elements, and endow Z with the lexicographic order. 
Then /\? A is the N x N matrix whose (J, J) entry is det Ay,7, where Ar,7 
denotes the qx q minor of A consisting the rows and columns corresponding 
to I and J. In particular, 


o1(A) =tr(A) and o)(A) = det(A). 
We may also write 
det(I; + A) = 1+0,(A)+---+0,(A), 


where J; denotes the identity matrix of rank /. We call og the q-th elemen- 
tary invariant polynomial. 
It is known that: 


(Pi) every invariant polynomial is a polynomial in the elementary invariant 
polynomials, 

(P2) for a polynomial y homogeneous of degree k, there exists a symmetric 
k-linear form 


p:M(1,C) x---x M(I,C) — C, 


called the polarization of y, such that y(A) = P(A,...,A). If vy is 
invariant, ~ is invariant in the sense that 


@(P-1A,P,...,P~'A,P) = @(A1,...,Ax) for all PE GL(I,C). 
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The invariance of @ may be expressed as follows. If we set P = e’? 
B€ M(I,C), in the above and take the derivatives at t = 0 of the both 
sides, we get 


k 
dP (Ai,...,[Aj, B],..-,Ax) = 0. (8.6) 


Remark 8.2. The polarization of a polynomial y homogeneous of degree 
k is given by 
1 ok 
KY ON... OAK 
Note that the right-hand side does not depend on the .,’s and is equal to 
the coefficient of A, --- Az in the expansion of y(\, A, +---+A,A,) divided 
by &l. 

In particular, for the q-th elementary polynomial o,, the polarization is 
given as follows. Let Z be as in (8. i Then 


Oy Ajnicey Ay 5 oy ttt Ans 


Gt ee. IEL 


P(Ai,..., Ax) = p(ArA1 +--+ + Ap Ak). 


where G, denotes the symmetric group of degree g and A,,; the qx q matrix 
whose j-th column is that of (A,,;))z,1- For 0; = det, 


Gi(Ay,...,A 4 ys det Ap, (8.7) 


pES) 


where A, denotes the / x / matrix whose j-th column is that of A,,j). 


Characteristic forms 


Let M be a C® manifold and U an open set in M. We consider the space 
of | x | matrices whose entries are differential forms on U, which may be 
expressed as M(1,C) @ A*(U). An invariant k-linear form ¢ as above may 
be extended to an invariant k-linear form on M(I,C) ® A*(U) as follows. 
For decomposable elements we set 


P(A; @ u,..., Ak @ we) = P(A1,..., Ag) Wi A+ +- Awe 


and extend it linearly. Then we have, for £1,...,& € M(I,C) ® A*(U), 
k 


dO(E1,..-,£%) = D_(-1 G(r, ... dei... Ee), (8.8) 


i=l 


where (7) = )7,<; deg &}. 
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An invariant polynomial y may also be extended to an invariant poly- 
nomial on M(l,C) @ A*(U) by y(€) = P(&,...,€). 


Example 8.2. Let 2, = (wi), vy = 1,2, be 2 x 2 matrices with entries 


differential forms. Then we compute 
. lia 2 1 2 1 2 1 2 
52 (21, 22) = 5 (war A wh) =a wh) A wh) + wh A wy = eg A ty): 


If & is a complex vector bundle of rank | on M and if = is an element 
of A*(M;Hom(£, F)), choosing a frame of E, it is locally represented by 
a matrix € of forms and a different choice of the frame will give a matrix 
similar to € so that y(2) is a well-defined differential form on M. 

We also have a product, denoted by A, in M(I,C)@ A*(U). It is defined 
for decomposable elements by 


(Ay ® w) \ (Ag ® we) = (A; Aa) ® (wi \ we) 


and then extended linearly. Note that the expressions @ A @ and k A @ 
appeared before are consistent with this. We also define the bracket product 
of € in M(1,C) @ A?(U) and 7 in M(1,C) @ A2(U) by 


[é,n] =EAn— (-1)P*n A €. 


In particular, if € is of even degree, [€,7] = €An—7A€ so that the Bianchi 
identity (8.3) may be written as 


dr = {k, 6]. (8.9) 
From (8.6), we have 
k 
DD" O GE, [sms &) =0, (8.10) 


i=1 


where q = deg 77 and e’() = >), deg 5. 

Let EF bea C™ vector bundle of rank 1 on M. Let V be a connection for 
E and K its curvature. Since K is in A?(M;Hom(£, E)), for an invariant 
polynomial y, we have a differential form y(K). We now show that the 
form is closed and its class in the de Rham cohomology depends only on E 
and not on the choice of the connection. 


Proposition 8.2. For every invariant polynomial ~, the form y(K) is 
closed. 
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Proof. Since the problem is local, it is sufficient to show that y(k) is 
closed, where « is the curvature matrix of V with respect to some (local) 
frame. By (8.8), 


k ; 
d(x) = S° P(m,...,dK,..., 4). 


i=l 


Then by (8.9) and (8.10), this is zero. 


By a slight abuse of notation, we introduce the following: 


Definition 8.3. For a connection V and an invariant polynomial y homo- 
geneous of degree k, the characteristic form is defined by 


ja 


27) = (Y*) "etx. 


Difference forms 


If we have several connections for a complex vector bundle FE’, we have the 
following: 


Proposition 8.3. Let Vo,...,V p be connections for E. For an invari- 
ant polynomial ~ homogeneous of degree k, there exists a (2k — p)-form 
p(Vo,--.,Vp) alternating in the p+1 entries and satisfying 
P Patton) 

SS (-1) (Vo, +2 Voss Vp) + (-1)?dp(Vo,.-.,Vp) =0. (8.11) 

v=0 
Proof. Consider the product R? x M with projection 9: R? x M—-> M. 
Denoting by (t1,...,tp) coordinates on R?, let V be the connection for p* E 
given by 


p Pp 
V= (1 => s tv) p*Vo Ne np Vi 
v=1 v=1 


Let A? = (Po,...,P,) be the standard p-simplex in R? (cf. Appendix B) 
and p’ : A? x M > M the restriction of p. Then we have the integration 
along fibers (cf. Section 6.3): 

pl, : A2*(A? x M) —+ A?*-P(M). 


We set 


Y(Vo.+++. Vp) = p9(V)- 
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Then by Propositions 6.2.1 and 6.3 and the identity 


Pp 
OA? = S(-1)" (Po, es P, beiesthes ) 


v=0 


we see that it has the desired property. 


Remark 8.3. If p > k, there are no terms in y(V) involving dt; A---Adtp. 
Thus 


Q(Vo,...,Vp)=0 if p>k. 


The form y(Vo,..., Vp) as above is called a difference form. In partic- 
ular, if V and V’ are two connections for EF, 


y(V’) — o(V) = dy(V,V’). 


From this we see that the class [p(V)] of the closed form y(V) in the 
de Rham cohomology H7*(M) depends only on E and not on the choice of 
the connection V. 


Definition 8.4. We denote this class by y(£) and call it the characteristic 
class of E for the polynomial y. 


Definition 8.5. The g-th Chern form of V is defined by 


Yee) 


Its class in H77(M) is denoted by c4,¢(E) and is called the q-th differential 
geometric Chern class of E. 


c(V) = 


The class c4.¢(E£) is also denoted by c%(£), if there is no fear of 


confusion. 
If « is the curvature matrix of V with respect to some frame of & on 
U, the total Chern form is given by 
Vv-1 


e(V) = det(1 Ea ‘—n). (8.12) 


We call 
chig(E) = 1+ cdig(E) +++> + chig(E) 


the total Chern class of E, which is considered as an element in the coho- 
mology ring H3(M/). Note that the class c},_¢(£) is invertible in H7(M). 
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We give an alternative expression of the difference form in terms of 
polarization. Thus we consider the situation of Proposition 8.3. For t = 
(t1,...,tp) € R?, we set 


P P 
Vi= (1-04) Vo + tw 
v=1 v=1 


and think of it as a connection for EF. Let 4K; denote its curvature. 
Recall that, for each vy = 1,...,p, Vy — Vo is in A'(M;Hom(E, £)) 
(cf. Remark 8.1). Also by Remark 8.3, we may assume that p < k. We set 


T={(i,...,t) | 1 <tr <---<ip<k} 
and 


P(p-1) a a1 tp 
bp =(-1) > plS) G(Ki,...,Vi — Voy... Vp — Vos- +», Kt). 
Tet 


Proposition 8.4. The form y(Vo,...,Vp) as constructed in Proposi- 
tion &.3 is given by 


y/—1\k 
p(Vo,---, Vp) — (—) 3 @, dt, --+ dtp. 


Proof. For v = 0,...,p, let 6, be the connection matrix of V, with 
respect to some frame e and let «; be the curvature matrix of V; with 
respect to e@). Then the curvature matrix & of the connection V in the 
proof of Proposition 8.3 with respect to the frame p*e is given by 


Pp 
k= So dt, A (Oy — 00) + ke 


v=1 


so that 


pl) = (D7 dt, A (Gr — 0) + Hes -++, ¥> at, A (B, — 80) + He). 


v=1 v=1 


The term involving dt; A --- A dt, in the above is given by 


(-1) °F" pldty A--- A dtp S~ Blt,» 01 — 80,-- +; Op — 805 ++ Ft): 
Tet 


Hence we have the proposition. 
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In particular, for two connections V and V’ for FE, we have: 
Gai k fi i 
o(V,V’) = (<—) | Sl A(Kr,..,V Vy...) Kad. (8.18) 
27 rer 


Remark 8.4. 1. As is shown below (cf. Theorem 10.12), the Chern class 

ciy(Z) defined above is the image of the Chern class c{,,(E) defined by 

obstruction theory by the canonical morphism H?4(M;Z) > H?4(M;C). 
In the rest of this chapter c4,_(£) will simply be denoted by c4(E£). 


2. As noted above, for an invariant polynomial y, there is a polynomial 
P such that y = P(o1,02,...). We have y(V) = P(c!(V), c?(V),...) and 
y(E) = P(c'(B), c7(£),...). 

3. In general, suppose we have a C™ one parameter family of con- 
nections V; and let K; be its curvature. Then the assignment s 1 


4(V:(s)) is A°(M) linear so that we may think of Vi = £V, as being 


in A'(M;Hom(E, E)) and we have 


66) 00a = (ey f 3 BK, n-. ., Kyat). 


The form in (8.13) is the special case where V; = (1 — t)Vo + tV1. 


8.3 Further topics on connections 


Pull-back: Let f : M’ ~ M be a C® map of C™ manifolds and let 
ma : E — M be a complex vector bundle. For an open set U in M, f 
induces a morphism f* : A?(U; E) + A?(f~'(U); f*E) (cf. (6.5)). If V 
is a connection for E, we see that there is a unique connection for f*E, 
denoted by f*V, making the following diagram commutative: 


A°(M; E) —Y—-+ A1(M; E) 
[r i (8.14) 
AO(M'; ftE) + AMM f*E). 
Let 6 and « be, respectively, the connection and curvature matrices of 
V with respect to a frame (e1,...,¢;) of E on U. If (f*e1,..., f*e,) form 
a frame of f*E on f~!(U), the connection and curvature matrices of f*V 


with respect to this frame are given, respectively, by f*@ and f*«. This in 
particular shows that, for any invariant polynomial y, 


P(fV) =f eV) and y(f*E) = f'y(F), 
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where f* in the right-hand side of the second identity denotes the canonical 
morphism H*(M;C) > H*(M’';C). 


Direct sum: Let FE; and E2 be complex vector bundles on M and V, and 
V2 connections for &, and Es, respectively. Every section s of the direct 
sum EF = FE, @ Ez is written as s = (81, 82) with s; and s2 sections of FE, and 
Ey. If we define V : A°(M; E) = A!(M; E) by V(s) = (V1(81), V2(s2)), 
it is a connection for FE, which we call the direct sum of V; and V2 and 
denote by V; 6 V2. If we take some frames of FE, and E2 and if we denote 
by 01, «1; and 62, Kg the connection and curvature matrices for V; and Vo, 
respectively, the connection and curvature matrices 0, « for V with respect 
to the combined frame are given by 0 = 6; @ 62, K = ki ® kg. This in 
particular shows that 


(Vi ic) V2) =c (V1) Ac (V2) and c* (Fy @ E») =e (Fy) Lc (E). 
(8.15) 
The latter is referred to as the Whitney sum formula for Chern classes 
(cf. Corollary 5.6 for the case of localized top Chern classes from the topo- 
logical viewpoint). 


Virtual bundles: Let FE and F be vector bundles on M. We consider 
the formal difference F'— FE and define its total Chern class by 


c*(F — E) =c*(F)/c*(E). (8.16) 


For connections V" and V" for E and F, we set V* = (V¥,V*"). Then 
the above class is represented by the form 


CV) HC (VW Very). 
The g-th Chern class c?(f' — E) of F — E is the component of c*(F' — EF) in 
H="(M). It is represented by c4(V*), the term in c*(V*) of degree 2¢. 

If y is an invariant polynomial, we write ¢ = P(c!,c?,...) and define the 
characterstic class of F—E for y by p(F— pe PG (F- B), c(F—E),...). 
It is represented by the form y(V*) = P(c'(V*), c?(V*),...). 
( 


Suppose we have p+1 pairs of connections V* = (V£, VF), v =0,...,p. 
Then there exists a form y(V9,..., Vj) satisfying 


P 


So (-1)’o(V5,.--) Vi... VE) + (-1)Pdy(V5,..., V3) = 0. 
v=0 


This is proved in more generality in Proposition 15.2 below, the proof being 
essentially the same as the one for vector bundles (cf. Proposition 8.3). 


Chern-Weil Theory Adapted to Cech-de Rham Cohomology 251 


In particular, for two pairs of connections Vj and V7, we have 
9(Vi) — o(Vo) = de(Vo, Vi)- 
Hence we reprove that the class [y(V*)]| of the closed form y(V*), which is 


in fact y(F — E), depends only on F' — E and not on the choice of V*. 
We discuss more general cases in Section 15.2 below. 


Exact sequences: Let 


0—> B+ E+ BE” 0 (8.17) 


be an exact sequence of vector bundles on M and let V’, V and V” be con- 
nections for E’, F and E”, respectively. We say that the triple (V’, V, V”) 
is compatible with (8.17) if the following diagram is commutative: 
A°(M; EB’) + A°(M; E) —+ A°(M; BE”) 
ie ie 
1 ry 186) 41 169 41 " 
A'(M; E’) —> A'(M; E) —> A'(M; E”). 


Proposition 8.5. 1. Given a connection V' for E’, there exist connections 
V and V" for E and E” such that (V',V,V") is compatible with (8.17). 


2. Given a connection V" for E”, there exist connections V' and V for E" 
and E such that (V’,V,V") is compatible with (8.17). 


Proof. 1. By Proposition 3.3 (see also Remark 3.4), EF ~ E’@ E”. Let 
V” be an arbitrary connection for E” and V the connection for EF corre- 
sponding to V’®V”. Then (V’, V,V”) has the desired property. Similarly 
for 2. 


Proposition 8.6. For a triple (V',V,V") compatible with (8.17), 
CV) HC(VIAC(V"). 


Proof. We may find a (local) frame ef) = (e,,..-,e),) of EB’ such that 
E has a frame e of the form e = (u(e4),...,e(el,), ev 41,---,€1). Then 
is (n(ev41),---,7(€1)) is a frame of EF”. Let 6’, 6 and 6” be the 


) (Ul!) 


connection matrices of V’, V and V” with respect to e/"?, e and e ; 


respectively. Then we have 


which implies the proposition. 


252 Complex Analytic Geometry 


From this we have the following: 
Proposition 8.7. Let y be an invariant polynomial and (V1, Vi, Vi), uv = 
0,...,p, triples of connections compatible with (8.17). 
1. If we set V*¥ =(VY,V_), then 


p(Vo,---,V5) =0(Vo,---, Vp), in particular p(B — E”) = o(E’). 


2. If we set V* = (V1, V_), then 


Y(Vo,---,V5) =0(Vo,---,V_)) in particular y(E — E’) = y(E"). 


Tensor product: Let EF, and Ey be complex vector bundles of ranks 1; 
and lz on M and V, and V2 connections for E, and E», respectively. Every 
section s of the tensor product EF = E, ® E, is written locally as a finite 
sum of sections of the form s; ® sq with s; and s9 sections of F; and Eo. 
If we define V : A°(M; E, @ Ez) > Al(M; E) ® E2) by 


V(s1 ® 82) = V1(s1) ® $2 + $1 ® Vo(s2), 


it is a connection for E. If we take some frames of E, and E» and if we 
denote by 61, &; and 09, K2 the connection and curvature matrices of V1 
and V2, respectively, the connection and curvature matrices @ and & of V 
with respect to the combined frame are given by 


d= 8l, +f, © 62, K=k18l, +h, © ke. 


Exterior product: Let E be a complex vector bundle and V a connec- 
tion for E. If we define A" V : A°(M; A" E) > Al(M; A" E) by 


A’ V (81 A+++ A Sr) = ony S81 A AV (81) Ave A 8p, 
it is a connection for A" E. 


Dual: Let E be a complex vector bundle of rank | and V a connection 
for EF. The connection V* for E* dual to V is determined by the relation 


dy(s) = V*(v)(s) + (V(s)) for s€ A°(M;E), y € A°(M;E*). 


If @ and « are the connection and curvature matrices of V with respect to 
some frame, those matrices 6* and «* of V* with respect to the dual frame 
are given by 0* = —'@ and x* = —'r so that we have 


c4(V*) = (—1)'e#(V) and c%(E*) = (-1)4c4(B). 
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8.4 Characteristic classes in Cech-de Rham cohomology 


Let U = {Ua}acr be an open covering of aC manifold M as in Section 7.3. 
Also, let 7: E — M be a C®™ complex vector bundle of rank / and y an 
invariant polynomial homogeneous of degree k. For each a, we choose a 
connection Vq for EF on Ug, and for the collection V. = (Va)a, we define 
the element y(V,) in A2*(U) by 


P(V «ao... _ (Va: eS Vap): 


Then we have Dy(V..) = 0. Moreover, if we take another collection V/, = 
(Vado 


9(Vi.) — (Vx) = DY, 
where 7 is the element in A?*—1!(Y/) given by 


Pp 
thes eS (SLOW aastaiy Ves Va ainits Vas 
v=0 


Hence the form (V.) defines a class in H?*(U) which depends only on E 
but not on the choice of the collection of connections V,. Comparing with 
the class defined by a global connection, we have: 


Theorem 8.1. The class [p(V)| in H?*(U) corresponds to the class y(E) 
in H7*(M) under the isomorphism of Theorem 7.1. 


For a virtual bundle F—E, we take a pair of connections Vx = (V2, V£) 
on each U,,, and for the collection VX = (V*)a, we define the element y(V*) 
in A?*(U) by 


(V2 )ao...0» = P(Vagr-+ 1 Van): 
Then we have Dy(V*) = 0. Moreover, it is shown as above that the class of 
y(V*) in H?*(U) does not depend on the choice of the collection of families 
of connections V* and the class [y(V*)] corresponds to the class y(F' — E) 
in H?*(M) under the isomorphism of Theorem 7.1. 


Notes 

For the Chern-Weil theory, we refer to [Baum and Bott (1972); Bott 
and Chern (1965); Milnor and Stasheff (1974)]. The construction of the 
difference form in Proposition 8.3 is due to [Bott (1972)]. Here the sign 
convention is altered so that it is compatible with the Cech-de Rham cocycle 
condition (cf. (7.4) and Section 8.4). As to Remark 8.4.3, we refer to [Bott 
and Chern (1965)]. 
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Chapter 9 


Vector Bundles with Metrics 
and Related Topics 


The notion of an inner product on a real vector space or a Hermitian inner 
product on a complex vector space is generalized to that of a Riemannian 
metric on a real vector bundle or a Hermitian metric on a complex vector 
bundle, respectively. A metric on a C' or complex manifold is defined 
to be that on the real tangent bundle or the holomorphic tangent bundle, 
respectively. For each case we have the theory of harmonic forms, which we 
review briefly. On the way we introduce the Dolbeault cohomology, a com- 
plex counterpart of the de Rham cohomology. For a compact Riemannian 
manifold, the de Rham cohomology is isomorphic with the space of real 
harmonic forms and, for a compact Hermaitian manifold, the Dolbeault 
cohomology is isomorphic with the space of complex harmonic forms. The 
Poincaré duality is described in trems of real harmonic forms. We have the 
Kodaira-Serre duality as a complex counterpart of this. 

For a complex manifold, the space of r-forms is the direct sum of the 
spaces of (p, q)-forms for (p,q) with p+q =r. In general, this relation does 
not directly descends to the cohomology level, i.e., the de Rham cohomology 
may not be the direct sum of the Dolbeault cohomologies. If this is the 
case, we say that the manifold admits a Hodge structure. We give some 
conditions for this to hold. 

We study vector bundles on projective spaces. We see that there is a 
natural metric on the projective space, called the Fubini-Study metric. 

For a Hermitian metric on a complex manifold, associated is a form 
of type (1,1). A Kahler manifold is a complex manifold that admits a 
Hermitian metric whose associated form is closed. For such a metric, a 
form is real harmonic if and only if it is complex harmonic. From this, we 
see that any compact Kahler manifold admits a Hodge structure. Every 
submanifold of the projective space is Kahler with the metric induced from 
the Fubini-Study metric. 
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We define the Atiyah classes of a holomorphic vector bundle in the 
Dolbeault cohomology, taking connections of type (1,0) and developing a 
theory in parallel to the Chern-Weil theory. We also discuss the Bott- 
Chern cohomology of a complex manifold, which refines both the de Rham 
and Dolbeault cohomologies. Then we define the Bott-Chern classes of a 
Hermitian vector bundle, taking a metric connection for the bundle. 


9.1 Metrics on vector bundles and harmonic forms 


In this section we discuss metrics on vector bundles and briefly review the 
theory of harmonic forms. 


Riemannian metrics 


Inner products: Let V be a real vector space. An inner product on V is 
a bilinear form on V that is symmetric and positive definite, i.e., a bilinear 
form 


g:VxV—R 


such that g(u,v) = g(v,u) for u and v in V and that g(u,u) > 0 for u #0. 
An inner product space (V,g) is a vector space V together with an inner 
product g on V. For u in V, its norm is defined by ||u|| = \/g(u, wu). 


Example 9.1. Let V = R” be the vector space of column m-vectors. Then 
every bilinear form g is expressed as 


m 
g(u,v) = ‘uGu = S- LiGig Vj (9.1) 
i,j=l 
for some m X m matrix G = (g;;), where u = ‘(21,...,%m) and v = 
“(y1,---;Ym). The form g is symmetric if and only if G is symmetric, in 


which case all the eigenvalues of G are real. Thus every inner product 
on R™ is expressed as (9.1) with G a positive symmetric matrix, i.e., a 
symmetric matrix whose eigenvalues are all positive. If G is the identity 
matrix, the corresponding inner product is the standard inner product (or 
Euclidean inner product) on R™. 


In the following, we assume that V is finite dimensional of dimension m. 
In this case, fixing a basis of V, we have an isomorphism V ~ R™. Then 
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the inner products on R™ are carried to those on V. In fact every inner 
product on V is obtained this way. 

Let (V,g) be an inner product space. A basis (e1,...,€m) of V is said to 
be g-orthonormal, or simply orthonormal, if g(e;,e;) = 643. The standard 
basis of R™ is an orthonormal basis for the standard inner product. Starting 
with an arbitrary basis of V, we may construct an orthonomal basis by the 
Gram-Schmidt process. An orthogonal transformation of (V,g) is a linear 
transformation y of V that preserves the inner product, i.e., 


g(y(u), y(v)) = g(u, v) for all u, v in V. 


Recall that an m x m matrix P is orthogonal if ‘P P = I. A linear trans- 
formation y of V is orthogonal if and only if the matrix of y with respect 
to an orthonormal basis is orthogonal. 

Let V* = Hom(V,R) be the dual space of V. Then an inner product g 
on V defines an isomorphism 


Yo: V — vr by (u)(v) = g(u, v). 


Riemannian metrics on vector bundles: Let 7: E ~ M bea C@® 
real vector bundle of rank I’. 


Definition 9.1. A Riemannian metric g on EF is a rule that assigns to each 
point x in M an inner product g, on the fiber E, and the assignment is 
C@ in the sense that for every C™ sections s and s’ of EF on an open set 
U, the function g(s, s’) defined by g(s, s’)(2) = gz(s(x), s’(a)) is C® on U. 


A Riemannian vector bundle (E,g) is a vector bundle E together with 
a Riemannian metric g on FE. 


Example 9.2. Let E = R" x M be the product bundle. An inner product 
on R" defines a Riemannian metric on E. 


Proposition 9.1. Every vector bundle admits a Riemannian metric. 


Proof. Let {Uq} be a locally finite open covering of M such that EF is 
trivial on each U, and let gy be a Riemannian metric on Ely,. Taking a 
C® partition of unity {p.} subordinate to {U.}, set g = > paga. Then it 
is a Riemannian metric on L. 


Let (E,g) be a Riemannian vector bundle on M and {U,} a covering of 
M such that £ is trivial on each U,. Letting ef) = (ef,...,ef7) be a frame 


of F on Ug, set Ga = (97), 9% = g(e#,eF). Then it is an (U’ x 1’)-matrix 
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valued C' function on U, whose value at each poe is a positive definite 


(’) 


symmetric matrix. By a frame change eg = = ef Negi we have 


Gp = AgsGa Aap: (9.2) 


Note that {Agg} is a system of transition matrices for E (cf. (3.5)). Con- 
versely if we have a system of transition matrices {Ajg} for E and a system 
{Ga} satisfying (9.2), it defines a Riemannian metric on EL. 

A frame of a Riemannian vector bundle is orthonormal if it is orthonor- 
mal at each point. a orthonormal frame exists locally by the Gram- 
Schmidt process. If e B GO and et ) above are both orthonormal, then Ayg 
is an orthogonal matrix valued function. Thus in this case, (9.2) may be 


written Gg = AgaGaAag.- 


Proposition 9.2. The structure group of a real vector bundle E may be 
reduced to O(l’). 


Proof. Choose a Riemannian metric g on E and let {U,} be a covering 


of M such that Ely, admits an ae frame ef), Let Wa be a 


trivialization on U, which takes el! f) to the standard basis of R". Then 
Wa © te is O(1’)-valued. 


Remark 9.1. 1. Let 7: E — M be a vector bundle and ¢ a C'™ positive 
function on M. Choosing a Riemannian metric g on E, we may consider 
the open ¢-ball bundle {e € E | |le|| < e(a(e)) } in E, |lel| = /g(e,e). 


2. The bundle £ is orientable if and only if its structure group can be 
reduced to SO(I’). 


Let E be a real vector bundle and E* its dual. If g is a Riemannian 
metric on £, it induces a morphism 


gi: E+ EX by ¢y(§)(n) = 98,0): 
Exercise 9.1. Verify that yg is an isomorphism. 


Riemannian metrics on C'‘ manifolds: Let M be aC manifold of 
dimension m. A Riemannian metric on M is a Riemannian metric g on 
its tangent bundle TRM. A Riemannian manifold (M,g) is a C® manifold 
M together with a Riemannian metric g on M. Let (21,...,2%m) be local 
coordinates on M and set 
a 0 0 
Gig = a(n fas) 
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The Riemannian metric g defines a bilinear form 
g: Tri M x Tra M =? R, 
which defines a section of (IRM ®TpM)* ~ TgM @TzM, given locally by 


m 
S- Oe( a) dz, @ dais 
‘j=l 
Suppose M is oriented and (21,...,%m) a positive coordinate system 

on an open set U in M. Let 7° = (1,...,7m) be a g-orthonormal frame 
of TgM on U that defines the orientation of Tg(M), i.e., the orientation 
determined by (a4 bing a2) (cf. Section 3.7). If we let (7{,...,77,) be 
the frame of TM dual to 7), we see that 


TE A+++ ATm = 4/det(gij) dati A-+-Adtm 


and that it defines a global positive form, called the volume form of g and 
is denoted by dus. 


Hermitian metrics 
Hermitian inner products: Let V be a complex vector space. 


Definition 9.2. A Hermitian inner product on V is a map 
h:VxV—3C 


satisfying the following conditions: 


(1) A(u,v) is C-linear in u, 
(2) h(v,u) = h(u, v), 
(3) if u #0, then h(u,u) > 0. 


A Hermitian vector space (V,h) is a vector space V together with a 
Hermitian inner product h on V. For wu in V, its norm is defined by ||u|| = 


V h(u,u). 


Example 9.3. Let V = C” be the vector space of column n-vectors. Then 
every Hermitian inner product h is expressed as 


for some positive Hermitian matrix H = (hij), where u = '(z1,..., Zn) and 
v ="(w1,...,Wn). Thus A is ann xn matrix such that ‘WH = H and that all 
of its eigenvalues are positive. If H is the identity matrix, the corresponding 
inner product is the standard Hermitian inner product on C”. 
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In the following, we assume that V is finite dimensional of dimension n. 
As in the real case, the Hermitian inner products on C” are carried over 
to those on V. Let (V,A) be an n-dimensional Hermitian vector space. A 
basis (€1,...,€n) of V is said to be h-orthonormal, or simply orthonormal if 


h(ei, €;) = ous. 
The standard basis of C” is an orthonormal basis for the standard inner 
product. Starting with an arbitrary basis of V, we may construct an or- 
thonomal basis by the Gram-Schmidt process. 


A unitary transformation of (V,h) is a linear transformation ¢ of V that 
preserves the inner product, i.e., 


h(y(u), p(v)) = h(u, v) for all u, v in V. 


Recall that an nxn matrix U is unitary if ‘UU = J. A linear transformation 
y of V is unitary if and only if the matrix U of y with respect to an 
orthonormal basis is unitary. 

Let V* = Hom(V,C) be the dual space of V. Then a Hermitian inner 
product fh on V defines an isomorphism (cf. Remark 2.11) 


yp, V3 VF by vn(u)(v) = h(u, v). 


Hermitian metrics on vector bundles: Let 7: FE — M bea C@® 
complex vector bundle of rank / on a C® manifold M. 


Definition 9.3. A Hermitian metric h on E is a rule that assigns to each 
point x in M a Hermitian inner product h, on the fiber E, and the assign- 
ment is C® in the sense that for every C™ sections s and s’ of EF, h(s,s’) 
is a C° function. 


A Hermitian vector bundle (E,h) is a complex vector bundle F together 
with a Hermitian metric h on £. 


Example 9.4. Let E = C! x M be the product vector bundle. Hermitian 
inner products on C” define Hermitian metrics on E. 


The following is proved as Proposition 9.1: 
Proposition 9.3. Every complez vector bundle admits a Hermitian metric. 


As in the Riemannian case, we have the following local representation 
of a Hermitian metric. Thus let (£,h) be a Hermitian vector bundle 
and {U,} a covering of M such that Ely, is trivial for each a. Letting 


ew = (ef,...,#) be a frame of E on Ug, set Ha = (h&), h& = h(e%, e9). 
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Then it is an (J x /)-matrix valued C® function on U, whose value at 
each point is a positive definite Hermitian matrix. By a frame change 


ey = = Aas, we have 


Hg = ‘AapHoAas- (9.3) 


Conversely if we have a system {H,} satisfying (9.3), it defines a Hermitian 
metric on E. 

A frame of a Hermitian vector bundle is orthonormal if it is orthonormal 
at each point. An orthonormal frame exists locally by the Gram-Schmidt 
process. If Oe and el) above are both orthonormal, then Agg is a unitary 
matrix valued function. 


The following is proved as Proposition 9.2: 


Proposition 9.4. The structure group of a complex vector bundle may be 
reduced to U(I). 


Let E be a complex vector bundle and E* its dual. If h is a Hermitian 
metric on EF, it defines an isomorphism (cf. Exercise 9.1) 


gn: EB —>E* by ynl€)(n) = A(E,n). (9.4) 


The metric A induces a Hermitian metric h on E by h(€,7) = h(€,n). 
This defines an isomorphism y;, : FE > E* by yz (€)(n) = h(E, n). 


Hermitian metrics on complex manifolds: Let WM be a complex man- 
ifold of dimension n. A Hermitian metric on M is a Hermitian metric h 
on its holomorphic tangent bundle TM. A Hermitian manifold (M,h) is 
a complex manifold M together with a Hermitian metric h on M. Let 


(Z1,--+,2n) be local coordinates on M and set 
0 0 

hig = h(, —). 
Oz,’ 02; 


The Hermitian metric h induces a bilinear form 
h!:T,.M xT,M—3C given by h’(u,v) = h(u,d). 
This in turn induces a linear map 
T.M @T,M —>C, 
which defines a section of (TM @TM)* ~ T*M @ TM, given locally by 
ds? = = hij(z) dzi @ dz;. 


t,j=1 
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Recall that there is an isomorphism TM ~ TpM as real bundles 
(cf. Proposition 3.5) so that we have R-bilinear forms as the real and imag- 
inary parts of h: 


Rh, Sh: TpM x TrM — R. 


We see that g = Rh = 5(h +h) is a positive definite symmetric bilinear 
form and defines a Riemannian metric on TgM. Locally it is given by 


1 n 
3 a hij (z) (dz; ® dz; + dz; ® dz;). 
i,j=l 
On the other hand, Sh is a non-degenerate alternating form. We set 
Vv-1 
2 
and call it the associated Hermitian form. Locally it is given by 


(h—h) 


w= -Sh= 


vi 7 
Goes ae hig (z)dz A d2;. (9.5) 
2 fd 
From the local expressions of g and w, we see that the volume form du of 
g is given by 


w" 


dp = ae (9.6) 
n! 
From the local representations, we see that every one of the three forms 
h, g, and w uniquely determine the other two (with H = (hj;) positive 
definite Hermitian matrix). 


Harmonic forms 


Recall that, for a C°° manifold M, we denote by A"(M) the C-vector space 
of complex valued r-forms on M (cf. Section 7.1). 

Let (M,g) be an oriented Riemannian manifold of dimension m. The 
star operator 

*«: A™(M) — A™-"(M) (9.7) 

is defined as follows. Let (71,...,7m) be a g-orthonormal frame of Tp 
on some open set U of M and (r7,...,7;,) the dual frame of Ty,. For 
a subset J = {t1,...,%-} of {1,...,m} we let J = {j1,..-,jm—r} denote 
its complement and ¢7;,; the sign of the permutation {1,...,m}— {I, J}. 
We set 


eT Neo ATE Seng Th A ATE, 
and extend it A°(U)-linearly. Then we see that it does not depend on 
the choice of the orthonormal frame and defines an A°(M/)-module isomor- 


phism. It is a local operator and has the following properties: 
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(1) *1 = dp, the volume form of g, 
(2) x*w = (-1)"("-w, for w € AT(M), 
(3) wAx0=O0A xu, for w, 0€ A’(M). 
We set 
d* = (-1)" «1 dx: A"(M) —> A™1(M). 
Note that d* d* = 0 and that, if m is even, then d* = — «dx. 
The d-Laplacian Ag: A"(M) > A"(M) is defined by 
Aqg=dd* + d*d. 
It is what is called an elliptic differential operator. 


Definition 9.4. An r-form w is d-harmonic if Agw = 0. 


We denote by H”(M) the space of d-harmonic r-forms on M. 


Now we assume that M is compact. If we define a pairing on A” (M/) by 


oz if inheee. (9.8) 
M 
we see that it is a Hermitian inner product on A’(M). Then d* is the 
adjoint of d; (dw, 6’) = (w,d*6’), for w € A"(M) and @’ € A’*1(M), and 
Aq is self-adjoint; (Agw, 6) = (w, Ag @). From 
(Aqw,w) = ||dw||? + |d*wll”, 
we see that an r-form w is d-harmonic if and only if dw = 0 and d*w = 0. 
Since Ag = (d+d*)(d+d*), this is equivalent to saying that (d+d*)w = 0. 
The above holds also for forms of mixed degree: 
Proposition 9.5. Let M be a compact Riemannian manifold of dimension 
m. For w € @i_, A"(M), the following three conditions are equivalent: 
(1) Aqw=0, (2) dw=d*w=0, (3) (d+d*)w=0. 


From general results for self-adjoint elliptic operators, we have: 


Theorem 9.1. Let M be a compact Riemannian manifold. Then the space 
H"(M) is finite dimensional and there exist orthogonal decompositions: 


A"™(M) = H"(M) @ dA"™—'(M) @ d* A"t!(M), 
Kerd” = H"(M) @dA"™1(M). 


Corollary 9.1. We have an isomorphism 
Ai (M)~H"(M). 


This reproves the finite dimensionality of H}}(M) for compact M. 
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Dolbeault cohomology and its conjugate 


Let M a complex manifold of dimension n and A?:4(M) the C-vector space 
of C™ (p,q)-forms on M (cf. Section 6.1). By (6.9), we have a complex of 
C-vector spaces for each fixed p: 


0 —> APM) 2S apt) 2s... Py" apm) — 0. 


It is called the p-th Dolbeault complex of M and is denoted by (A?**(M), 0). 


Definition 9.5. The Dolbeault cohomology of M of type (p,q) is the q-th 
cohomology of (A?:*(M), 0): 


HE4(M) = Ker 0"7/Im -?. 


For a 0-closed (p,q)-form w, its class in H}""(M) is denoted by [w]. 
Since Ker 0° = I'(M; A? T*M), the space of holomorphic p-forms on M 
(cf. Section 6.1), we have: 

HS°(M) =I(M; A? T*M). 
In general there is the Dolbealt theorem which states that Hi’"(M) is 
isomorphic with the cohomology H4(M; 2?) of M with coefficients in the 
sheaf (2? of germs of holomorphic p-forms (cf. Section 11.4 below). 

Denoting by A”(M) the C-vector space of complex valued C°° r-forms 
on M, we have a canonical direct sum decomposition 

A’(M)= € AP4(M) 
ptq=r 
and the de Rham complex (A*®(), d) is the single complex associated with 
the double complex (A*%*(M), 0,0) (cf. Section A.1). In general this does 
not lead to a decomposition on the cohomology level. However, there is 
a spectral sequence relating the Dolbeault cohomology Hf(M) and the 
de Rham cohomology H7;(M) (cf. Section 9.2 below). 


Exercise 9.2. 1. Show that the identity map of forms induces a canonical 
morphism 

Hy"(M) — HG*"(M), 
which is surjective if gq =n. 
2. Show that the assignment of the (0, g)-component to each g-form induces 
a morphism 


Hi(M) —> Hy*(M). 
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Complex conjugate: We may as well consider, for each fixed q, the 
complex (A*?(M/), 0) and its p-th cohomology: 
H5'?(M) = Ker 0”4/ Im 6?— "4, 


From A?:4(M) = A®?(M), we have a canonical identification (cf. Remark 
2.11): 


He4(M) = HE"(M), — [w] © (a. (9.9) 


Complex harmonic forms 


Let (M,h) be a Hermitian manifold of dimension n. As we have seen, h 
defines a Riemannian metric g on M and we have the star operator (9.7). 
In fact it induces an A°(M)-module isomorphism 


«2 APT(M) — APE" P(M), (9.10) 
We set 
O* = (-1)?*4 471 Ox = — * Ox : APM) —> APA" (M). 
The 0-Laplacian Ag : AP:4(M) — A”-4(M) is then defined by 
Ag = 05" +56, 
which is shown to be an elliptic differential operator. 


Definition 9.6. A (p,q)-form w is 0-harmonic if Ajw = 0. 


We denote by H?4(M) the space of 0-harmonic (p, q)-forms on M. 


Now we assume that M is compact. Then the Hermitian inner product 
(9.8) restricts to that on A?4(M). With this, 0* is the adjoint of 0 and Ag 
is self-adjoint. We also see that a (p,q)-form w is 0-harmonic if and only if 
Ow = O*w =0. As in the case of Theorem 9.1, we have: 


Theorem 9.2. For a compact Hermitian manifold M, the space H?:4(M) 
is finite dimensional and there exist orthogonal decompositions: 

AP-4(M) = H?:4(M) 6 OAP4-1(M) @ O* A?-IT1(M), 

Ker 0?4 = H?4(M) © OA?4-*(M). 


Corollary 9.2. We have an isomorphism 
HE(M) ~H?P4(M). 


This proves the finite dimensionality of Hf"(M) for compact M. 
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Remark 9.2. We may also define the adjoint of 0: A?4(M) — A?*14(M) 
by 0* = —* Ox. The 0-Laplacian Ag : A?4(M) > A®4%(M) is then 
defined by 

Ag = 00° +0°0 
and there is the corresponding harmonic theory. In particular, if M is 


compact, a (p,q)-form is 0-harmonic if and only if it is 0- and 0*-closed. 
We also have a decomposition theorem as Theorem 9.2. 


Poincaré duality: Let M be a compact oriented Riemannian manifold 
of dimension m. The bilinear map 
A™(M) x A™—"(M) 2+ A™(M) 24 € 


is non-degenerate, since if [,,wA@ = 0 for all 9 € A”~"(M), setting 
§ = *W we see that w = 0. By restricting the bilinear map to harmonic 
representatives and using the fact that the spaces of harmonic forms are 
finite dimensional, we see that 


Hj(M) ~ H-"(M)"*. 
Thus we recover Corollary 7.9. 


Kodaira-Serre duality: Let M be a compact Hermitian manifold of 
dimension n. The bilinear map 


APA(M) x APP—4(M) Sy A™(M) = A? (M) 2 C 


is non-degenerate. By restricting the bilinear map to harmonic represen- 
tatives and using the fact that the spaces of harmonic forms are finite 
dimensional, we see that 


H5(M) ~ edie 0/0 Be 
Cohomology with coefficients in a vector bundle: Let FE be a holo- 


morphic vector bundle of rank | on a complex manifold M of dimension n. 
For each p, we have a complex (cf. (6.10)): 


0 > AP°(M; B) + AP1(M; E) 2+.» 5 AP™(M; E) — 0, 


the q-th cohomology of which is denoted by H4"(M; E). 
Let E* be the dual bundle. Then we have a wedge product 


A?1(M; E) x A™8(M; E*) Sy A?+™-9+8(M) 
defined by 
(w®s)A(9@@o) =a(s)-wAO 
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for decomposable elements and then extended A°(M)-bilinearly. It satisfies 
O(EAW) = OEANW+(-1)?TIEA OW for € € AP4(M; E), yb € A™(M; E*). 
Thus we have a wedge product 
r,s * A r,qt+s 
HE" (M; E) x Hy°(M; E*) + HEt™Tts(M). 

In general, for a holomorphic vector bundle E, if we set A?4(M; E) = 
C™ (A? T*M@A\1T M®@E), the operator 0: A®4(M;E) > A?*14(M; E) 
is well-defined. 

Now suppose M and E are endowed with Hermitian metrics. Then we 
have the star operator (9.10) and the isomorphism (9.4) for the metric h 
on EF. We define an isomorphism 

+p: API(M; E) —> A®—%"-?(M; E*) 

by *p(w@s) = (kw) ®yn(s) for decomposable elements and then extending 
it A°(M)-linearly. We set 

Oy, = (—1)?t4 «71 0 0, : A?4(M; E) —> A?*-!(M; BE). (9.11) 
The h-d-Laplacian Ap), : A?'4(M; E) > A?:4(M; E) is then defined by 

Aj n = 00% + OF9, 
which is shown to be an elliptic differential operator. The space of harmonic 
(p, q)-forms with coefficients in F is defined by 
PM, Ey 6 APN (MG Ee) | Aape = Oe 

Note that, for € € A?4(M; E), we may think of € as being in A%?(M; FE) 
and that we also have y;, : E + E*. Thus we have *; : A%?(M; FE) > 
A” P?—4(M; E*). 

Now we assume that M is compact. If we define a pairing on A?*4(M; FE) 
by 


(é,n) = [ea “nih (9.12) 


we see that it is a Hermitian inner product on A?-4(M;E). Then 0* is 
the adjoint of 0 and Ag, is self-adjoint. Thus we have a decomposition 
theorem as Theorem 9.2 and an isomorphism (cf. Corollary 9.2) 
HS4(M; E) ~H”4(M; E), 
which shows the finite dimensionality of H5“(M; E) for compact M. 
A statement similar to Proposition 9.5 is valid in this case as well so that, 
for € € 5-0 AP:4(M; E), the following three conditions are equivalent: 
(1) Apn€=0, (2) OE=AE=0, (3) (9+ O,)E=0. 
We also have a general form of the Kodaira-Serre duality, which reads 
H®"(M; E) ~ HR-P"-4(M; E*)*. (9.13) 
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9.2 Hodge structures 


Let M be a complex manifold. The de Rham complex (A*(M),d) of M 
is the single complex associated with the double complex (A*%*(M), 9,0), 
d=0+0. We have: 
AP4(M) = AvP(M) and A'(M)= @) A”4(M). 
pt+q=r 
We try to find when the above relations carry on to the cohomologies. 


Hodge filtrations: Note that A*(M) has two natural filtrations (cf. Sec- 
tion A.1). The first filtration on A’(M) is given by 


'F? A"(M) = a AbT—*(M). 


It induces a filtration on H7(M) by 
'F? H"(M) = Kerd’ N'F? A"(M)/Imd"—' n'F? A’(M), 
for which we have 
Hi (M) ='F°H'(M) >'F'H'(M)>--->'F"*1Ht(M)=0. (9.14) 
The second filtration on A"(M) is given by 


"FIA" (M) = QD A™3(M) 
j= 
and it induces a filtration (“F7H?(M)) on H?(M). 

As A@P(M) = AP:4(M), we may identify the filtration (‘F¢A"(M)) con- 
jugate to (‘FYA"(M)) with the second filtration: ‘FYA"(M) = "FYA"(M), 
which leads to the identification 

PTH" (M) ="F9H"(M). 


Definition 9.7. The filtration (‘F?H7(M)) is a Hodge filtration of weight 
r if 
Hi(M) = @) 'F°Hy(M) nFTH(M). 
pt+q=r 

Lemma 9.1. The filtration (‘F? Hi (M)) is a Hodge filtration of weight r if 
and only if 

Hi (M) ='F?H?(M) ©'F7H3(M) for every (p,q) withp+q=r4+l. 

Moreover, if this is the case, there is a canonical isomorphism 

'F? H7(M) 'F4H3(M) ~'G?Ha(M) for every (p,q) withp+q=r, 
where 'G? H(M) ='F?H'(M)/'F?*1H7(M). 
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Proof. In the following, we denote H7(M) by H”. 

Suppose the filtration (‘F?H”) is a Hodge filtration of weight r. Take 
5, bd CFA FIA. 
chr—t éE ‘RP HY 


c € H". Then we may write uniquely c = >); ;_,, 
For (p,q) with p+ q=r+4+1,c=c, +o, where cy = > 
andie— S56 Ge = a CO SIP IES, 

For the converse, take c € H". Then we may write uniquely c = a, +1 
with a, €'F"H" ='F"H'('/F°A™ and b; € 'F!H". We may write uniquely 
by = a,p—1 + b2 with ap_, € ’F’~1H™ and bo € 'F?2H" C 'F!H™. Thus 
Gp_, € FH"! 'F'A". Continuing this, we have the desired direct sum 
decomposition. 

For the last statement, for c € ‘F?H” we denote by [c]? its class in 
‘G? H". We define a morphism 


t>p 


"FP HH” \'FYH" —+'G? H" by cH [c]? 


and show that it is an isomorphism. For the surjectivity, take [c]? € 
‘GPH", c € 'FPH™. Then we may write uniquely c = ))j_)c’"~* with 
cht € RYH" Q'Fr-*H", We have [c]? = [c]?, ec! = oo_) ch” *. Since 
Seer, cht? €'FP+LAT C'FPH", wehave c €’F? H". On the other hand, 
cis also in ’F7H™ and c’ + [c]?. For the injectivity, take c € 'F?H"0/F¢H" 
such that [c]? = 0. This means that c € 'F?++H" N/F7H" = 0. 


Hodge structures: We first give the following: 


Definition 9.8. 1. We say that M admits a Hodge structure of weight r 
if there exist isomorphisms 


HE4(M)~ HE?(M), ptq=r, and Hi(M)~ @ HP4(M). 


ptq=r 
2. A Hodge structure as above is said to be natural if the following condi- 
tions hold: 


(H1) Every class in HE“(M), p+q =7, has a representative w with Ow = 0 
and Ow = 0, i.e., dw = 0, and the assignment w +> @ induces the first 
isomorphism above. 

(H2) Every class in H}(M) has a representative w which may be written 
Ww = ees wd, where w?*? is a (p,q)-form with dw?4 = 0, and the 
assignment w ++ (w?*?),,,—, induces the second isomorphism above. 


Remark 9.3. 1. We may rephrase (H1) as (cf. (9.9)): 
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(H1)’ Every class in H5°"(M), p+q = 1, has a representative w with Ow = 0 
and Ow = 0, ie., dw = 0, and the assignment w +> w induces an 
isomorphism Hi"(M) ~ H3°"(M). 


2. Every compact Kahler manifold admits a natural Hodge structure of 
weight r for every r (cf. Corollary 9.5 below). 


Note that every element in ‘G?H'(M) = 'F?H'(M)/'F?t'H'(M) is 
written [[w]]?, where w € ‘F?A™(M) with dw = 0, [w] is the class of w in 
‘FP H?(M) and [[w]]? is the class of [w] in 'G?H}(M). The condition dw = 0 


implies Ow?"—? = 0 when we write w= )7j_,w?"*. 


Theorem 9.3. A complex manifold M admits a natural Hodge structure 
of weight r if and only if the following conditions hold: 


(1) the morphism Kerd ‘FP? A"(M) — A?7~?(M), wr wT? , induces 
an isomorphism 'G? Hj(M) ~ Hi" ?(M) for every p, 
(2) (F?H"(M)) is a Hodge filtration on H}(M) of weight r. 


Proof. Suppose M admits a natural Hodge structure of weight r. We 
claim that there is an isomorphism 


‘FP H"(M) ~ © H3" *(M) (9.15) 


compatible with the one in (H2) in the sense that the following is commu- 
tative: 

‘FP HG(M) ~ @i_p Hy” ‘(M) 

al nN 
Hy(M) — @j=o 43" “(M). 

For this, take 6 € Kerd" ‘F?A"(M) and write 6 = )0j_,,0°"~* with 
ger—* € AbT—*(M). From dé = 0 and (H1), we see that there exist w’"~* 
and a@"—* in A*?—*(M), p <i <r, such that dw*”—* = 0 and that 


Obert = whr 74 OQ! 1,r Sere, 


where we set a?—!:"-P = (0. Then we have 
£ i Tr 
@= , wert ae a) qr? tt 
1=p t=p 


By (H2), the assignment @ ++ (w'"~")?_,, induces a well-defined morphism 
‘FP Hi(M) + @j_, Hs" ‘(M) compatible with the isomorphism of (H2). 
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It is obviously injective. The surjectivity follows from (H1) and it is the 
desired isomorphism. 

From (9.15), we have 'G?H7j(M) ~ Hi" ?(M) and the correspondence 
is the one as given in (1). 

We also have an isomorphism ‘F7Hi(M) ~ @j_, Hee (M) com- 
patible with the one in (H2). Thus for (p,q) with p+q = r+1, 
H"\(M) ='F?H'(M) ©’F7H™(M) and we have (2). 

Now we prove the converse. The condition (2) implies (cf. Lemma 9.1) 


Hi(M) = @) 'F?Hi(M)n'F7Hi(M) and (9.16) 
ptq=r 
'F? H"(M)O/FYH"(M) ~'GPH"(M), r=p+q. (9.17) 


From the condition (1) and (9.17), we have 

HE4(M) ~ 'G?HG(M) ~ 'FPHi(M) 0/F¢H?(M) 

~ GH) (M) ~ H3?(M), r=p+q. 
We look at the correspondence above. Take c € ‘F? Hi (M)N'FYH)(M), 
we may write c = [w;] = [we], where w; = ee wih? © 'FPAT(M), 
dw, = 0 (thus Ow?! = 0) and we = Sy € 'FIYA™(M), dwo = 0 
(thus Owh’? = 0). Then the correspondence is given by [w?] © [wh]. 
From [w] = [we], we have w; — w2 = d@ for some 6 € A™~1(M). Denoting 
by 6?:2-! and 6?~14 the (p,q—1)- and (p—1,q)-components of 0, we have 
wht — yPt — 06P—14 4 AgP-4a-!, 

Then w = wh! — 06P-9-1 = wht + 06-14 is a representative as in (H1). 
From (9.16), (9.17) and the condition (1), we have (H2). 


Remark 9.4. If M admits a natural Hodge structure, the isomorphisms 
giving the Hodge structure are uniquely determined. 


Frolicher spectral sequence: Recall that there are two spectral se- 
quences associated with a double complex (cf. Theorem A.13). For the first 
filtration (‘F? A®(M)), we have: 


Proposition 9.6. There is a spectral sequence (ER, H") with 
ft HB(M) and H" = Hi(M). 
It is referred to as the Frolicher spectral sequence for M. We have 


EP3t ~'GP H®*4(M). (9.18) 


Proposition 9.7. The Frolicher spectral sequence for M degenerates at EF 
if and only if the condition (1) in Theorem 9.8 holds for every r. 
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Proof. If the Frélicher spectral sequence degenerates at Fy, 

(GP Hi(M) & EBS? = ERT? ~ HPP) 
and by (A.9) and (A.10), we have the condition (1) in Theorem 9.3 for 
every ©. 

For the converse, note that Ey’? ~ Hf“(M) and d, : Ey? > peree 
corresponds to 0: Hf"(M) > He (M). By assumption, every class in 
H pM ) has a representative w?? which is the (p,q)-component of some 
w= Yi we" * € 'FP Hi (M) with dw = 0. The last condition implies 
Ow?T = 0 and Ow?:4 = —Ow?+14-!, Thus d; = 0 and by Proposition A.15, 
the Frolicher spectral sequence degenerates at F. 


From Theorem 9.3 and Proposition 9.7, we have: 


Corollary 9.3. A complex manifold M admits a natural Hodge structure of 
weight r for every r, if and only if the following conditions hold: 


(1) the Frolicher spectral sequence for M degenerates at Fy, 
(2) (FP? H"(M)) is a Hodge filtration on H}(M) of weight r for every r. 


Numerical invariants: Suppose now that M is compact and let n = 
dim M. By the de Rham theorem, dim H7(M) = dim H"(M;C) = 6,, 
the r-th Betti number. The Euler-Poincaré characteristic is defined by 
x(M) = 302", (-1)"b, (ef. (5.14)). In this case HS"(M) is also finite 
dimensional (cf. Corollary 9.2) and we set h?4 = dim Hi"(M). 


Proposition 9.8. Let M be a compact complex manifold of dimension n. 
Then we have: 

1b < are hP-4, where the equality holds if and only if the Frolicher 
spectral sequence degenerates at E}. 


2. X(M) = dpgaol— LP Ps. 


Proof. Consider the Frélicher spectral sequence (E?’*, H"). From (9.14) 
and (9.18), we have 


b, => dim'GPH3(M = ye dim £7, 
p=0 p+q=r 
Since E77, is the cohomology of E;’* by the differential operator d;, we 
have 
dim HP? <s..< dim B54 < dim HT? = hi 
and the statement 1. 
Also, since the alternating sum is invariant under taking cohomology, 


we have the equality in 2. 
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Remark 9.5. A compact complex manifold M admits a Hodge structure 
(not necessarily the natural one) of weight r if and only if h?4? = h®?, 
p+q=r, and bp = is gap V4 

9.3. Vector bundles on projective space 


Tautological bundle 


Since the projective space P” is a particular Grassmann manifold, there 
is a natural line bundle 7, on P”, the tautological bundle, as we saw in 
Section 3.6. It is the bundle whose fiber at a point L in P” is itself considered 
as a line and is described as follows. First, it can be expressed as 
TA fe tye Cc 2" Sent. 

Thus it is a subset of C+! x P” together with a map 7: T;, > P”, the 
restriction of the projection onto the second factor. In terms of coordinates 
(z, [C]) = (21, ..+5 2n41) [Go,---,€n]) on C"*! x P*, it is given by 

T, = { (z,[¢]) € Carre Pe | Za41¢68 — Zp416a =9, a, B=0,...,n}. 
For each a = 0,...,n, we set U. = {[¢] € P” | Ga £ O} and €4 = Za41. 
Then on 7~1(Uq ), we have 2g41 = ¢3/Ca a, 8 =0,...,n, and we have a 
trivialization 


Baim *(Ua) Cx Ua, — (2, [¢]) + (Ea, [¢))- 
We have Wa ows (Es, [C]) = (Ca/¢e-&s, [¢]). Thus T,, is a line bundle with a 
system of transition functions {g*?} given by g*? = ¢4/¢g, so that it is the 
bundle associated with the C*-principal bundle C”*!\{0} > P” (cf. Exam- 
ple 3.4) and is dual to the hyperplane bundle H,, on P” (cf. Example 3.6). 
Let eq be the frame of T, on Ug given by ea([¢]) = v5 1(1, [¢]). If we 
set 


he (€a,€a) = = ae ae y (9.19) 


it defines a Hermitian metric h on T), (cf oy where Aag = Ca/¢z). 

There is another way of viewing T,. Namely let @ : T, — C"t! be 
the restriction of the projection to the first factor. Then it is in fact the 
blowing-up of 0 in C"*? (cf. Sections 2.2 and 11.6) and the above metric is 
induced from the standard metric on C"*?. 

As seen in the above, the bundle T;, is a subbundle of the product bundle 
Ir+t = cC"*! x P” and the quotient Q, =1"*!/T, is the universal bundle 
on P” (cf. Section 3.6). We record the exact sequence: 


0— T, — I*** + Qn — 0. (9.20) 
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Euler sequence 


Now we study the tangent bundle of P”. We denote by ¢ = (€o,..-,¢n) 
coordinates on C™*1\ {0} and by w@ : C”*'\ {0} — P” the canonical 
surjection so that w(¢) = [¢] = [¢o,---,¢n]. We have the differential 


Wx? PAC \ {0}) Su Tet” 
at each point ¢ in C++ \ {0}. 


Lemma 9.2. The vector space Tz(¢)P”" is spanned by the vectors @.( ae), 
a=0,...,n, with the relation 


D6 2.(=-) = 0. 


Proof. Without loss of generality, we may assume ¢) # 0. Then we 
compute 


il (6) 
We eS — J G ACa/Co) a0, (9.21) 
Ga L > Ge @ a=0 
Co “B40 Co A(Sa/Co) ? 


which implies the lemma. 


From (9.20), we have the exact sequence 
0 Qt 3 (r""')* 4 A, > 0, 
where (I"*+1)* = Hom(C”*!,C) x P”. An element in Hom(C”*?, C) is given 
by a linear function £ on C™t1 = {(21..., 2n41)}: 
O(z) = ayz1 +++ + Gn 412n41- 


The fiber of H,, at L in P” is L* and p maps an element (@, L) of I"+1” to 
the restriction ¢|z ; p(¢, L) = ¢|,. Thus every element of H,, is expressed as 
p(é, L) and two expressions p(@, L) and p(é’, L) represent the same element 
if and only if ¢’ — @ vanishes on L. From (9.21) and the above remark, we 
see that the map 


ene: = Tp" 
that assigns )7""_, bala (5) to (p(fo, L),.--, (ln, L)) is a well-defined 


vector bundle morphism, with L = w(¢). 


Proposition 9.9 (Euler sequence). There is an exact sequence of vector 
bundles on P”: 


03 1— AS — TP" —.0. 
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Proof. By Lemma 9.2, < is surjective. Moreover there is a non-vanishing 
section (p(l,L),...,e(n,L)) of H+! given by f(z) = 2a41, @ = 
0,...,7, which is in the kernel of e¢. 


From the above, we see that the total Chern class of TP” is given by 
(cf. (8.15)) 
STP) Se HO) =P hr (9.22) 
where h,, = c!(H,) is the first Chern class of Hy. 


Remark 9.6. Let ¢ be a linear function on C"*+ as above. Then it defines 
a section of H, > P” by L + p(é,L). In terms of trivializations whose 
system of transition function is {¢3/¢a}, the fiber coordinate @, of the 
section on Ug is given by 


a a (24 a 
Lala"): Saiz, #3? baate + Gaya + Gye 5 4g Feo Fr eae, 


z°) is the coordinate system on Ug as in (2.2). 


(io Qa 
where z* = (z?,..., 22 


Exercise 9.3. Show that the holomorphic tangent bundle of a Hopf manifold 
nm: M —+ P"~1 is isomorphic to 7*H®", (cf. Exercise 3.5). 


Fubini-Study metric 


Denoting by ¢ = ((o,..-,¢n) coordinates on C"t!\ {0}, we consider the 
differential form 


w= dog CIP. 


We show that it defines a global (1,1)-form on P”. To see this, recall 
that the canonical surjection @ : C"t\ {0} — P” has the structure of a 
principal C*-bundle (cf. Example 3.4). Thus if we have a section s on an 
open set U in P” and another s’ on U’, there is a non-vanishing holomorphic 
function f such that s’ = fs on UMU’ and we sce that (s’)*w = s*w. For 
each a = 0,...,n, let Ua be the open set of P” given by Cg #4 0 and 


ae Co ee 2) the coordinate system on U, as in (2.2). Since P” is 
covered by the U,’s and on U,, there is a section s® given by 
Ee") = (2t5 satiny ae 1 ei ees wees 


we see that w defines a global form on P”, which we denote also by w and 
call the Fubini-Study form. On U,, we compute 


1 = 
=. | l 1 1/2 
wy = 5 OO log 1 + 2") 


=v (Let dap Adz (Qian dz?) A inn 2h OP /) 
Qn 1+ |[2°||? (1 + |l2*1|?)? 
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If we set z; = 29, at the point [1,0,...,0], we have 
poor 7 
= os 2 dz; \ dz; 


Since U(n + 1) acts transitively on P” (cf. Section 3.6) and leaves the 
form w invariant, w is a Hermitian form. The Hermitian metric defined by 
w is called the Fubini-Study metric on P”. In fact it is a Kahler metric 
(cf. Section 9.4 below). 

Later (see Example 9.6) we show that w represents the first Chern class 
of the hyperplane bundle so that 


i gaa: (9.23) 


Thus from (9.6), we see that the volume of P” with respect to the Fubini- 
Study metric is equal to 7”/n!. 


9.4 Kahler manifolds 


Let M be a complex manifold of dimension n. Recall that a Hermitian 
metric on M is a Hermitian metric on its holomorphic tangent bundle TM. 
For such a metric, there is the associated (1, 1)-form locally given as (9.5). 


Definition 9.9. A Hermitian metric on M is called Kahler, if the asso- 
ciated form is closed. A complex manifold is called Kahler if it admits a 
Kahler metric. 


Example 9.5. 1. If dim M = 1, every Hermitian metric on M is Kahler 
by dimension reason. Thus / is Kahler. 


2. C” is Kahler with the standard metric ds? = >)", dz; ® dz, which 
also defines a Kahler metric on every complex torus T = G\C” (cf. Exam- 
ple 3.2). 


3. Let V be a complex submanifold of W/. Then a Hermitian metric h on 
M induces a Hermitian metric on V whose sccociated form is the pull-back 
of the associated form of h. Thus if M is Kahler, V is also Kahler. 


4. P” is Kahler with the Fubini-Study metric, thus every complex subman- 
ifold of P” is Kahler. 


5. For a Hopf manifold M, b; = 1 (cf. Exercise 3.2). Thus it is non-Kahler 
(cf. Corollary 9.6 below). 
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We quote the following fundamental fact: 


Theorem 9.4. Let M be a Kahler manifold. If the Laplacians Ag and A5 
are defined with respect to the Kahler metric on M, we have: 


d= 2A5 =2Aa. 
Corollary 9.4. For a Kahler manifold M, 
H?(M) =HIP(M) and H'(M)= EG H?4(M). 
ptq=r 
For a compact Kahler manifold MW, from Corollaries 9.1, 9.2 and 9.4, we 
have isomorphisms 
HP4(M)~ HE?(M) and Hi(M)~ G) He4(M), 
ptq=r 
that is, M admits a Hodge structure of weight r for every r (cf. Defini- 
tion 9.8). The isomorphisms above a priori depends on the chosen Kahler 
metric, however, noticing that harmonic representatives satisfy the condi- 
tions (H1) and (H2) of Definition 9.8.2, we see that the Hodge structure 


above is natural and the isomorphisms do not depend on the metric (cf. 
Remark 9.4). Thus: 


Corollary 9.5. Every compact Kahler manifold admits a natural Hodge 
structure of weight r for every r. 


Corollary 9.6. For a compact Kahler manifold M, 
APT=htP and bp = bs hP-d, p97 = 0. 
ptrq=r 
In particular, b, is even for r odd. 
~ 2 
topological invariant. In particular, for a compact Riemann surface C, it 


is called the genus of C’. If we denote it by g, as a C™® manifold, C is an 
orientable compact real surface with g “holes”. 


Thus b; is even and hl? = dim H3°(M) = dim H°(M; 2!) = $b, isa 


Kodaira embedding theorem: Let M be acomplex manifold. A Hodge 
metric on M is a Kahler metric whose associated (1,1)-form represents a 
class in the image of H?(M;Z) + H*(M;C) ~ H?(M). For example, the 
Fubini-Study metric on P” is Hodge, since its associated form represents 
the first Chern class of the hyperplane bundle (cf. Example 9.6 below). 
Consequently, every complex submanifold of P” carries a Hodge metric. 
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The Kodaira embedding theorem assures that the converse is true for com- 
pact complex manifolds, i.e., if a compact complex manifold carries a Hodge 
metric, it can be embedded in P” for some n. Combined with Chow’s 
thorem (cf. Remark 2.5), we have: 


Theorem 9.5. A compact complex manifold is (biholomorphic with) a pro- 
jective algebraic manifold if and only if it carries a Hodge metric. 


9.5 Atiyah classes 


Let M be a complex manifold of dimension n and EF a holomorphic vector 
bundle of rank / on M. 


Definition 9.10. A connection V for EF is of type (1,0) if each entry of the 
connection matrix with respect to a holomorphic frame is a form of type 
(1,0). 


Note that the above property of V does not depend on the choice of 
the holomorphic frame. A connection of type (1,0) is also called a (1,0)- 
connection. 


Proposition 9.10. Every holomorphic vector bundle admits a connection 
of type (1,0). 


Proof. Let U = {Uq} be an open covering of M such that E is holomor- 
phically trivial on each U,,. Let el) be a holomorphic frame of EF on Ug 
and V, the connection trivial with respect to el). Take a partition of unity 
{ea} subordinate to U. Then V = >> paVa is a (1,0)-connection for E. 


Let V be a connection for F. Since TgM = TM @TM, we may express 
as V=V'+ V" with 


V': A°(E) — A(T*M@E) and V": A°(E) —> A°(T'M @ E). 
The following is not difficult to see: 
Proposition 9.11. A connection V is of type (1,0) if and only if V" = 0. 


Let V be a (1,0)-connection for E and K its curvature. The curvature 
matrix « is related to the connection matrix @ by (8.2). Thus we have a 
decomposition 


= PO gh, 9 — 09+0A0 and Kk = 06. (9.24) 
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Accordingly we have a decomposition 
K= Kk? 4. Kil 


where K?:° and K!! are, respectively, a (2,0)-form and a (1, 1)-form with 
coefficients in Hom(F, E). 


Definition 9.11. For a (1,0)-connection V and an invariant polynomial » 
homogeneous of degree k, the (k,k)-characteristic form is defined by 
(“ 


vO) (KM), 


Note that the characteristic form y(V) (cf. Definition 8.3) has no other 
components than those of types (2k,0),...,(k,k) and y**(V) is the com- 


ponent of type (k,k). By (9.24), y**(V) is locally 0-exact so that we 
have: 


Proposition 9.12. The form y**(V) is 0-closed: 
dyp**(V) = 0. 


The following is proved using Proposition 8.3, in fact the difference 
form y(Vo,..., Vp) constructed there has no other components than those 
of types (2k — p,0),...,(k,k —p) and y**-P(Vo,..., Vp) is the (k, k — p)- 
component of y(Vo,..., Vp): 


Proposition 9.13. Let Vo,...,Vp be (1,0)-connections for E. For an 
invariant polynomial ~ homogeneous of degree k, there exists a (k,k —p)- 
form yg *-P(Vo,..., Vp) alternating in the p+1 entries and satisfying 

P — = 
SO (HD) ph EPH, 0. Vig es ey Vp) + (-1)Pdp**-P (Wo, ..., Vp) = 0. 
v=0 


In particular, if V and V’ are two (1,0)-connections for E, 
ph EV!) — ph E(V) = Oph TV, V’). 


From this we see that the class [p*:*(V)] of the 0-closed form y**(V) in the 
Dolbeault cohomology HR*(M ) depends only on E and not on the choice 
of the (1,0)-connection V. 


Definition 9.12. We denote this class by y**(E) and call it the charac- 
teristic class of E of type (k,k) for the polynomial y. 
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Definition 9.13. Let V be a (1,0)-connection for E. The g-th Atiyah form 
of V is defined by 

=—1k4 
at(V) = (4S) o4(K™). 
Its class in H$’"(M) is denoted by a4(£) and is called the q-th Atiyah class 
of E. 


Remark 9.7. 1. For a (1,0)-connection V for E, the Chern form c(V) has 
no other components than those of types (2q,0),...,(q,q) and the Atiyah 
form a?(V) is the (q,q)-component. In particular, a"(V) = c"(V). 

The q-th Chern class c4(E) of E is the class of c1(V) in H3"(M). Thus, 
although we may not be able to compare the Atiyah and Chern classes 
directly on the cohomology level in general, we may do so on the form 
level. 


2. If V is a metric connection for EF, i.e., a (1,0)-connection compatible 
with some Hermitian metric on FE (cf. Section 9.6 below), then its curvature 
is of type (1,1) and thus we have a?(V) = c?(V) for all q (cf. Corollary 9.7). 


3. If M admits a natural Hodge structure of weight 2q (cf. Definition 9.8. 2), 
for instance if M is compact Kahler, there is a canonical monomorphism 
h: H34(M) > H=4(M) and, taking a metric connection for E, we see that 
h(at(E)) = c4(E£). 


Similar remarks as above apply for any general invariant polynomial y. 


9.6 Hermitian connections and Bott-Chern classes 


Let M be a C® manifold and EF a complex vector bundle of rank / on M. 
If h is a Hermitian metric on F, it induces pairings 

h: A(M; E) x A°(M; E) — A'(M), 

h: A°(M; E) x A'(M; E) — A'(M). 
To see this, let (e1,...,e;) be a frame of EF on an open set U in M. An 
element o in A'(M; £) can be written as o = YS w; ® e;, on U with uw; 
uniquely determined 1-forms. Since the coefficients (w;) behave in the same 
way as coefficient functions of a section by frame changes, if we set 

l 


1 
h(o,s) = ye h(e;, 8) wi, h(s,o) = Se h(s, e:) Wi, 


i=l 


they define 1-forms on M. 
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Definition 9.14. Let (Eh) be a Hermitian vector bundle. A connection 
V for E is an h-connection if it is compatible with h in the sense that 
dh(s, s’) = h(Vs, 8’) + h(s, Vs’), s,s’ € A°(M; E). 


A connection V for E is a Hermitian connection if it is an h-connection 
for some Hermitian metric h on LE. 


Proposition 9.14. Let (E,h) be a Hermitian vector bundle. A connection 
V for E is an h-connection if and only if the connection matriz with respect 
to an arbitrary h-orthonormal frame is skew-Hermitian. 


Proof. Let V be an h-connection. Also let e = (e1,-.-,e1) be an h- 
orthonormal frame and 6 = (6;;) the connection matrix of V with respect 
to e. From dh(e;,e;) = h(Vei,e;) + h(e:, Ve;), we have 


*9+@=0, 


i.e., 8 is skew-Hermitian. The converse can easily be checked. 


Proposition 9.15. Every Hermitian vector bundle (E,h) admits an 
h-connection. Thus every complex vector bundle admits a Hermitian 
connection. 


Proof. Let U = {U,} be an open covering of M such that £ is trivial on 
each U,. For each a, let el) be an h-orthonormal frame of EF on Ug and 
Va the connection for EF on Ug trivial with respect to ef) Let {p.} be the 
partition of unity subordinate to U and set V = >> paVa. We claim that 
V is an h-connection. To see this, let A%* be the unitary matrix valued 
function on Ug M Ug determined by ee = ef) Ao8, Then the connection 


matrix 6° of V with respect to e{) is given by (cf. (8.4)) 


0% = S > pp AP? - dAP*, 
B 


which is skew-Hermitian, since the A%®’s are unitary. 


Proposition 9.16. If V is a Hermitian connection for E, the Chern forms 
c1(V) are real. 


Proof. Let h be a Hermitian metric such that V is an h-connection. 
Let e be an h-orthonormal frame of E and 6 and « the connection and 
curvature matrices of V with respect to e”). By (8.2) and Proposition 9.14, 
k is also skew-Hermitian. Since the total Chern form is locally given by 
(8.12), we easily see that c4(V) are real. 
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Now suppose M is a complex manifold and EF a holomorphic vector 
bundle. Recall that the notion of connection of type (1,0) is introduced in 
Definition 9.10. 


Theorem 9.6. A holomorphic Hermitian vector bundle (E,h) admits a 
unique h-connection of type (1,0). 


Proof. Suppose we have an h-connection V of type (1,0). Let e be a 
(local) holomorphic frame and @ the connection matrix of V with respect 
to e. We also set H = (hij), hij = h(ei,e;). Since V is Hermitian, we 
have 


dH =*0H+H0. 
As @ is of type (1,0), this is equivalent to 
OH ='0H and OH = Ho. 
Since H is Hermitian, we have the unique solution 
6='H~'.0'H. (9.25) 


Moreover, since we have (9.3) and (8.4) by a frame change e! = OA, we 
see that this defines a global h-connection of type (1, 0). 


We call a Hermitian connection of type (1,0) a metric connection. For 
a Hermitian metric h, the h-metric connection is the h-connection of type 
(1,0). The following is a consequence of direct computation using (9.25): 


Theorem 9.7. Let E be a holomorphic vector bundle. If V is a metric 
connection for E, its curvature matrix « with respect to a holomorphic 
frame is of type (1,1) and is given by 


K=K+t = 06. 


Corollary 9.7. Let E be a holomorphic vector bundle. If V is a metric 
connection for E, for an invariant polynomial yp homogeneous of degree k, 


o(V) = y**(V). 
Thus they are simultaneously d- and 0-closed. 


Remark 9.8. In fact, for metric connections Vo,...,V, for EL, we have 


P(Vo,--+, Vp) =o" ?(Vo,.--,Vp)- 
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In particular, let L — M be a line bundle and h a Hermitian metric on 
L. Let {U,} be a covering on M trivializing L so that we have a frame e® 
on U,. By (9.25), we have 0° = Ologh®, h® = h(e®, e%). Thus we have: 


Proposition 9.17. In the above situation, the first Chern form of the h- 
metric connection V" is given by 


ry ee 
ch(v") = 9, 20 log h® on Ua, 


which is also equal to the first Atiyah form al(V"). 


Example 9.6. Let H,, — P” be the hyperplane bundle on P” (cf. Exam- 
ple 3.6). For each a = 0,...,n, we set Ua = {[¢] € P” | Ga £ 0} and let 
z* = (2%,...,z%) be shondinates on Uz, defined by (2.2). Then H,, is the 
bundle defined by {9%}, g*? = Cg/Ca. If we set 
1 
— 9.26 
1eP ai 
we see that it defines a Hermitian metric h on H,, (cf. (9.3), where Agg = 
¢e/Ca). It is the “dual” of the metric given by (9.19) for the tautological 
bundle. Then on U,, we have 


cl (Vv?) = 


sary OP lon(1 + lle") 


Thus the first Chern form for this metric on the hyperplane bundle H,, 
coincides with the Fubini-Study form (cf. Section 9.3). 


Now we reprove the identity (7.71). 


Proposition 9.18. For the Bochner-Martinelli form B, on C”, 


S2n-1 


Proof. Recall that (cf. Section 9.3), under the projection @ : C"\ {0} > 
Po piven by 2-— (204520) (Ch = joe tawal = iyeo ely bhe 
Kahler form w of the Fubini-Study metric on P"~! pulls back to 


ww = = SerpoO oe lal? 


Recall also that @ : C°\ {0} > P"~! has the structure of a C*-bundle 
(cf. Example 3.4). On each Ua. = {Ga 4 0}, a = 0,...,n—1, it has a 
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trivialization @~1(U,) ~ C* x Ua, under which (21,..., Zn) corresponds to 
(Za41,[z]). By Proposition 7.27, we have 


_ 1 
Pa = InV/—1 
On w~1(U,), the form 0 log ||z||? corresponds to 
A(log |I¢/Cal|? + log |za+1|7) = Alog ||¢/Call” + 2aV—161, 
where (1 is the Cauchy form in 241. Since 0 log ||¢/¢.||? may be thought 
of as a (1,0)-form on P"~1, A log ||C/Ca||? A o*w" +! = 0. The restriction of 
a@ to S?”~! is an S!-bundle on P”~!. Thus by the projection formula, we 


have 
Bn = Wx By grt = wet = 1, 
S2n-1 pn-1 pn-1 


Bott-Chern cohomology 


log ||z||? A o*w"*. 


Let M be a complex manifold. For each (p,q), we set 

ZBA(M) = {w € AP4(M) | du = 0}, 

BE&(M) = {w € A?4(M)|w = 000 for some 6 € A?~14-1(M) }. 
Then BRé(M) is a subspace of ZB4(M). 


Definition 9.15. The Bott-Chern cohomology of M of type (p, q) is defined 
by 
ARé(M) = Zg6(M)/BRe(M). 


Note that the identity map of forms induces canonical morphisms 
HRE(M) (9.27) 


HB"(M) HEM) ——-HB(M). 
Exercise 9.4. Verify the above. 


Remark 9.9. It is known that the conditions (1) and (2) of Corollary 9.3 
are satisfied, that is, M admits a natural Hodge structure of weight r for 
every r, if and only if ag is injective for every (p,q). The last condition 
means that for every (p,q)-form w with dw = 0 and w = dé’ for some 
(p + q—1)-form 6’, there exists a (p — 1,q—1)-form @ such that w = 000. 
This property is referred to as the 00-Lemma. If this is the case, ag, Me and 
Qa? Borger Hpe(M) + H7(M) are shown to be isomorphisms and the 
isomorphisms in (H1)’ and (H2) in Definition 9.8.2 (see also Remark 9.3. 1) 
-1 


5 andago Oe; respectively. 


are given by agoa 
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Bott-Chern classes 


Let F be a holomorphic vector bundle of rank | on a complex manifold M. 
Also let h be a Hermitian metric on E and V" the h-metric connection for 
E. If ¢ is an invariant homogeneous polynomial of degree k, y(V") is a 
(k,k)-form which is d-closed. We denote it simply by y(h). We show that 
its class in the Bott-Chern cohomology HEA (M ) does not depend on the 
choice of the metric h. 

Thus let ho and h; be two Hermitian metrics on EF. If we set hy = 
(1—t)ho + thy, then it is a Hermitian metric on E for t € R. We define an 
element L; in A°(M;Hom(E, F)) by 


ores s') 


hi (Les, 8’) = a 


and set 
Way ps, 
p(hy, ho) = (—) | Deis .,L4,..., K;)dt, 


where ¢ is the polarization of y (cf. Section 8.2). Then it is a (k —1,k—1)- 
form and we have: 


Proposition 9.19. In the above situation, 
BOy(hi, ho) = phi) — v(ho). 


Proof. Let ; denote the matrix of DL; with respect to a holomorphic 
frame (€1,...,€1): 


l 
Lye; = Sl Ov); ej. 
j=l 
By setting Hi = (hiz), hiy = he (es, e;), we compute 
d 


Mathes ae He: 


Let 6; and «; denote the connection and curvature matrices of V". 
Then by (8.2), (8.3) and Theorem 9.7, we have 


Kt = 06:, 06; + 0: x 0; — 0, Ont — [Ke, 6]. 


We also have 
d 


Os — [Ae 01] = Or. (9.28) 
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We claim that 
i 


d 
» Oty ++ +s Kt) (9.29) 


First observe that the entries are all of even degree. The left-hand side is 


OP(Ke, «+, At, - «+ Kt) = OlKe,.-- 


Jj a a 
Seuss [Ke, 9: - ey Abs e +s Kt) + P(Kt,..-,OAt,.--, Kt). 
Ft 


On the other hand, by the invariance condition (8.10), 
S- a (Kt... jes Oa: ey Atye ees Kt) + P(Ke,-- +, [At, O:],---, Ke) = 0. 
j#Fi 

The equality (9.29) then follows from (9.28). Thus we have 


OG(Ky,...,Lt,..., Kt) = G(Ky,..., Viy..-, Kt) 


and the proposition follows from Remark 8.4.3. 


From the above we see that the class of y(h) in HR (M) does not 
depend on the choice of the metric h. 


Definition 9.16. The Bott-Chern class ppc(E) of E with respect to y is 
the class in pele (M) of y(h) for some Hermitian metric h on E. 


Remark 9.10. 1. The Bott-Chern Chern class and the Bott-Chern Atiyah 
class are the same: ch,(E) = afc (£) in H¥Z(M). It goes to the Chern 
class c4(E) by the morphism aq in (9.27) and to the Atiyah class a%(£) 
by a5. 

2. Suppose F is a line bundle with Hermitian metrics ho and hy. For a 
non-vanishing section s, we set N;(s) = h;(s,s),i=0,1. Then, for y = cl, 
we compute 


c!(ho, hi) = YT hog =o 


Notes 

As to harmonic forms and related topics, we refer to [Griffiths and 
Harris (1978); Kodaira (1986); Voisin (2007); Wells (2008)] and references 
therein. The Kodaira-Serre duality is proved by K. Kodaira using harmonic 
forms. It is then proved in [Serre (1955a)] in the context of sheaf cohomol- 
ogy including the case the base manifold M may not be compact (cf. the 
expression in Theorem 11.13 below for the case M is compact). 
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Some part of Section 9.2 is taken from [Angella, Suwa, Tardini and 
Tomassini (2020)]. The original reference for the Frélicher spectral sequence 
is [Frolicher (1955)]. Theorem 9.5 is due to [Kodaira (1954)]. 

The Atiyah class of a holomorphic vector bundle is originally introduced 
in [Atiyah (1957)] as an obstruction to the existence of a complex analytic 
connection for the bundle. For the description as given in Section 9.5, 
including its localization theory, we refer to [Abate, Bracci, Suwa and 
Tovena (2013); Suwa (2009)]. 

The Bott-Chern cohomology is introduced in [Bott and Chern (1965)]. 
The reference for Remark 9.9 is [Deligne, Griffiths, Morgan and Sullivan 
(1975)]. The Bott-Chern difference form y(ho, hi) as above has also been 
defined by different approaches (cf. [Bismut, Gillet and Soulé (1988); Bur- 
gos Gil, Kramer and Kiihn (2005); Burgos Gil and Litkanu (2010); Gillet 
and Soulé (1990)]). For the relative Bott-Chern cohomology and its appli- 
cations, we refer to [Corréa and Suwa (2020)]. 
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Chapter 10 


Localization 


In general, if we have a geometric object on a space, there is some vanishing 
theorem away from the singular set of the object and certain characteris- 
tic classes are localized at the set. The localizations yield local invariants, 
called residues, through the Alexander duality and we have a residue theo- 
rem that expresses global invariants of the space as a sum of the residues. 
The Poincaré-Hopf theorem for a vector field with isolated singularities on 
a compact manifold is a prototype of this. 

In this chapter, we explain general philosophy and procedure of localiz- 
ing characteristic classes and of obtaining the associated residues. 

We state the residue theorem in general (Theorem 10.1), which appears 
in various forms throughout this book, and give an explicit expression of 
residues (Theorem 10.4). Various types of localizations and the relevant 
vanishing theorem for each type are explained. In particular, the differential 
geometric localization of characteristic classes of complex vector bundles by 
frames is discussed in detail. 

We prove a fundamental theorem of residues (Theorem 10.8), which says 
that the differential geometric residue of a section at an isolated singularity 
coincides with the topological residue, i.e., the mapping degree of a certain 
map. In a similar way, we show that the Thom class is a localized top 
Chern class (Theorem 10.9). 

We then generalize Theorem 10.8 to the case of frames (Theorem 10.11) 
and prove that the topological and differential geometric Chern classes 
are essentially the same, including the localized case (Theorems 10.12 and 
10.13). 
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10.1 Localization and associated residues 


General philosophy 


Let M be a C™ manifold of dimension m and S a closed set in M. For a 
complex vector bundle FE on M and an invariant polynomial y, it sometimes 
happens that we have the vanishing y(£) = 0 on M\S by some reason. 
Then, in view of the exact sequence 


0 PM MNS) (My SPO 8) 


there is a class ys(E) in H*(M,M~S) which is sent to y(E) by j*. We 
call ys(F) a localization of p(E) at S. Notice that, since j* is not injective 
in general, ys(£) is not uniquely determined. However, in the cases we 
consider below, the vanishing of y(£) occurs on the level of cocycles and, 
using this fact, we may define a natural localization. If M is oriented and 
if S is a subcomplex of M with respect to some triangulation of M, the 
localization gives rise to the “residue” in the homology of each connected 
component of S' through the Alexander duality H*(M, M\S) ~ H,(S) and 
we have the residue theorem (cf. Theorem 10.1 below). 

We have already seen this kind of phenomenon as localization by frames 
from topological viewpoint (cf. Section 5.6). We explain the procedure in 
the framework of Chern-Weil theory adapted to Cech-de Rham cohomology, 
which is applicable in other settings as well. 


Residue theorem 


Let M be a C™ manifold of dimension m and S'a closed set in M. Letting 
Up = M\XS and U, a neighborhood of S, we consider the covering U = 
{Up, U1} of M. In the following, we consider the reduced expression of Cech- 
de Rham cochains and we denote A’(U/) simply by A”(U) (cf. Remark 7.4, 
also Example 7.1). 


Localized classes: Let EF be a C™ complex vector bundle on M. For an 
invariant polynomial y homogeneous of degree k, the characteristic class 
y(E) is represented by the cocycle y(V.) in A?*(U) given by 


g(V«) = (p(Vo), 9(V1); e(Vo; V1), (10.1) 


where Vo and Vj are connections for E on Up and Uj respectively (cf. Sec- 
tion 8.4). Sometimes it happens that we have a “vanishing theorem” on 
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Uo for some polynomials y. To be a little more precise, there is some “ge- 
ometric object” y on Up, with which is associated a class C of connections 
for E on Up such that, for a certain polynomial y, we have 

o(Vo, wa Ve) =0 if every vo) belongs to C. 


We call a connection belonging to C special for y and a polynomial y as 
above adapted to y. As we see below, this kind of vanishing defines a 
localization of y(E) uniquely. 

To see this, first note that, if Vo is special and if y is adapted to y, the 
cocycle p(V,) of (10.1) is in A?*(YU, Uo) and defines a class in H?*(U, Uo), 
which is denoted by ys(F,+7). It is represented by 


y(V«) = (p(V1), y(Vo, V1)). 


Proposition 10.1. The class ys(E,7) does not depend on the choice of 
the special connection Vo or the connection V1. 


Proof. If Vo and Vo are both special, using y(Vo, Vo) = 0, we have 
(p(V1), 9(Vo; V1)) — (¥(V1), (Vo, V1)) = DO, v(Vo, Vo, V1)). 
Similarly, for connections V; and V4, on Uj, 


(y(V1), o(Vo, Vi))-(Y(V1), o(Vo, V1)) 
> D(y(Vi, V1); (Vo, Vi, V4))- 


We call ys(E,7¥) the localization of y(E) at S by y. Sometimes we 
denote it simply by y(E£,7). 

From now on we assume that M is oriented. Before we state the residue 
theorem in general, we discuss a special case to explain the idea. 


A special case: We consider the case 2k = m and S is compact. Let 
(S,), be the connected components of S and, for each », we take an open 
neighborhood U) of S in U; so that U. NU, = 0, if X ¥ pw. For each 4, let 
R) be an m-dimensional manifold with C°° boundary in U) containing S) 
in its interior and set Ro, = —OR,. Let ys(E,y7) be as above. We define 
(cf. (7.42)) 


Raye sy= | 


p(V1) + y(Vo, V1). (10.2) 
Ry Ror 


Then it does not depend on the choice of Ry. 


Let R be an m-dimensional compact manifold possibly with boundary 
in M. Letting O be a neighborhood of OR in M, we apply the above 
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localization procedure to the case S = R\O. Thus let Up = MS. As to 
U,, we take a neighborhood of R and consider the covering U = {Up, U,} 
of M. Suppose we have a geometric object y on Up. Let Vo be a special 
connection for EF on Up and Vj, a connection for E on U;. Then, for 
a polynomial y adapted to y, we have the relative class in H7#}(U, Uo) 
represented by (y(V1), ¢(Vo, Vi)). It is denoted by yr(£,y) with a little 
abuse of notation, as it should be denoted by yro(E£,y). We have the 
integration (cf. (7.44)) 


[exe = i o(Vi) i) _ (Vo, V4). (10.3) 


Note that, while yr(E,7) depends on O, the value of the integration does 
not. 


Remark 10.1. 1. The integration above makes sense if we have y only on 
O. In this case, let U = RUO, Up =U\S =O and U, a neighborhood of 
Rin U and proceed as above for the covering U = {Uo, Ui}. 


2. For some particular choice of O, there is a canonical isomorphism 
HY(U,Uo) ~ H™(R,OR;C). In this case we write the above integral 
Jp er(Z,7) (cf. (7-61). 


Coming back to the previous situation, let S be a compact set in M 
and suppose a geometric object y is given on Up = M~S so that we have 
the localization ys(F,~7). If R is an m-dimensional compact manifold with 
boundary in M containing S in its interior, we also have the localization 
pr(E,y) as above. 

The following is a direct consequence of Stokes’ theorem: 


Proposition 10.2. In the above situation, we have 
>= Resy(7, E35) = f vxtB,9). 
r 


Suppose M is compact. If we take M as R, the right-hand side is written 
Jur P(E). 


General case: We assume that S is a subcomplex of M with respect 
to some triangulation Kg of M. Then there is a canonical isomorphism 
H2¥(U, Uo) ~ H7*(M, M\S;C) (cf. Corollary 7.8) and the class ys(E,7) 
is sent to y(E) by the canonical morphism j* : H?*(M,M~3$9;C) > 
H?*(M;C). We have the Alexander duality (Theorems 4.2 and 7.13): 


A: H?*(M, M\S;C) > Hm_2x(S;C). 
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Definition 10.1. The residue Res, (y, E; 5’) of y at S for p(E) is the image 
of ps(E,7) by A. 


Suppose that S has only a finite number of connected components (5). 
Then we have a decomposition 


Hm_—2n(S;C) = ‘ap Am —2% (Sy; C) 
Xr 


and accordingly we have the residue Resy(7, £;S)) in Hm—2n(S;C) for 
each A. For each 4, we take an open neighborhood U) of $, in U; so that 
U, NU, = 0, if X A pw. Let K, K’ and K* be as in Section 4.1. We may 
assume that Ox/(S)) C Uy. Also let {Ro, Ri} be a honeycomb system 
adapted to U, K’ and S (cf. Definitions 7.9 and 7.12) and set Ry = Ri NU) 
and Ro, = —OR,. Then we have (cf. (7.59)): 


Proposition 10.3. In the above situation, the residue Resy(y, E;S)) is 
represented by the cycle 


Cy = So css, Cs =| p(V1) +f (Vo, V1), (10.4) 
7 s*OR) s 


* Ron 


where s runs through the (m — 2k)-simplices of K in Sy. 


In particular, if 2k = m and if S) is compact, Ho(S); C) = Ho($);C) = 
C, the isomorphism given by the augmentation. Thus we may regard 
Res, (y, £; 5) as a complex number and we have (cf. Proposition 7.16): 


Resins) = | 
R 


avi)+ f eVo%1), (0.5) 
N Ron 
which coincides with the expression (10.2). 

Let R be an m-dimensional manifold possibly with boundary in M. 
We may assume that R and OR are Ko-subcomplexes of M. In the above 
considerations, we let S be R. Then, for a geometric object y on Up = 
M\xR as above, we have the relative class yp(E,y) in H?*(M,M\R;C) ~ 
H?*(R,OR;C). 

The relative class yr(F,7) above is also defined if we have y only in a 
neighborhood of OR (cf. Remark 5.8 for topological localizations). 

Coming back to the previous situation, Let S be a Ko-subcomplex of M 
and y a geometric object on Up = M~S as above. Let R be as above and 
suppose S C Int R. Then the restriction of y to MXR, or to a neighborhood 
of OR, defines the relative class pr(E,7) in H?*(R,OR;C). 

From Corollary 4.3 (see also Remark 7.19), we have: 
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Theorem 10.1 (Residue theorem). In the above situation, it holds: 


1. For each X, we have the residue Res,(y, E;S) in Hyon (Sy; C), which 
is represented by the cycle (10.4). 


2.We have 
So (ta)e Resy(7, Z} Sy) =[R] - er(E,y) in: Am—2n(R;C), 
d 
where 1, : 8S, — R denotes the inclusion. 


Remark 10.2. 1. If we take WM as R in 2 above, the right-hand side is 
expressed as [M] ~ y(E) in Hp _2%(M;C). 

2. In the case 2k = m, if R is compact, each S) is compact and the identity 
in 2 above is expressed as that in Proposition 10.2 (cf. (7.63)). 


3. As we have seen, if 2k = m and if S is compact, we do not have to 
assume that S is a subcomplex of M. Simply define Res,(y, £;.S) as in 
(10.2). Then we have Proposition 10.2, for compact R. That is the content 
of Theorem 10.1. 

4. The above theorem becomes especially meaningful every time we have 
an explicit description of the residues. 

5. The above arguments also work, if we replace E with a virtual bundle 


and M with a possibly singular variety, with some modifications (cf. Chap- 
ter 13 below). 


Transverse residues 


Let M, kK, K* and S be as above. Suppose the maximum dimension of the 
simplices of K in S is m — 2k and let S$” be an oriented submanifold of M 
of dimension m — 2k which is contained in S. Let x be a point in S’ and D 
a slice of S’ in M at x (cf. Definition 3.24). Suppose 


(*) the restriction y|p of y to D makes sense and the restriction of any 
connection special for y is special for |p. 


Then, restricting the bundle F and the connections Vo and V, to D, we 
have the localization y,(E|p, y|p) and the residue Resy(7|p, E|p; 2), which 
correspond to each other by the Alexander isomorphism 

H?*(D,D\ {x};C) ~ Ho({x};C). 


As Ho({x};C) ~ C, we may think of Res,(7|p, E|p; x) as a number, which 
is called the transverse residue at x. If we take a closed 2k-ball B, with 
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center « in D and set Bo; = —OB,, which is a (2k — 1)-sphere with the 
orientation opposite to the natural one, it is given by (cf. (10.5)) 
Resp(rlo,Eloiz) = ff e(va)+ f e(Vo,¥i). (10.6 
By Boi 


With these, we have: 


Theorem 10.2. As a function of x, Res,(y\p, Elp; x) is locally constant. 
Thus, if S’ is connected, it is constant. 


Proof. Let U bea tubular neighborhood of S’ in U; with a C™ projection 
a :U -— S", which gives U the structure of a bundle of open balls of 
dimension 2k. Setting U} = US’ and U; = U, we consider the covering 
UW = {Uj}, U{} of U. Let R; be a bundle on S$” of closed balls of dimension 
2k in U. Then Roi = —OR, is a bundle on S” of (2k — 1)-spheres. We 
denote the restrictions of 7 to R, and Ro; by 7 and 71, respectively. We 
have the fiber integration on CdR cochains (cf. Definition 7.13): 


2 AP(U',U,) —> AP-7*(8"), 
which is compatible with the differentials D and d (cf. (7.67)). The re- 
striction of the localization ys(E,y) to U is represented by the cocycle 
(Valu = (9(V1)lu1, (Vo, Vi)luz,) in A?*(U’, UG). We have 

T(P(Vx)lu) = (11)«9(V1) + (7101) 9(Vo, V1); 
which is in A°(9’), ie., a C® function on S$’. By definition it coincides 
with Res, (|p, E|p;z). As y(V)|u is D-closed, it is d-closed and is locally 
constant. 


Remark 10.3. 1. We may assume that x is the barycenter b, of some 
(m — 2k)-simplex s of K in S’ and B,; = s*/M R, (cf. Theorem 5.1). The 
transverse residue is then expressed as (cf. Proposition 10.3) 


Resp(rlp, Eliz) = f avi) + f ATT: 
*OR1 s*NRo1 


s 


2. If we denote by 1: D — M the inclusion, we have the commutative 
diagram (Proposition 4.13 with C-coefficients): 


H™4(M, M\S;C) =~ Hm_—2q(S;C) 
M,S 


a | )x 


H4(D, DX {x};C) [—> Ho({2}:C) 


296 Complex Analytic Geometry 


so that we may write (cf. Proposition 7.8) 
Resy(y\p, E\p; x) = (D : Resy(7, E; S)), . 


3. In the cases we consider below, the assumption (*) is always satisfied. 


Expression of residues 


Integral representation: Before we proceed to express the residues in 
a rather general setting, we give a formula not involving combinatorial 
topology, in the case S is compact, still assuming that S' is a subcomplex 
of M. 

Thus suppose $) is compact. Note that Hm—2n(Sy; C) = Am—2x (Sy; C) 
then. We have seen that, in the case 2k = m, the residue is expressed by a 
global integral (cf. (10.5)). We consider the case 2k < m. 

Let U, be as before and Ry) a compact m-dimensional manifold with 
boundary in U) containing S) in its interior and we set Ro, = —OR,. From 
Proposition 7.17 we have: 


Proposition 10.4. The residue Resy(7, E; Sy) in Hm—2n(Sa;C) is repre- 
sented by an (m — 2k)-cycle C such that 


[n=fe aviyAnt fi (Vo, Vi)An (10.7) 


for every closed (m — 2k)-form n on Uy. 
In particular if 2k = m, the above reduces to (10.5). 


Case S) is a submanifold: We give a formula for the residue at 5) 
when it is a compact oriented submanifold of M of dimension m — 2k with 
orientation compatible with that of M. In this case we have the transverse 
residue Res,(y|p, E|p; 2%) at each point x in S) and it is in fact constant 
(cf. Theorem 10.2). 


Theorem 10.3. Suppose that S, is a compact oriented submanifold of M 
of dimension m — 2k. Then we have: 


Resy,(7, £; S,) = Resy(y|p, Elp;z)-S,. in, Hm—2n(Sy;C). 


Proof. We try to find Resy(7, £;S) by Proposition 10.4. As Uy, we 
take a tubular neighborhood of $), with a C™ projection 7: U, — S), 
which gives U) the structure of a bundle of open balls of dimension 2k. 
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Setting Up = U,\ Sy, we consider the covering Uy, = {Uo, Uy} of Uy. As 
Ry, we take a bundle on S) of closed balls of dimension 2k in Uy). Then 
Rox is a bundle on $y of (2k — 1)-spheres. We denote the restrictions of 7 
to Ry and Ro, by 7 and 7,, respectively. For a closed (m — 2k)-form 7 
on Uy, we compute the integral 


=) avant [ (Vo, V1) An. 
Ry Ror 


Since 7 induces an isomorphism 7* : H7?~?*(S\)  H'?-?*(U)), there 
exist a closed (m — 2k)-form @ on S) and an (m — 2k — 1)-form 7 on U) 
such that 

n= 1"0+4+ dr. 


Using the projection formula, the fact that y(V1) is d-closed and the Stokes 
theorem, we have 


2 (Vi) An= i: (m)ep(V1) 6 + (-1)2441 I. CE 


where (7), denotes the integration along the fiber of 7). Note that 
(7)x~(Vi) is a C® function on Sy. Noting that dp(Vo, V1) = ¢(V1) 
on Up, and ORo, = 9, we also compute to get 


yes OTN Re= J, crondae(¥o, 01) 8+ (-™ yes Biya 


Thus we have 
i= | ((7,)« (V1) + (70x)*P(Vo, V1)) - 8 
Sy 


Now we recall the fiber integration on CdR cochains (cf. Definition 7.13): 
Te: APU), Uo) — AP-?k(S)), 


It is compatible with the differentials D and d (cf. (7.67)). Since 
(y(Vi)luo,, e(Vo; Vidluo,) is a cocycle in A?(U),Uo), the function 
(7))«(Vi) + (7ox)«(Vo, Vi) is d-closed so that it is a constant. By 
definition the constant is exactly Res,(y|p, E|p; x) above. Finally from 


eis 
Sy S» 


we have the theorem. 
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Case S) is a pseudo-manifold: We give an explicit expression of 
Res, (7, £;.5,) in the case S$) is a pseudo-manifold (cf. Definition 5.12). 

Let Sy be a connected component of S as above and suppose it is an 
oriented pseudo-manifold of dimension m — 2k. If s is an (m— 2k)-simplex 
of K in Sy, s* is a 2k-cell such that s* 7S) = {b,}. Thus we have the 
residue Res, (7, E|s*;bs), which is given by (cf. Remark 10.3.1) 


wide) = f avi) + | swe: 
s*nR, s*ORo1 


From Proposition 10.3, we have: 


Res, (y, E 


Theorem 10.4. Suppose Sy is an oriented pseudo-manifold of dimension 
m— 2k. Then the residue Resy(y, E;S)) in Hm—2n(Sy;C) is represented 
by the cycle 


S © Resy (7, Ele+s bs) 8, 


where s runs through all the (m — 2k)-simplices of K in Sy. 


Corollary 10.1. In the above situation, suppose the set of general points 
of Sy has the structure of a C° submanifold of dimension m — 2q of M. 
Then, if S, =U, Sx. ts the irreducible decomposition, 


Resy(7, E;.5y) = — Resy (yp, Elp; 2,1) [Sas] in Hm—ae(Sa3C), 


where x); 18 a general point of Sy; and D a slice of Sy; at x4. 


In the case $y is a compact submanifold, the above reduces to Theo- 
rem 10.3. Note that we do not need the compactness of M or of Sy in 
Corollary 10.1. 


Various types of localizations 


In the following, we discuss some vanishing theorems and the correspond- 
ing localizations. In the case (I) below, both the obstruction theory and 
the Chern-Weil theory are effective and the comparison of the two ap- 
proaches yields interesting results. In the case (II), it seems difficult to 
apply the obstruction theory directly. We use either the relative K-theory 
or the Chern-Weil theory which we adopt in this text. In the case (III), 
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we have continuous invariants and the topological method seems to be non- 
applicable in general. The method using connections is effective. 


(I) Localization by a frame 

Suppose a complex vector bundle E of rank | admits an r-frame s‘) on 
MS. If we use the obstruction theory, this means the vanishing of the 
cocyle representing the Chern class c4(Z), q=!—r+1, on M\S and we 
have naturally the topological localization cf,,(E, s(")) (cf. Section 5.6). 

In the above setting, the geometric object 7 is s‘") and the connections 
special for y are the s‘")-trivial connections. The Chern polynomial c? is 
adapted to y (in fact c’, g <i <1, are adapted, however the case i = q is 
of particular interest). The corresponding localization of c4(F) is denoted 
by c4(£, s(")). This will be discussed in detail in Section 10.3 below. 

In fact, the assumption that there exists an r-frame on M~S is rather 
strong. We take a triangulation of M compatible with S (or the cellular 
decomposition dual to it), and c?(E) is localized if we are given an r-frame 
on the 2q-skeleton of M\S,q=l—r+1. 


(II) Localization by exactness 
Suppose we have a complex of complex vector bundles on 


0— Ey —--:— Eo — 0, 


which is exact on M~S. In this situation we are to consider the character- 
istic classes of the virtual bundle € = $>4_)(—1)/E, (cf. Section 8.3, also 
Sections 15.2-15.4 below). The geometric object 7 is the exact sequence 
and the connections special for y are the families of connections compatible 
with the sequence. Any polynomial y without constant term is adapted 
to y (cf. Proposition 15.4 below) and we have the localization ys(€) in 
AH*(M,M\S). 

In particular, if M is a complex manifold and if Y is a coherent @Qjy,- 
module, we have the localized class ys(.%) with S the support of .%. This 
will be used in Chapter 15 below. 


(III) Localization by Bott type vanishing theorems 

This type of vanishing occurs on some characteristic forms of a vector 
bundle which admits an action of a holomorphic subbundle of the holomor- 
phic tangent bundle. Thus the geometric object y is such an action and the 
connections special for y are the ones compatible with the action. This will 
be explained in detail in (III) of Section 10.2. It leads to a general residue 
theory for singular holomorphic foliations or distributions. 


300 Complex Analytic Geometry 


10.2 Vanishing theorems 


(I) Vanishing by frames 


Let M be a C® manifold and E a C™ complex vector bundle of rank / 
on M. We begin with an obvious case of “vanishing by rank reason”: for 
arbitrary k connections Vj,...,Vx% for E, 


C(Vis...,Ve) = 0 for ¢> 7041. 
The following is essentially a consequence of this: 


Proposition 10.5. Let s‘") = (s1,...,8,) be an r-frame of E on an open 
set U in M and let Vj,...,V, be 8“ -trivial connections for E on U, then 
on U, 


(V1,..., Vz) =0 for i>l-r+l. 


Proof. Let E’ be the subbundle of E on U spanned by s‘") and, for each 
j = 0,...,p, let Vj be the connection for E’ obtained by restricting V; 
to the sections of E’. Then Vj; induces a connection V‘ for the quotient 
bundle E” = E/E’ on U so that the triple (V;,, Vj, V7) is compatible with 
the exact sequence 


0— EF’ > E— BE” — 0. 


We set V$ = (Vj,Vj). Then, since the connection matrix of Vj 
with respect to the frame s‘”) of E’ is zero, we have ¢(Vji,...,Ve) = 
c(V{,...,V%). By Proposition 8.4, it is equal to ¢(VY7,...,V%), which 
vanishes for i > r—1+ 1, since the rank of E” is r — 1. 


(II) Vanishing by exactness 


This will be explained in detail in Section 15.4 below. 


(III) Bott vanishing theorem 


Let M be aC’ manifold of dimension m and Tp M its tangent bundle. We 
set T = TpM ®C, the complexification of TpM. Let E be a complex vector 
bundle of rank J on M. For an open set U of M we denote by A’(U; E) the 
space of complex valued r-forms with coefficients in FE on U, i.e., sections 
of A" 7* @ E on U. We denote by A"(U) the space of C% functions on U. 
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Let H be a complex subbundle of 7 and p : t* — H™* the canonical 
surjection. Then we have the exterior derivative along H: 


dy : A°(M) —> A°(M; H*), 
which is defined by dy = pod so that dy(f)(u) = u(f) for f € A°(M) and 
u € A°(M; H). 
Definition 10.2. A partial connection for E along H is a C-linear map 
6: A°(M; EF) —> A°(M; H* @ E) 
satisfying the Leibniz rule 
6(fs) =dx(f) ® s+ fd(s) for f € A°(M) and s € A°(M; E). 
Thus a connection for E is nothing but a partial connection along rT. 


Example 10.1. The exterior derivative dy along H is a partial connection 
for the product bundle C x M along H. 


Example 10.2. Let M be a complex manifold and TM its holomorphic 
tangent bundle. Then we have a natural decomposition 7 = TM @TM. If 
FE is a holomorphic vector bundle on M, 


8: A°(M; E) —> A°(M;T' M®@ E) 
is a partial connection for E along TM. 


The following is proved as Lemma 8.1: 


Lemma 10.1. A partial connection 6 is a local operator, i.e., if a section 
s is identically 0 on an open set U, so is 6(s). 


Thus the restriction of 6 to U is well-defined. We also have: 


Lemma 10.2. Let 61,...,6% be partial connections for E along H and 
fi,---> fe C™ functions on M with ys fi = 1. Then Se fidj 1s a 


partial connection for E along H. 


Proposition 10.6. For arbitrary H and E, E admits a partial connection 
along H. 


Proposition 10.7. Let 6; and 62 be partial connections for E along Hy, 
and H2, respectively. Suppose Hy. Ho. = {0} for alla in M. Then 
61 ® by : A°(M; E) —> A°(M; (H¥* @ H3) @ E) 


given by 01 ® 62(s) = (61(s),d2(s)) ts @ partial connection for E along 
A, @ A. 
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If 6 is a partial connection for E along H, for each u in A°(M; H), we 
have a C-linear map: 


dy : A°(M; E) —> A°(M;E), 
which is defined by 6,,(s) = 6(s)(u). It satisfies 


bu(fs) = ul(f)s + fou(s). 


By Lemma 10.1, if u € A°(U; H), 5, : A°(U; E) > A°(U; E) is a well- 
defined operator. Note that 6, cannot be thought of as an element in 
A°(M; E* ® E) so that a partial connection cannot be though of as a map 
A°(M; H) + A°(M; E* @ E). 

Note that a connection V defines a partial connection for arbitrary H 
ie., (9p@1)oV. 


Definition 10.3. We say that a connection V for F extends 6 if the fol- 
lowing diagram is commutative: 


A°(M; E) —-+ A°(M;7* @ E) 
5 le 
A°(M; H* ® E). 
Lemma 10.3. A connection V extends 6 if and only if 
Vu = ou for u€ A°(M;H). 


Proposition 10.8. For arbitrary 6, there is a connection V that extends 6. 


Proof. Take a C® decomposition tT = H 6 H’ and let V = 660’ with 
0’ a partial connection along H’. 


Suppose H is involutive. Then we may define 
dy :A°(M; H*) —> A°(M; \?H*) by 
dy (u,v) = u(n(v)) — v(n(u)) — n([u, v]). 


Then the following diagram is commutative: 


iG ne 


A°(M, H*) “#5 A°(M, \?H"*). 
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If 6 is a partial connection for F along H, it induces a C-linear map 
6 : A°(M, H* @ E) —> A°(M, \?H* @ E) 
satisfying 
6(n ® 8) =dyn®s—nAd(s) for n € A°(M, H*) and s € A°(M, EB). 
It also satisfies 
d(fo) =du(f)Ao+fd(o) for f € A°(M) and o € A°(M, H* @ E). 
The composition 
Ks = 606: A°(M, E) —> A°(M, \?H* @ E) 


is called the curvature of 5. The curvature is A°(M)-linear: 
Ko(fs) = fKo(s) 
so that we may think of Ks as being in A°(M, A? H* @ Hom(E, E)). 


Definition 10.4. Let H be involutive. A partial connection 6 along H is 
called flat if Ks = 0. 


Let e = (e1,...,€7) be a frame of E on U. We write 
l 
5(e:) = ji @ ej, ij € A°(U; H*). 
j=l 
The matrix 05 = (6;;) is called the connection matrix of 6 with respect to 


e). We also write 
l 


Ks(ei) = > 4 @ 3, Rij € A (Ue NA"), 


j=l 
The matrix Ks = (K;;) is called the curvature matrix of 5 with respect to 
e., We have 


Ks = dy05 +05 A905. (10.8) 
By the frame change ef) = e) A, 
6,= A *-dyA+A'05A and Ky =A KA. (10.9) 
The identity (10.8) implies the following: 
Proposition 10.9 (Ricci identity). We have 
Kg(u,v) = dy 9 by — by 0 Oy — Sfu,o]- 
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From now on let M be a complex manifold and F a holomorphic vector 
bundle on M. We call a holomorphic subbundle F' of TM a (non-singular) 
holomorphic distribution on M. The dimension of the distribution is the 
rank of F’. If F' is involutive, it is a holomorphic foliation on M (cf. Sec- 
tion 6.4). 


Definition 10.5. Let F be a holomorphic distribution on M. A partial 
connection 6 for E along F' is holomorphic if 5(s)(w) is holomorphic when- 
ever s and w are. 


We recall Definition 9.10 for connections of type (1,0). 


Proposition 10.10. A connection V for E is of type (1,0) if and only if 
it is a connection extending a. 


Proof. This follows from the fact that the map p: T* > TM assigns to 
each 1-form its (0, 1)-component and that 0 kills holomorphic sections. 


With these we have the following: 


Theorem 10.5. Let F be a holomorphic distribution of dimension p on 
M, 6 a holomorphic partial connection for E along F and ~ an invariant 
polynomial homogeneous of degree k. Let Vo,...,Vq be connections for E 
extending 6 @ 0. 
1) fk>n-—p+ [5], 

P(Vos...,V_) =0. 


2) Ifk>n—p, 
(aa A eee Aen Eee) 


3) In the case F is involutive and 6 is flat, ifk >n-—p, 
p(Vo,---,VWq) = 9. 


Proof. It suffices to prove the theorem for the case q = 0. The case for 
general q follows from the construction of the difference form. 

We take a C® decomposition TM = F ®G. Let (uy,...,up,) be a 
local holomorphic frame of F. Let (uj,...,uj%) be the dual frame of F* 
n—p) & local frame of G*. Since V extands 0, each entry of 
the curvature matrix « of V with respect to a holomorphic frame of F has 


and (vy,...,¥ 


only (2,0) and (1,1) components, i.e., a linear combination (with function 
coefficients) of 


uAu, uxyAv; 


* = * = 
i ve a ; jy Uy Adz;, vj Adz;. 
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For holomorphic sections u and s of F and EF and a section © of TM, 

we have 
K(u, ©)(s) = Vu(Vals)) — Va(Vuls)) — Viu,ai(s)- 

In the above, Va(s) = On(s) = O(s)(w) = 0, also Va(Vu(s)) = 0 
as Vu(s) = du(s) is holomorphic. Finally Viu,aj(s) = 0 as [u,w] = 0. 
Since holomorphic sections locally generates the space of sections, we have 
K(u, 6) = 0, which shows we do not have u¥ A dz; in the above list. 

Finally if F is involutive and if 6 is flat, we do not have uj A uj in the 
above list. 


The theories developed above may be done in parallel using the notion 
of an “action” of H on E. 
Definition 10.6. An action of H on E is a C-bilinear map 

a: A°(M, H) x A°(M, E) —+ A°(M, E) 

satisfying, for f € A°(M), u € A°(M, H) and s € A°(M, E), 
(1) a(fu,s) = fa(u, s), 
(2) a(u, fs) = u(f)s + fa(u, s). 

The following is not difficult to see: 


Proposition 10.11. Jf 6 is a partial connection 6 for E along H, 

as : A°(M, H) x A°(M, E) —> A°(M, E), 
defined by as(u, s) = 6(s)(u), is an action of H on E. Conversely an action 
determines a partial connection. 


If H is involutive, for an action a, the corresponding partial connection 
is flat if and only if it further satisfies 


(3) a([u, v],s) = a(u, a(v, s)) — a(v, a(u,s)). 


In this case we say that the action is involutive. 

If M is a complex manifold and if F' is a holomorphic subbundle of TM, 
for an action a of F,, the corresponding partial connection is holomorphic 
if and only if 


(4) a(u,s) is holomorphic whenever u and s are. 


In this case we say that the action is holomorphic. 

We give some example of holomorphic actions. In the following we 
denote by M a complex manifold of dimension n and F' a subbundle of 
TM of rank p. 
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(A) Action on the normal bundle of the foliation: Suppose F is 
involutive, i.e., a foliation. We call Nr = TM/F the normal bundle of the 
foliation. We denote by 7: TM — Nr the canonical surjection. Then 


a: A°(M, F) x A°(M, Nr) —> A°(M, Nr) 
defined by a(u,7(v)) = n([u, v]), for u € A°(M, F) and v € A°(M,TM), is 
a well-defined action. 


(B) Action on the normal bundle of an invariant submanifold: 
Let V be a complex submanifold of 7. Let Ny be the normal bundle of 
V in M so that we have the exact sequence (3.13). Let F be a distribution 
of dimension p on M. We say that F' leaves V invariant if F]y C TV. In 
this case we set Fy = F|y, which is a distribution of dimension p on V. In 
this situation, there is a natural holomorphic action of Fy on Ny. 

The action is constructed as follows. Let u and v be C'™ sections of Fy 
and Ny, respectively. Take sections i of F and t of TM so that t|y = u 
and w(t|v) =v, where |y means the restriction as sections. Define 


a: A°(V, Fy) x AV, Ny) — AV, Nv) by a(u,v) = a(t, é]|v). 
Then it is a well-defined action. 
(C) Action on the normal bundle of the ambient foliation: Let V 


be as in (B) and let F be a foliation on M leaving V in variant. Then the 
action in (A) induces an action of Fy on Nely. 


Remark 10.4. If F is a foliation on M leaving a submanifold V invariant, 
we have the commutative diagram with exact rows and columns: 


0 0- 
The bundle Fy acts on each of the bundles in the first row. The action 
on Nrp,, is the one in (A) for M = V, the action on Nply is the one in (C) 
and the action on Ny is the one in (B) (for this one the involutivity of F 
is not necessary). 
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10.3. Differential geometric localization by frames 


Let M be a C® manifold of dimension m and E a C'° complex vector 
bundle of rank / on M. Also let S be a closed set in M and suppose we 
have a C® r-frame s‘) of E on M\S. Then we will see that there is a 
natural localization c’(E, s‘")) in H?‘(M, M\S;C) of the Chern class c’(E) 
for i >1—r-+1, letting y and y in Section 10.1 be s‘") and c’, respectively. 
Letting Up = MNS and U, a neighborhood of S, we consider the 
covering U = {Up,U} of M. Recall the class c’(E) is represented by the 

cocycle c’(V,.) in A?*(U) given by 
c'(Vx) = (e'(Vo), (V1), (Vo, V1), (10.10) 


where Vo and V, denote connections for EF on Up and Uj, respectively. If 
we take as Vo an s‘")-trivial connection, then c'(Vo) = 0 and the cocycle 
is in A?*(U, Up) for i > 1—r +1 (cf. Proposition 10.5). Moreover, the class 
of c'(V.) in H?‘(M,M~S;C) does not depend on the choice of the s‘)- 
trivial connection Vo or the connection V, (cf. Proposition 10.1). Thus the 
class is well-defined in H®'(M, M\S;C), which we denote by c§ aig (E, 8“) 
and call the differential geometric localization of c'(E) by s“) at S. It will 
also be denoted by c4(E, s"")), chig(E, 8) or c'(E, 8), if there is no fear 
of confusion. Its image by the canonical morphism H?'(M,M\~S;C) > 
H**(M;C) is the class c’(E). 


Remark 10.5. From the fact that ciie(E, s")) does not depend on Vo, we 
see that, for i =1—r+2,...,1, we have ci.g(E, 8) = ciig(E, 5“), where 
s("") denotes an r/-frame, r’ = r —i +1, made of r’ arbitrary members of 
s), Thus the case i = 1—r-+1 will be of essential interest. In the following, 
we consider only this case and set q=I—r+1. 


Suppose M is oriented and S$ is a subcomplex of M with respect to some 
triangulation of M. Then we have the Alexander duality (Theorems 4.2 and 
7.13): 


A: H74(M, M\ S;C) “+ Hm_2q(S;C). 


Definition 10.7. The differential geometric residue Resea(s\”, E; S) of 
s\") for c1(E) at S is the image of c4.¢(E, 8“) by A. 


Suppose that S' has a finite number of connected components (5) . 
Then we have the residue Resea(s("), E; Sy) in Hymn —2q(Sy; C) for each A. It 
is represented by a cycle as in (10.4) with y(Vi) and y(Vo, Vi) replaced 
by c4(V1) and c?(Vo, Vi), respectively. 
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In particular, if 2g = m and if S) is compact, we have (cf. (10.5)): 
Resea(s""), E; Sy) = l avi + f c1(Vo, V1). (10.11) 
Ry Rox 

Let R be an m-dimensional manifold with boundary in M. If we have 


an r-frame s‘") on M\R, or on a neighborhood of OR, we have the relative 
class c},(E, s“)) in H?4(R, OR;C). 


Coming back to the previous situation, suppose S is contained in the 
interior of an m-dimensional manifold R with boundary in WM. An r-frame 
s) as above restricts to an r-frame on M\R, or ona neighborhood of OR, 
and we have the relative class c},(E, 5) in H?4(R,OR;C). 

From Theorem 10.1 we have the differential geometric counterpart of 
Theorem 5.2: 


Theorem 10.6. In the above situation, it holds: 
1. For each X, we have the residue Resea(s\”), E; Sy) in Hym—2q(8); C). 
2. We have 

Sale Res¢a (s™, E; Sy) = [| om cR(E, s*")) im Hm—2q(R; C). 

» 

Remark 10.6. Remarks as in Remark 10.2.1, 2 and 3 apply to this case 
as well, replacing y, k and y with c?, q and s“”?, respectively. In particular, 
if 2g = m and if S is compact, it is not necessary to assume that S is a 
subcomplex of M to have the residue theorem. 


Suppose $ is compact. For each \ we take a neighborhood U) of S$) in 
U;, having the same homotopy type as S), so that the U)’s are mutually 
disjoint. Let Ry be a compact m-dimensional manifold with C'° boundary 
in Uy containing S') in its interior. We set Ro, = —OR,. Then, by Proposi- 
tion 10.4, the residue Res,«(s‘"), E; Sy) is represented by an (m — 2q)-cycle 
C in Sy such that 


fo-f avians f c4(Vo, Vi) AN (10.12) 
Cc Ry Ron 


for every closed (m — 2q)-form 7 on Uj. 
We also have the transverse residues and the statements corresponding 
to Theorems 10.3 and 10.4 and Corollary 10.1. 


Remark 10.7. In Section 5.6, we defined the topological localization 
Crops s)) and the topological residue TRes,a(s“"), E; $y). In Section 10.5 
below, we prove that they are essentially the same as the ones defined using 
connections. 
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Before we proceed further we give some basic examples to illustrate the 
procedure explained above. 


Example 10.3. Let U be a neighborhood of 0 in R? and E = C x U the 
product bundle on U. Suppose we have a non-vanishing C'™ section s of E 
on Up = UN {0}. Set U; = U and consider the covering U = {Uo, U1} of U. 
Then we have the localization c!(E,s) in H?(U,Uo) ~ H?(U,U ~ {0};C) 
and the residue Res,1(s, £;0) in Ho({0};C) = C, which we try to find. See 
Example 5.1 and (5.10) for the topological counterpart. The two residues 
are related by Proposition 10.13. 

If we denote by e the frame of F given by e(z) = (1,2), we may write 
s = fe with f a non-vanishing C© function on Up. Let B? be a closed 2-ball 
around 0 in U. Its boundary OB? is a circle S! oriented counterclockwise. In 
the expression (10.11) of the residue, we take as V, the e-trivial connection 
on U, thus c!(Vi) =0 and 


Resai(s, £:0) = — [ c' (Vo, V1) 
Sl 


with Vo the s-trivial connection on Up. Now we recall how the difference 
form c'(Vo, V1) is defined (cf. Proposition 8.3). Consider the product Rx U 
with projection p : Rx U > U. Define a connection for p*F on R x Up 
by V = (1—t)Vo + tV1 (we omit p*). Then c!(Vo, V1) = pi.c!(V), where 
p’ : [0,1] x Up > Up is the restriction of p. Let 0; be the connection matrix, 
in fact a form, of V; with respect to the frame e, 7 = 0,1. Then 6, = 0. 
Noting that the connection form of Vo with respect to s is zero, we get 
from (8.4), 


d 
6 = - 
Hence 6 = (1 —1t)0 = (t— 1)4 and the curvature form & is given by 
~ 8 d 
$M LORO SEK. 
f 
Thus 
ee = df 1 df 
1 Vo. V = 1 V) = — ¢ dt A = 
et 0; 1) pc ( ) on Px f Qn f 
and 
1 df 


Res. (s, £;0) = — (10.13) 


Qn/—1 gl 7 , 
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If we denote by p: E — C the projection in the fiber direction and by ¢ 
a coordinate on C, we may write a = Pee s*p* es Thus Res,1(s, F, 0) 
is equal to deg f (cf. Proposition 10.13 below). 

We naturally identify R? with C and suppose s, thus f, is holomorphic 
on Ug. If f extends to a holomorphic function on U with a zero at 0, then 
the residue (10.13) is equal to the order of the zero (cf. Section 1.2). It 


may also be expressed as either dim @;/(f) or Reso Hl (cf. Example 12.2 


below). If f has a pole at 0, it is the order of the pole. 


Hyperplane bundle 


We also take up the following example with non-isolated zero set and prove 
a statement corresponding to Proposition 5.6. As is seen in the proof below, 
the essential ingredient is the Cauchy integral formula. 

Let P” be the n-dimensional complex projective space with homoge- 
neous coordinates [Co,..., Cn]. We denote by U,, the open set in P” defined 
by ¢, 4 0, a = 0,...,n. Let H denote the hyperplane defined by ¢) = 0 
and Ly the line bundle associated with H. Recall that Dy is defined by 
the system of transition functions {¢s/¢a} (cf. Example 3.6). It admits 
a section s represented by the collection (sq), where sq is a holomorphic 
function on U, given by sa = ¢o/¢q. Since the zero set of s is H, we have 
the localization c!(Ly,s) in H?(P”,P"\H;C) of cl(Lyz) and the associated 
residue Res,1(s, Ly; H), which is the image of c!(Ly,s) by the Alexander 
isomorphism 

H?(P",P"\ H;C) — Hon—2(H;C). 


Proposition 10.12. We have: 
Res,1(s, Ly; H) = [A] in Hon—2(H;C). 


Proof. By Theorem 10.3, it suffices to prove that the transverse residue 
at a point in H is equal to 1. Thus let p be a point in H and assume that it 
isin U,,a #0. We fix a trivialization Ly|y.,, ~ C x U, so that the section 
s corresponds to [¢] > (Go/¢a,; [¢]) on Ua. The function ¢o/¢q is a part of 
a coordinate system on U,, which will be denoted by z. As a slice D of H 
at p, we may take a complex one-dimensional disk in U. with coordinate 
z. If we let B be a closed 2-ball with center p in D, by Example 10.3, the 
transverse residue is given by 


dz 


z 


1 
Res.1(s|p, Ly|p; p) = Daal 
7 OB 
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As noted in Remark 5.18.2, the above is a special case of the situation 
we discuss in the next section. 


Whitney sum formula 
Let M be a C™ manifold of dimension m and 


OF S35 B36 (10.14) 


an exact sequence of C'° complex vector bundles on M. Let S be a closed 
set in M and s a non-vanishing section of E’ on M.S. Then we have the 
localizations c" (E’, s) in H2" (M, M\S;C) and c!(E, s) in H2!(M, M\S;C). 


Theorem 10.7. In the above situation, 
J(E,s)=c'(E',s)U cl (E") in H?'(M, MS). 


Proof. Take a covering U = {Uo,Ui} with Up = M\S and U, a neigh- 
borhood of S. Let Vo be an s-trivial connection for E’ on Up and V{, an 
arbitrary connection for E’ on U;. Also let V” be an arbitrary connection 
for E”. Take connections Vo and V, for E on Up and Uj, respectively, so 
that (V6, Vo, V”) and (V{,Vi,V”) are compatible with (10.14). Then Vo 
is s-trivial. The class c!(E,s) is represented by the Cech-de Rham cocycle 
(0, c'(V1), (Vo, V1)) and the class c!’(E’,s) by (0,e" (V1), c! (VW), V4))- 
Then we see (cf. the proof of Proposition 8.6) that the curvature matrices 
with respect to suitable frames have the relation 


Kix ; 
Ky = & 2 , ~=0,1, (10.15) 
which shows c!(V1) = ce (Vi): (V"). 


To find difference forms, set V = (1—t)Vo +tVi and V’ = (1—t)V4+ 
tV{. Then, from (10.15) we have 


which shows c!(Vo, V1) = c! (VW), V4) (0). 


Suppose that S' is a subcomplex of M for some triangulation and that 
M is oriented. Then we have the residues Res,v (s, E’; S) in Hm—2v(S;C) 
and Res,:(s, E;$) in Hm—2(S;C) as the images of cl (E’,s) and c'(E,s), 
respectively, by the Alexander isomorphism. 
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Letting p = 2l, r = 2l and y = c'(E”) in Proposition 4.3, we have: 
Corollary 10.2. If S is a subcomplex of M for some triangulation of M, 
Res,i(s, E; S) = Res,v(s,E';8) 3 ie" (E") in. Hm—21(S;C), 

wherei:S << M denotes the inclusion. 


Remark 10.8. The above is a differential geometric counterpart of Propo- 
sition 5.10. Note that here we only need a non-vanishing section away from 
S. Also, compare Theorem 10.7 with Corollary 10.5.1 below. 


10.4 Thom class of a complex vector bundle 


We first try to generalize Example 10.3 to the higher-dimensional case, 
which will be of fundamental importance in the subsequent discussions. 
Let U be a neighborhood of 0 in R?” and E = C” x U the product 
bundle on U. Suppose we have a non-vanishing C™ section s of EF on 
Up = UX {0}. Set Uy = U and consider the covering U = {Up, Ui} of U. 
We have the localization c"(E,s) in H?"(U, Uo) ~ H?"(U,U ~ {0};C) and 
the associated residue Res.n(s,£,0) in Ho({0};C) = C. If we denote by 


e™ = (e1,...,€n) the frame of E given by e;(z) = (*(0,..., i: ...,0),2), we 
may write s = S7_, fie; with f; C° functions on Up such that, at every 
point of Up, at least one of them is non-zero. Let B?” be a closed 2n-ball 
around 0 in U. In the expression (10.11) of the residue, we take as Vi the 
e‘”)-trivial connection on U so that c”(V1) = 0 and 


Resen (s, E, 0) => -| c"(Vo, V1) 
OB?” 


with Vo an s-trivial connection on Up. Let 6, denote the Bochner- 
Martinelli form on C” (cf. Section 7.10). 


Theorem 10.8 (Fundamental theorem of residues). In the above 
situation, we have c"(Vo, V1) = —f*@n for a suitable choice of an s-trivial 
connection Vo. Thus 


Reson (s, £,0) 7 | hagcre 
OB2" 
Proof. For each i = 1,...,n, we set Vi = {z € Up | fi(z) 4 0}. Then 


{") _ (e1,...,8,...,€n) isa 


(n) 


a 


VY = {V;}*_, is an open covering of Up. On Vj, € 
frame of E. Let D; be the connection for & on V; trivial with respect to e 
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Set pi = (fil? /IFI?, Wl = JAP +--+ [fal?, which is a C°° function on 
Up. On V;, Dj ex = 0 for k 4i and D;e; = —1/f;- aan df; ®e;. Thus we 
may define an operator p;D; : A°(Uo, E) > A'(Up, E) by setting 


— THF dja Uj ® e; for k =i, 
for k 4% 


and (p;Dj)(dopa1 Geek) = Pi ona Ik ® Ck + py 9k (PiDi)ex for general 
sections. Then, from 57", p; = 1, we see that Vo = dc, piDj is a 
connection for E on Up. It is s-trivial, since each D; is. 

Now we compute c”(Vo, Vi) with Vo as above. Let P; be the matrix 
of frame change from e) to e;”’, ice., el”) = e(™P;. Then P; is obtained 
from the identity matrix by replacing the i-th column with *(f1,..., fn)- 
Since e(”) = el”) p- and D; is trivial with respect to e;”’, the connection 
matrix 09 of Vo with respect to e(” is given by (cf. (8.4)) 


(piDi ex = 


n n 
Ao = >> 0 P,.-dP-} =-—)> paP, Pa (10.16) 
i=1 i=1 
while the connection matrix 0; of V; with respect to e() is zero. In the 
subsequent computations we use the fact that, if the entries of a matrix 
are forms of even degrees possibly except for the ones in a single column, 
we may treat its determinant the same way as usual matrices of numbers. 
Consider the connection V = (1 — t)Vo + tV1 as in Proposition 8.3. Then 
by definition 
ce"(Vo, V1) = a det k,, 
27 

where & = —dt A 09 + Kz, Kt = (1 — t)dp + (1 — t)?00 A 00. From definition 
of the integration along fibers, we have 


n ie 1 
(Vo, V1) = -(%) el det Q; dt, (10.17) 
j=l 


where Q, denotes the matrix obtained from K; by replacing the j-th column 
by that of 69. Note that this can be also obtained using Proposition 8.4 
and (8.7). 

From (10.16), we see that the (i,7j)-entry of 09 is —||f||~?fj;dfi. Thus 
the (i, 7)-entry of dOo is 


=(IFI-7a Fj + Frac FIN?) A afi (10.18) 


while the (i, j)-entry of 49 \ 0 is || f\|~4 Sp_, fe fi @fi A dfx. Thus in det Q;, 
each term containing an entry of #9 A @ has more than n of the df;’s and is 
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equal to 0. Hence det Q; = det Q5, where Qj, is the matrix obtained from 
(1 — t)do by replacing the j-th column by that of @. We claim that, with 
the notation in Section 7.10, 


det Qi = (-1) SP +p 2 PDA (L—t)"-2 45 rjx (10.19) 
bAi 


for some forms rj, with r,; = —rjx. The identity (10.19) together with 
(10.17) will prove the theorem. 

Let R denote the matrix whose (i,j)-entry is —df; A df;. We also 
denote by R; the matrix obtained from R by replacing the j-th column 
by fi *(dfi,.--,;@fn) and by Rjx, k 4 j, the matrix obtained from R; by 
replacing the k-th column by —fxd(||f\|72) A "(dfi,---, dfn). From (10.18) 
we have 


det Q; = ( 


1 
—— det det R 1—¢ 
gy TE Ape 2 se) 8" 
We compute 


det Rj =(-1)" S& sgna-dfi Adfaay A+++ fidfocj) N-1+ A dfn A fon) 
cTEGn 


nm), = 
=(-1) 7 F *" nl dj(f) A G(f). 
We also see that, from the expression of the determinant as above, 
det Ryj = —det Rjz. Thus setting rjx~ = || f||-2-) det Rj, (1 — t)"—1, we 
have (10.19). 


From the above we see that Res.n(s, F,0) is equal to deg f (cf. Propo- 
sition 10.13 below). Moreover, if we identify R?" with C” and if s, 
thus f is defined and holomorphic on U, this may be expressed as either 


dim On/(fi,--+; fn) or Reso ge a oe) 


Thom class as a localized top Chern class 


Let M aC® manifold of dimension m and 7 : E + M acomplex C°® vector 
bundle of rank |. We apply the above consideration to the diagonal section 
sa of the pull-back z* E (cf. Section 5.6). The zero set of sa is the image 1 
of the zero section of E — M, which is naturally diffeomorphic with M. In 
this situation, on the one hand there is the differential geometric localization 
Chig(m*E, sa) in H'(E, EX2;C) of c(x*E) by sq. On the other hand, as 
an oriented real vector bundle of rank 21, there is the Thom class Wg of E 
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in H7'(E, EX X;Z) (cf. Section 4.3). Its image by the canonical morphism 
H*(E,E\2;Z) + H"(E, EX 2;C) is the class Wg (cf. Section 7.9). 

If M is oriented, we have the residue Res,u(sa,7* E; 3’) as the image of 
chi (@*E, 8a) by the Alexander isomorphism 


A: H*(E, EX S;C) > Hn(2;C). 


In this case, W% corresponds to » by A and may be identified with Wz 
(cf. Remark 7.20). 


Theorem 10.9. In the above situation, 
Ie. CpG Een) Swe in H*(E,E\Z;C). 
2. If M is oriented, 
Res. (sq, 7°; XY) = 2 in Hy,(2;C). 


Proof. Since the statement 2 directly follows from 1, we prove 1. Let 
Wo = Ex» and W;, a neighborhood of X’ in EF and consider the covering 
W = {Wo, W,} of E. Also let {To,T,} be a honeycomb system adapted to 
W as in Section 7.9. Let Dp be an s,-trivial connection for 7*E on Wo 
and D, a connection for 7*E on W;. The class c!(1*E, sa) is represented 
by the cocycle c!(D,) in A?!(W, Wo) given by 


c'(D.) = (0,¢'(D1), (Do, D1). 
By Corollary 7.11, it suffices to prove that 
(11)+¢'(D1) + (101)! (Do, D1) = 1. (10.20) 


Note that the left-hand side of the above does not depend on the choices 
of Do and D, as above and that it suffices to integrate over a single fiber. 
Thus let x) be a point in M and U a neighborhood of zo in M such that 
m*(U)~C! x U. Let e = (e1,...,e7) be a frame of E on U which gives 
this trivialization and ¢ = (G,...,¢:) the fiber coordinates with respect 
to this frame. Hereafter, we identify 7~1(U) with C! x U = {(¢,x)}. Let 
p:nm(U) = C'x U + C! be the projection. We also identify the last 
C! with 7—1(29). We may assume that 7p, VN m~!(U) = —(S%-! x U), 
where S?/~! js the unit (21 — 1)-sphere in C’, oriented as the boundary of 
the unit ball. We claim that by a suitable choice of Do and Dj, we have 
(D1) |n-1(0) = 0 and c!(Do, D1) |p-1(u) = —p* B, so that 


c!(Ds)|n-1(U) = (0, 0, —p' (1), 
which will imply (10.20). 
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To define Do and Dy, it suffices to define these on 7~1(a9)(= C!), as they 
naturally define connections on 7~!(U) by the product structure and then 
on the whole E by Lemma 8.3. Now m*e = (m*e1,...,7*ez) is a frame of 
n*E on ~1(U), which gives a trivialization @~'a~1(U) = C! x m1 (U). 
Let V1 be a connection for 7* E|,-1(2,) trivial with respect to 1™* e() lee) 
and set D, = p*(V,). Thus D is trivial with respect to 7*e and we have 
c!(D,) = p*c! (V1) = 0. The restriction of the diagonal section 


SAla= 1x6) : a+ (29) =C'_, aes oon ven =C’xc! 


is given by (¢,20) + (¢,¢,%0). Let Vo be the connection for 1* E|,-1(2,) 
as constructed in the proof of Theorem 10.8 and set Do = p*(Vo). Then 
c!(Do, D1) = p*e'(Vo, V1) = —P* fi 


Remark 10.9. 1. The above choice of Dp and Dy, gives explicit local 
expressions of the forms in Proposition 7.22 for a complex vector bundle. In 
particular, for the product bundle E = C! x M with projection p: E > C! 
in the fiber direction, the Thom class Wg is represented by the cocycle 
(0,0, —p*6,) in A?!(W, Wo) for a covering W of E as above. 


2. As in the case of topological counterparts (cf. Remark 5.18.2), we may 
think of Proposition 10.12 as a special case of Theorem 10.9. 

From Corollary 5.5 and Theorem 10.9, we have: 
Corollary 10.3. Let E be a complex vector bundle of rank | on a C'°%° 
manifold M. 
1. chig(a*E, 8a) is the image of Gaalinnk, sa) by the canonical morphism 
H*(E, Ex: Z) > H"(B, EX 2;C). 


2. If M is oriented, H»(5;Z) 4 Hy»(2;C) is injective so that we 
may identify chig(m*E, sa) with Gaa(n” Ei, sa) and Res.(sa,7* FE; 7) with 
TRes.(sa,7* FE; 5). 


The above is a special case of Theorem 10.13 below. 


Universality of the Thom class: Let 7: E — M beas above. Suppose 
we have a section s of EF on M with the zero set S. Then it induces a 
morphism 


s*: H" (BE, EX; C) — H?(M, M\S;C). 
Theorem 10.10. Jn the above situation, 


chin (E, 8) = s*Wp. 
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Proof. Let W = {Wo,W;} be a covering of a*E and let Do and D, 
be an s,a-trivial connection for 7*E on Wo and a connection for 7*F on 
W,, respectively, as above. We take a covering U = {Up,U,} of M with 
Up = M\S and U, a neighborhood of S such that s(U,) C W,. Recall 
that there are natural isomorphisms: 
SME ~(ros*E=(1uyELeE 

and that the correspondence is given by (£,,2) © (61,2) © & with 
x = 7(&1) and = s(x) (cf. Proposition 3.2). For 1 = 0,1, we denote by 
V; the connection for E on U; that corresponds to s* D; in the above isomor- 
phism. For the pull-back s*s, of sa by s, we have s*sa(x) = (s(x), s(x), x) 
(cf. (3.6)). Thus it corresponds to s in the above isomorphism. From 
(s*Do)(s*sa) = 8*(Do(sa)) = 0 (cf. (8.14)), we see that Vo is s-trivial. 
Hence the class cl (E, s) is represented by the cocycle (0, c!(Vo), c (Vo, V1)) 
and we have the theorem by Proposition 7.8. 


Remark 10.10. The above gives a differential geometric proof of the fact 
that the Thom class is a universal localization of the top Chern class (cf. 
Remarks 5.17.2 and 5.18.1). If M is oriented, we have a commutative 
diagram as (5.22) with C-coefficients and I’ replaced by 21. We may write 


Res. (s, E; S) = (M “2 )g- 
Comparing with (5.23), we have: 


Corollary 10.4. Let E be a complex vector bundle of rank | on a C°%° 
manifold M and s a section of E on M with the zero set S a subcomplex 
of M. 

1. cig(E,s) is the image of Chop (E, 8) by the canonical morphism 
H?!(M, M\S;Z) + H?!(M,M\S;C). 


2. If M is oriented, Res.(s,E;S) is the image of TRes,:(s,E£;S) by the 
canonical morphism Hm_—2(S,Z) => Hm_2(S; C). 
Compare the above with Theorem 10.13 and Corollary 10.6 below. 


For 7 = 1,2, let EL; be a complex vector bundle of rank 1; on M. Let 
5; be a section of FE; on M with the zero set S;. We set FE = FE, ® Fo, 
8 = 8; ®8q,l=1, + ly and S = S$; Sb, which is the zero set of s. Then, 


from the identity Wz = (d)*(Wp, x Wp,) (cf. Corollary 4.5), we have: 


Corollary 10.5 (Whitney sum formula). In the above situation, 


1. Cupl(E, s)= en (E, Si) v cl? (Ea, $2). 
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2. If M is oriented and if each S; is a subcomplex of M, 
Res, (s, E; S) = (Res. (s1, Fj; S1) be Res,i2 (sa, Eo; S3))g 
in Hyp —21(S;C). 


The above is a differential geometric counterpart of Corollary 5.6. Note 
that, in the item 1, it is not necessary to assume that S; is a subcomplex 
of M. The Whitney sum formula is further refined in Section 14.1 below. 


Intermediate Thom classes 


We may also define the differential geometric intermediate Thom classes 
(cf. Section 5.6) in the relative Cech-de Rham cohomology. 

Let M be a C™® manifold of dimension m and 7: E — M a complex 
vector bundle of rank /|. Let E” = E®---@E be the direct sum of r copies 
of EF with the projection p: E” + M. Consider the vector bundle p* E of 
rank | on E” (see (5.24)). It has the diagonal r-section s®) with singular 
set \’ given by (5.26). For g =1—r-+1, the differential geometric q-th 
Thom class Vi, of E is defined by 

Un = Chig(o"E, sh’), 
which is in H74(E", E”\ ©;C). By Definition 5.16 and Theorem 10.13 
below, the above class is the image of the topological q-th Thom class by 
the canonical morphism H74(E", E"\ ©;Z) + H74(E", E"\2;C). 

Let W = {Wo, Wi} be a covering of E” with Wo = E™\ © = W(E,r) 
and W, a neighborhood of Y in E". In H74(E", E"\ XC) = H74(W, Wo) 
the class Wj, is represented by a CdR cocycle 

c1(Dx) = (c4(D1), €7(Do, D1), 


where Do is an trivial connection for p*E on Wo and D, a connection 


for p* E on W,. We may choose D, so that D, = p*V with V a connection 
for F on M. 

In particular, if M is a point, thn EF = C!, EX = C*”, VY = Xp 
(cf. (5.25)) and C’"\ Np = W(I,r). There exist isomorphisms 

H9(C"",C'*\ Xo;C) & H72-"(W(Lr);C) & Hit" (WUL,r)) 
By a suitable choice of connections Dp and D,, we may make c?(D,) = 0 
and c%(Do,D ,) the negative of the explicit generator of H?4~'(W(I,r)) 
given in Proposition 7.28. Also by the Alexander isomorphism 
ASHP Cr Sg Cs Flo(pt—q) (203 C) ~C, 


the class WZ, corresponds to the generator [Xo]. 
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10.5 Coincidence of topological and differential geometric 
localizations 


First we give an expression of the mapping degree in terms of differential 
forms. 

Let W(l,r) be the Stiefel manifold of r-frames in C! and set g=1—r+1 
as before. We have H?4~'((W(I,r);C) ~ C with a canonical generator. By 
the de Rham theorem (Theorem 7.5), the generator is represented by a 
closed (2g — 1)-form w2,-; on W(i,r). By definition of the mapping degree 
and Proposition 7.5, we have: 


Proposition 10.13. For a C® map y: S747"! > W(I,r), 
deg y =| YP" Waq-1- 
§2q-1 


An explicit expression of w2g-1 is given in Proposition 7.28. In partic- 
ular, if r = 1, then g=1 and W(l,1) = C'\ {0}. In this case we may take 
as W2q—1 the Bochner-Martinelli form {; (cf. Section 7.10). 

Now we give a topological interpretation of the differential geometric 
residue in a special but fundamental case. 

Let B?! be a closed ball of dimension 2/ in R?! and E a C® complex 
vector bundle of rank | on a small neighborhood U of B?’. Suppose we 
have a non-vanishing C' section s on a neighborhood of the boundary 
OB”! — S?!—1 of B?!, We may extend s to a non-vanishing section, denoted 
also by s, on U\ {x}, where x is a point in the interior of B?!. Thus on 
the one hand we have the index I(s,x) (cf. Definition 5.3), which is an 
integer, and on the other hand we have the residue Res,.(s, £;2), which 
is in Ho({x};C) = C and is a complex number. From Theorem 10.8 and 
Proposition 10.13 we see that they are in fact the same: 


Proposition 10.14. In the above situation, 
Res,i(s, £; 2) = I(s, 2). 
Thus Res,.(s, E;x) is an integer. 


As we will see, many significant results follow from this fact 

Now we go on to a more general case. Let B?% be a closed ball of 
dimension 2q¢ in R74 and E a complex vector bundle of rank / on a small 
neighborhood U of B?4. Suppose we have an r-frame s‘") = (s1,...,5,), 
r = 1—q+1, on a neighborhood of 0B?4. We may extend s“) to an 
r-frame on U \ {a}, where x is a point in the interior of B74. We set 
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s-)) = (s,,...,s,_1). By dimension reason, we may assume that s("—)) 


is extended to an (r —1)-frame on U. Then it generates a trivial subbundle 
I of FE of rank r — 1 so that we have an exact sequence 


0—-+I—> E—> E’ — 0, (10.21) 


where E’ is a vector bundle of rank q on U. If we denote by si. the section 
of E” determined by s,, it is non-vanishing on UX {a}. 


Lemma 10.4. In the above situation, we have 
Resea(s), E; x) = Resea(s’., E'; 2). 


Proof. Letting Up = U\{0} and VU, a neighborhood of x in U, we consider 
the covering U = {Uo,U1} of U. Let V be the s"—)-trivial connection for 
I. Also, let Vj be an s/-trivial connection for E’ on Up and take an s")- 
trivial connection Vo for EL on Up so that (V,Vo, VG) is compatible with 
(10.21). Also, let V4, be a connection for E’ on U and take a connection 
Vi for E so that (V, Vi, V4) is compatible with (10.21). Then we have 


c4(V1) = c*(V4) and c4(Vo, V1) = c#(Vo, V4): 


The identity follows from (10.11). 


By Lemma 10.4, Propositions 5.1 and 10.14, we have: 
Theorem 10.11. Jn the above situation, we have 
Res.a(s“, E; x) = I(s, x). 
Thus Res¢a(s), E;x) is an integer. 


Now we prove that the Chern class defined by obstruction theory and 
the one defined by Chern-Weil theory are essentially the same. 

Let M be a C' manifold of dimension m. We take a C'* triangulation 
Ko of M and let K and K* be as before. Let Wo be a neighborhood of the 
(p — 1)-skeleton (K*)?~! of K* such that the barycenter b, of each p-cell 
s* is not in Wo, and let W; be an open set so that W = {Wo,W;} is a 
covering of M, in fact we may take M itself as W,. Let {Ro, Ri} bea 
system of honeycomb cells adapted to W such that Ro contains (K*)?~+ 
in its interior. Recall that the isomorphism 7p : H?,(W) + H%.(M;C) is 
induced by the linear map 


wp : A?(W) — Ck.(M;C) 
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given by 


(s*, vp(§)) = Press £0 =p: Cin Vices fo1, 


for € = (€0, 1,01) in A?(W) (cf. (7.40)). 

Let FE be a C® complex vector bundle of rank 1 on M. We have the 
g-th Chern class c4,-(E£) in H?4(M;C) defined via Chern-Weil theory and 
the q-th Chern class cf,,,(E£) in H?4(M, Z) defined via obstruction theory. 


Theorem 10.12. In the above situation, ci;q(E) is the image of cf.,(E) 
by the canonical morphism H?4(M;Z) > H?4(M;C). 


Proof. Suppose we have an r-frame s‘") on the (2g—1)-skeleton (K*)?4~1 


of K*, r = 1—q+1. Let Wo be a neighborhood of (K*)?4~! in M, 
so small that s‘") can be extended to Wo without singularities, and set 
W, = M. Consider the covering W = {Wo, W1} of M and let {Ro, Ri} be 
a honeycomb system adapted to W such that Ro contains (K*)?4~! 
interior. 

Let Vo be an s(")-trivial connection for E on Wo and V, an arbitrary 
connection for E on W ;. Then the class c4,(E£) is represented by the 
cocycle 


in its 


cl(V«) _ (c4(Vo), c2(V1), c2(Vo, V1)) in A?4(W). 


Note that, since Vo is s‘”)-trivial, we have c1(Vo) = 0 and c4#(V.) is in 
fact in A?4(W, Wo). In the isomorphism wp : H7!(W)  H?4(M;C), the 
cocycle c4(V,) assigns to each 2q-cell s* the value 


/ (V1) +f (Yo, V3), 
s*nRy, s*NRo1 


which is equal to Resga(s“”)|,+, E|,«;bs). The theorem follows from Theo- 
rem 10.11. 


We have a similar theorem for localized classes. Thus let S be a 
Ko-subcomplex of M and s‘”) an r-frame of E on M\S,r =l—q+1. 
Then we have the localized classes c4.¢(E,s‘")) in H?4(M,M~S;C) and 
chp (E, 8) in H74(M,M\S;Z). 


Theorem 10.13. In the above situation, if the (real) codimension of S' is 
greater than or equal to two, c4ig(E, 8) is the image of chp (E, 8) by 
the canonical morphism H?4(M,M\~S;Z) > H?4(M, M\S;C). 
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Proof. Let Up = M\S and U, a neighborhood of S. Also let Wo be 
a neighborhood of (K*)?4~! as in Theorem 10.12 and set Uj = Up U Wo. 
Consider the coverings U = {Up,Ui} and U’ = {Uj,Ui} of M. Then we 
have a canonical morphism 


H(u',U}) —> HU, Uo) (10.22) 


We may think of Uj as being the union of Up and a neighborhood U of 
Sm (K*)?4-1, We may suppose that U retracts to $M (K*)?4~!, which is 
of dimension at most 2q — 3. Hence we see that the canonical morphism 
H?1(M,U}) — H?4(M,Up) is an isomorphism. Thus (10.22) is also an 
isomorphism. 

We take a honeycomb system {Rp, Ri} adapted to Y/’ so that for s* 
with s*S = 9, it holds that s*M R; = @ (see the proof of Theorem 7.10). 
We may extend s‘) to Uj and let Vo be an s")-trivial connection for E 
on Uj. The class c4.¢(E,s‘")) is represented by a cocycle in A?4(U’, Us) 
assigning to each 2q-cell s* the value (cf. (7.46)) 


ii (V3) -f (Yo, V1), 
s*nRi a(s*R1) 


which is zero for s* not intersecting with S. 


Corollary 10.6. Suppose M is oriented. Then Resea(s("), E; S) is the 
image of TResea (s, E;S') by the canonical morphism 


Hyn—2q(S3Z) —+ Hm—oq(S;C)- 


In particular, if m = 2q and if S is compact and connected, the both are 
the identical integers. 


Remark 10.11. 1. From the above arguments, we see that we may define 
the localizations and associated residues for a frame s‘”) given only on 
(K*)?4 (M\S) using the Chern-Weil theory in the integral cohomology 
and homology. 


2. In the case r = 1, the above may be proved using the fact that the Thom 
class is universal both in topological and differential geometric senses. 


Notes 

In each of the types of localization discussed in Section 10.1, if we use 
the differential geometric methods, we take some special connection V on 
M\~S first. As to the treatment after this, there are several ways: 
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(1) Extend V to the whole M by modifying it in a neighborhood of S. 
Then we get a characteristic form with compact support on M, for 
example [Baum and Bott (1972)]. 

Consider V as a singular connection on M and extend the characteristic 

form as a current on M, for example [Harvey and Lawson (1993)]. 

(3) Let V as it is and take another connection on a neighborhood of S. 
In this case the difference in the intersection becomes important. The 
localization is naturally represented by a Cech-de Rham cocycle and 
this is the way used in this text. 


— 
iw) 
ar 


The proof of Theorem 10.5 as given here is due to [Abate, Bracci and 
Tovena (2008)] and [Abate, Bracci, Suwa and Tovena (2013)]. 

As is mentioned in Notes of Chapter 5, the residue defined in Sec- 
tion 10.3 (likewise the one in Section 5.6), in the case r = 1, corresponds to 
the “localized top Chern class” defined in [Fulton (1984)] in the algebraic 
category. In particular, see Example 19.2.6 in there concerning Theo- 
rem 10.10 and Remark 10.10. 

Parts of Chapters 4, 5, 7, 8 and 10 of this book are summarized in [Suwa 
(2022b)]. 
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Chapter 11 


Further Topics 


We present various topics that are basic in complex analytic geometry and 
are needed in later chapters. We start by reviewing sheaves and sheaf 
cohomology. There is an important class of sheaves that are called coher- 
ent sheaves. We quote fundamental coherence theorems of K. Oka and 
discuss some of their consequences. The Cech-Dolbeault cohomology, a 
complex counterpart of the Cech-de Rham cohomology, is then introduced. 
It allows us to regard both Dolbeault cochains and Cech cochains naturally 
as Cech-Dolbeault cochains and leads to a canonical Dolbeault theorem 
(Corollary 11.6). After somewhat detailed discussion of complex analytic 
spaces, generalizations of varieties, presentation of divisors and local com- 
plete intersections follows. 


11.1 Sheaves 


In this section, we review fundamental materials on sheaf theory. 
Let X be a topological space. 


Definition 11.1. A sheaf of Abelian groups on X is a topological space 
together with a surjective continuous map 7: -% — X such that 


(1) a is a local homeomorphism, 

(2) for each x in X, Y%, = m~1(x), called the stalk of Y on x, has the 
structure of an Abelian group, 

(3) the operations a + —a of Y to Y and (a,b) WH a+bofS% xx SF to 
YS are continuous, where we set 


SXx S={(a,b)eY%x S| a(a) =7(b) }. 


325 


326 Complex Analytic Geometry 


Example 11.1. 1. Let 7: Y% > X bea sheaf on X and A a subspace of 
X. Then 7~1(A) is a sheaf on A, which is called the restriction of Y to A 
and is denoted by -Y|,. 


2. Let G be an Abelian group and set Gx = G x X with the discrete 
topology on G. Then it is a sheaf with a the projection onto the second 
factor. We call it the constant sheaf with stalk G. It will also be denoted 
by G, if there is no fear of confusion. 


Definition 11.2. Let 7 :.7% — X be a sheaf and U an open set in X. A 
section of Y on U is a continuous map s:U > * such that Tos = 1p. 


From the condition (1) in Definition 11.1, we have: 


Proposition 11.1. Let 7:.% + X be a sheaf. 


1. For every point a in S, there exists a section s on a neighborhood of 
x = (a) such that s(x) =a. 

2. Let s and t be sections on neighborhoods U and V of x, respectively. If 
s(x) = t(x), there exists a neighborhood W of x with W CUNY such that 
s=tonW. 


Exercise 11.1. Let Y be a sheaf on X. 
1. Show that the map X — Y defined by rx} 0 € Y, is continuous. Thus 
it is a section of Y on X, called the zero section. 


2. Let s be a section of .Y on an open set U in X. Show that the set 
{x €U | s(x) £0} is closed in U. 


We denote the set of sections of Y on U by P'(U;.7%). This has naturally 
the structure of an Abelian group. By convention we set I'(@;.7%) = 0. If 
(U,V) is a pair of open sets with V C U, the restriction defines a morphism 
rvu : T(U;.S) > T(V;7). We have ryy = 1 and rwy oryy = rwu for 
every triple (U,V,W) of open sets with W CV CU. 

Thus for each x in X, the collection (I(U;-%),rvu) forms a direct 
system on the set of open neighborhoods of « and from Proposition 11.1 
we see that 

Fo = lim I(U;.Y), 
Usa 
the direct limit (cf. Section A.1, also Remark 1.6). 
In view of the above, we introduce the following: 


Definition 11.3. A presheaf on X is a system (Sy, pvy), where, for every 
open set U in X, Sy is an Abelian group and, for every pair of open sets 
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(U,V) with V Cc U, pyu : Sy > Sy is a morphism of Abelian groups, 
called the “restriction”, such that 


(1) Sp = 0, 
(2) puy =1 and pwv ° pyu = pwu for every triple (U, V, W) of open sets 
withW CV CU. 


If (Su, pvu) is a presheaf, we may construct a sheaf as follows. Let 


S, = lim Sy 
Usa 
and .Y = L,cx “x, the disjoint union with the natural map 7: .% > X. 
Then, for every open set U and a point x in U, there is a canonical morphism 
Pu,x : Su — Sz. We topologize .Y so that for every open set U and o in 
Su, the set { pu,z(o) | c € U} is an open set in .Y. This way becomes 
a sheaf. 

In the following, if the restriction morphisms pyy of the presheaf 
(Su, pvu) are obvious, we abbreviate the above procedure by saying that 
SY is the sheaf defined by the presheaf U + Sy. 

For a presheaf (Sy,pyu) and the sheaf Y constructed as above, we 
have a morphism 


pu : Sy — IT(U;.%) defined by y(c)(x) = pu,2(c). 


Proposition 11.2. The morphisms yy are isomorphisms if and only if the 
following conditions are satisfied: 


(1) foro € Su, the condition pu,,u(o) =0, i=1,2, implies o = 0, 
(2) for o; € Su, with pu,nus,u, (01) = PuynUs,U, (02), there exists o € Sy 
with pu,,u(o) = 0%. 


In the above, U, and U2 are arbitrary open sets and U = U,; UU3. 
Exercise 11.2. Verify Proposition 11.2. 

Sheaf morphisms: Let 7:.% > X and@w: FY — X be sheaves on X. 
Definition 11.4. A morphism yp: Y > ZF is a continuous map such that 
(1) mop=n, 


(2) the restriction y, : 4% > %H of wy to each stalk is a morphism of 
Abelian groups. 
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A morphism y: .Y > J is said to be an isomorphism if there exists a 
morphism wy: FY + .Y such that pop =1y and pow=l1zg. 

Let (Su, pyu) and (Ty, py) be presheaves. A morphism (Sy) > (Tv) 
is a collection (yy) of morphisms yy : Sy — Ty compatible with the 
restrictions. Such a morphism defines a morphism y : .Y > J of sheaves 
defined by the presheaves. 

A morphism y: Y + JF defines a morphism yy : [(U;.%) > T'(U; Z) 
for each open set U and the collection (yy) is a morphism of presheaves. 


Sub and quotient sheaves: Let .~% — X be asheaf. A subset .“ of 7 
is said to be a subsheaf of Y if it is a sheaf with respect to the topology 
and algebraic structure induced from those of .%. In this case the disjoint 
union |J,c. -“:/-%, has naturally the structure of a sheaf on X. We call 
this the quotient sheaf of SY by SY’ and denote by 4/7’. 

Let (Sj, Pyy) and (Su, pvu) be presheaves such that, for each open set 
U, Sj, is a subgroup of Sy and that the inclusions $7, ~ Sy are compatible 
with the restrictions. Then the sheaf .’ defined by (Sj,) is a subsheaf of 
the sheaf Y defined by (Sy). The quotient sheaf Y/Y’ is defined by the 
presheaf (Sy /S7,). 


Exercise 11.8. Show that a section of a quotient sheaf 7/7’ on an open 
set U is represented by a collection {(Ua, Sa) }aer, where {U,,} is a covering 
of U, sq is a section of Y on Ug, for each a, and sg — Sq is a section of W 
on U, Ug, for each pair (a, 8). 


Let p: .% — F bea morphism. Then, Kery = |],.. Ker y, has the 
structure of a subsheaf of .7 and Imy = |],-y Img, that of .7. We set 
Coker y = Z/Im vy. 

A sequence of sheaf morphisms 


p-1 P 
pf Prd a PP POON espe 


is said to be exact if Im y?~! = Ker y? for all p. 
Thus if 


OS 7 = a 0 


is an exact sequence of sheaves, ¢ is an isomorphism of .¥’ onto Imz and y 
induces an isomorphism Cokerz ~ 4”. 


Direct and inverse images: Let f : Y — X be a continuous map of 
topological spaces. 
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For a sheaf Y on Y, the direct image f,Z7 is the sheaf on X defined by 
the presheaf that assigns to each open set U in X the group I'(f~!U; 7). 
We have I'(U; f,.7) = I'(f~'U; 7) for every open set U in X. 

In particular, if S' is a closed subset of X with the inclusion i: S — X, 
then, for a sheaf Y on S$, i,.7 is the sheaf on X such that 


mies (11.1) 


iz7|xvg = 0. 


For a sheaf .Y on X, the inverse image f—'.Y is the sheaf on Y defined 
by the presheaf 


Wr lim I(U;.7), 
UD f(W) 


where the limit is taken over all open sets U of X containing f(W). From 
definition we see that, for every point y in Y, 


ay = Spy): (11.2) 


If Y isasheafon X and A asubspace of X with the inclusioni: A X, 
i-'S coincides with the restriction .Y|4 (cf. Example 11.1.1). 


Proposition 11.3. Let f : Y — X be a continuous map of topological 
spaces and let S and F be sheaves on X and Y, respectively. Then there 
exist canonical morphisms 


Nh Gnd fF, 


Thus giving a morphism S > fxZ is equivalent to giving a morphism 


fir Zs. 
Exercise 11.4. Verify the above. 


Remark 11.1. Let Sh(X) and Sh(Y) be the categories of sheaves of 
Abelian groups on X and Y, respectively (cf. Example A.1.2). Then, for 
a continuous map f : Y > X, we may think of f, : Sh(Y) > Sh(X) and 
f-! : Sh(X) > Sh(Y) as covariant functors. The functor f~! is exact 
by (11.2), while f, is only left exact in general (cf. Remark 11.10 below). 
In the particular case where S is a closed subset of X with the inclusion 
i: SX, i, : SR(S) > Sh(X) is exact (cf. (11.1)). 
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Morphism of sheaves on distinct spaces: Let X and Y be topological 
spaces and .Y and J sheaves on X and Y, respectively. 


Definition 11.5. A morphism (Y, 7) > (X,-7%) is a pair (f,y) of a con- 
tinuous map f : Y > X anda morphism y: .Y > f, 7 of sheaves on X. 


In the case Y = X and f =1x, y is a morphism as in Definition 11.4. 
A morphism (f, y) as above defines a morphism f~!.Y > f-!f,7 > 7 
so that, for each y € Y, it defines a morphism of Abelian groups 


Py Sey) > Jy. 


For a sequence (Z, Y) ue (Y, Z) a) (X,./) of morphisms, the com- 
position (f,~)°(g,w) : (24,%) > (X,-%) is defined as (f og, fat o y). 
The identity morphism of (X,.%) is the pair (1x, 1.) of the identities. 
A morphism (f,y) : (Y,.7) > (X,-%) is an isomorphism if it admits 
an inverse, i.e., if there exist a morphism (g,) : (X,.%) > (Y, 7) with 
(f,y)o (9, ¥) = (1x, ly) and (9,p)° (f, 9) = (ly, lz). 


Support ofa sheaf: Let Y beasheafon X. The support of is defined 
by 


Supp(-%) = {@ EX |r #0}f. 


Exercise 11.5. In the above situation, suppose that Supp(.”) is contained 
in a closed set S in X and denote by i: S @ X the inclusion. Show that 
it 1S = TS. 


Sheaves with other algebraic structures: We may similarly define 
sheaves of rings, modules and so forth. Thus a sheaf of commutative rings 
with unity is a sheaf # of Abelian groups such that each stalk &, has 
furthermore the structure of a commutative ring with unity and that the 
operation (a,b)'> abof xx & to & and the assignment «+> 1 € &, of 
X to & are continuous. A sheaf of Z-modules, an #-module for short, is 
a sheaf .Y of Abelian groups such that each stalk .%, has furthermore the 
structure of an ,-module and that the operation (a, f) > af of xx F 
to / is continuous. A sheaf of Abelian groups may be thought of as a 
Zx-module with Zxy = Z x X the constant sheaf with stalk Z. 

In the following, a sheaf of rings means a sheaf of commutative rings 
with unity. 
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Algebraic operations: As in the case of vector bundles, we may consider 
algebraic operations on sheaves. Thus, for two Z-modules .Y and 7, we 
have the direct sum .Y @ J, the tensor product .Y ®g JF and the sheaf 
of morphisms Homg(.%, 7). The direct sum of p copies of Y will be 
denoted by .Y?. They are all Z-modules. 


Some fundamental sheaves 


In each of the following, the sheaf .% we introduce is defined by a presheaf 
(Su,pvu) for which the restrictions pyy are the obvious ones. Also, in 
each case, the conditions in Proposition 11.2 are satisfied so that there is a 
canonical isomorphism Sy + I'(U;.7). 


Sheaf of continuous functions: Let X be a topological space. The 
sheaf of germs of continuous functions on X, denoted by @x or @, is the 
sheaf defined by the presheaf U ++ Cy, the ring of complex valued con- 
tinuous functions on U. It is a sheaf of rings and will also be denoted 
by @. 


Sheaf of C'°° functions and forms: Let M be a C'® manifold. The 
sheaf of germs of C® functions on M, denoted by &y or &, is the sheaf 
defined by the presheaf U ++ Ay = A°(U), the ring of complex valued C°%° 
functions on U. It is a sheaf of rings and will also be denoted by @yp. 

Let EF be a C™ vector bundle on M. The sheaf of germs of C'° sections 
of E, denoted by &(E), is the sheaf defined by the presheaf U + A°(U; E), 
the Ay-module of C™ sections of FE on U. It is an m“y-module. 

In particular, for E = A? TEM, of, = (A? TEM) is the sheaf of 
germs of C®° p-forms on M. The exterior derivative induces a morphism 
d: of? —» of ?*" of sheaves of C-vector spaces. 


Sheaf of real analytic functions: We may likewise consider the sheaf 
of real analytic functions on a real analytic manifold M. It is a sheaf of 
rings and is denoted by @j7. 


Sheaf of holomorphic functions and forms: Let M be a complex 
manifold. The sheaf of germs of holomorphic functions on M, denoted 
by @y or @, is the sheaf defined by the presheaf U ++ Oy, the ring of 
holomorphic functions on U. It is a sheaf of rings. Note that for each point 
z in M, @y,, is naturally isomorphic with the ring @,, as constructed in 
Section 1.4. 
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Let E be a holomorphic vector bundle on M. The sheaf of germs of 
holomorphic sections of E, denoted by @(E), is the sheaf defined by the 
presheaf U ++ O(U; E), the Oy-module of holomorphic sections of FE on U. 
It is an @yy-module. In particular, for E = A\?T*M, Qh, = O(A”T*M) 
is the sheaf of germs of holomorphic p-forms on M. We have 2%, = Gu. 
Also for EF = TM, Oy = G(TM) is the sheaf of germs of holomorphic 
vector fields on M. Sometimes it is referred to as the tangent sheaf of M. 

We may also consider 24 = o&(A\?T*M ® \'T M), the sheaf of 
germs of C™ (p,q)-forms on M (cf. Definition 6.2). It is an e&,-module. 
We have the morphism 0 : o/?:4 —> o/?4+1 of sheaves of C-vector spaces. 


Sheaf of algebraic functions: Let M be a quasi-projective manifold 
and Mz the manifold M with Zarisky topology (cf. Section 2.2). Starting 
from the rings O7,, of regular functions on Zariski open sets Uz in Mz, 
we may construct the sheaf G* of germs of regular functions on Mz. The 
sheaf OF, of germs of algebraic functions on M is defined to be the inverse 
image 0%, = 1), Gy, by the identity map ly : M > Mz. 


11.2 Sheaf cohomology 


There are several ways to define cohomology of sheaves. Here we adopt the 
one used in Section 7.2, i.e., the Cech method. 

Let Y be a sheaf on X and U = {Ug}aer an open covering of X. For 
Q9,--.,Qpy in I, we set Uay...ap = (ao Ua, a8 before. We define C?(U; 7) 
to be the direct product: 


CU S)= — JP PW av...01 ¥)- 


The coboundary operator 
6 = 6? CPUs 7) 3 OU) 
is defined as before. The operators have the property 5?+! 0 6? = 0. 


Definition 11.6. The p-th cohomology of U with coefficients in S is the 
p-th cohomology of (C*(U; SY), 6): 


H?(U;.S) = Ker 6?/Im6?7*. 


It is also called the p-th cohomology of Y onU. 
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Remark 11.2. 1. We may perform a similar construction using only alter- 
nating cochains and the resulting cohomology turns out to be isomorphic 
with the one above (cf. Section 7.2). Thus, if the covering U/ has order m+1 
(cf. Section 2.5), then H?(U;.7Y) =0 for p > m. 

Also, if I is properly ordered (cf. Definition 7.4), we may use the reduced 
expression to the same effect. 


2. Let M be a C™® manifold. If Y = Ray, the constant sheaf with stalk 
a commutative ring with unity R, the above cohomology coincides with 
H(U;R) in Definition 7.2. Also if Y = o&%1,, it coincides with H?(U; A‘) 
in Definition 7.3. 


Let V = {Vy }vez be a refinement of YU and choose a mapv: J > I with 
Vy C U,y) for all A. Then we have a morphism 
u : CPU; S) — CP(V; SY), 
which is defined by 1*(@)ay...,, = Trnava Ow) anaes It is compatible with 
the coboundary operators and induces a morphism 
hyy : H?U;. 7) —> HPV; 7), 


which can be shown not to depend on the choice of v. The set of 
open coverings of X is a directed set (cf. Remark 2.1.1) and the system 
(H?(U; S), hyy) forms a direct system (cf. Definition A.8). The p-th coho- 
mology of X with coefficients in LY, or cohomology of AY on X, is defined 
as the direct limit: 


H?(X;.S) = lim H?(U;.7). 
— 
The 0-th cohomology is easy to find; since, for every U, Kerd° = 
I'(X;.7), we have H°(U; 7) =I'(X;.7) so that 
HX 3A) HTX): 
Remark 11.3. 1. If X is of finite dimension m, then H?(X;.7) = 0 for 
p> (cf. Definition 2.15 and Remark 11.2. 1). 


2. If it is necessary to distinguish the above cohomology from the one 
defined some other way, we denote it by H?(X;.Y) and call it the p-th 
Cech cohomology of X with coefficients in .S. 

3. In the case X = M, a C™ manifold, and Y = Ry, the constant 
sheaf with stalk a commutative ring R with unity, then there is a canonical 
isomorphism 


H?(M;Ru) ~ H?(M;R), 
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the singular or simplicial cohomology of M, as the set of simplicial coverings 
is cofinal in the set of coverings of M (cf. Remark 11.2.2 and Theorem 7.3). 


Exercise 11.6. Let S be a closed set in a topological space X, with inclu- 
sion i: S ~ X, and J a sheaf on S. Show that, there is a canonical 
isomorphism H?(X;i,7) ~ H?(S; 7) for all p > 0. 


Exercise 11.7. Let X be a topological space and @* the sheaf of germs of 
non-vanishing complex valued continuous functions on X with multiplica- 
tive group structure. Show that H!(X;@*) may be thought of as the set 
of isomorphism classes of continuous complex line bundles on X, the group 
structure of H!(X;@*) corresponding to the tensor product of line bundles 
(cf. Definition 3.5 and Exercise 3.3). 


Likewise, if M is a C® manifold and if <* is the sheaf of germs of 
non-vanishing complex valued C°® functions, H!(M;./*) may be thought 
of as the set of isomorphism classes of C°° complex line bundles on M. 
Also, if we denote by @* the sheaf of non-vanishing holomorphic functions 
on a complex manifold M, H!(M; @*) is the set of isomorphism classes of 
holomorphic line bundles on M, which is referred to as the Picard group of 
M and is denoted by Pic(M). 

Let gp: Y > F bea morphism of sheaves on X. For any covering U of 
X, it induces a morphism y® : C*(U;.%) > C*(U; 7) of complexes. It then 
induces a morphism y* : H?(U;.Y) > H?(U; Z), which is compatible with 
the morphisms hy, and, passing to the direct limit, induces a morphism 


yp: H?(X;.S) —> H’(X; 7). 
In the case X is paracompact (cf. Remark 2.1.3), we have: 


Theorem 11.1. If X is paracompact, a short exact sequence of sheaves 


CF SF SF 0 (11.3) 


on X yields a long exact sequence 
0 H°(X;. 7) 5 H(X;.A) % W(X; 4) 5S YX) S 
* H?(X;S7') 5 H(X;.) S HP(X; 7") 5S APU) Se, 


Here is an outline of the proof. From (11.3), we have the exact sequence 
of complexes 


0 cu; A’) 8s OU; %) £ COU; #"), 
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where y® is not surjective in general. Thus we denote by C§(U;.7”) the 
image of y*, which is a subcomplex of C*(U;.%”), and by H}(U;.4%”) its 
cohomology. Then the exact sequence of complexes 


03 CU; #') “3 O8(U; A) © C87") — 0 


yields a long exact sequences of cohomologies on U (cf. Proposition A.11). 
Since taking direct limite is an exact functor, we have a long exact se- 
quences of cohomologies as above with H?(X;.%"") replaced by H}(X;.4”). 
The inclusions C§(U;.7") — C*(U;.4”) induce a canonical morphism 
HE(X;.7") — H?(X;.4"), which is shown to be an isomorphism, if X 
is paracompact. 


Fine sheaves 
Let X be a paracompact topological space and .¥ a sheaf on X. 
Definition 11.7. We say that .7 is fine if, for every locally finite covering 


Uu = {U,} of X, it admits a partition of unity subordinate to U, i.e., for 
each a, there is a sheaf morphism nq :-% —- 7 such that 


(1) {2 €X | Na(x) FO} C Ua, 
Oe Res! 


The following is proved as Corollary 7.2: 


Proposition 11.4. [f.7 is a fine sheaf, for every locally finite covering U, 
the complez C*(U, SY) is acyclic (cf. Appendix A), #.e., 


H?(U;.7) =0 for p>1. 


Since the locally finite coverings are cofinal in the set of coverings of a 
paracompact space, we have: 


Corollary 11.1. If Y is a fine sheaf on a paracompact space X , 
H?(X;.S) =0 for p>1. 


Example 11.2. The sheaf @x of germs of continuous functions is fine. If 
M isaC® manifold, the sheaves <j; are fine. Also for a complex manifold 
M, the sheaves 4 are fine. 
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Exponential sequence 


Let X be a paracompact topological space and consider the exact sequence 
of sheaves on X: 


04 Ze 3 ox SS Fe 0: 


where exp assigns to a germ f the germ e?"V~!/. There is the associated 
long exact sequence (subscript X being omitted): 


- > HX; @) > W(X; 6") 5 H?(X;Z) 3 H2(X;¢) 9+. (11.4) 


We examine the connecting morphism 6* more closely. Note that every 
class h € H'(X;@*) is represented by a cocycle {h%°} € Cl(U;@*) for 
some covering U of X. Then 6*(h) is represented by the cocycle c = 6g, 
gv? = mma log h®?. Fixing a branch of logh®’ for each pair (a, 3), we 
have: 

tay = =: h®Y — log h®? + log h®*) (11.5) 

apy QnV/—1 g g 8 ’ : 
which is an integer, as h°?h®7 = h°7, 

Note that the above H?(X;Z) is the Cech cohomology H?(X;Zx) 
(cf. Remark 11.3.2). Also, since the sheaf @ is fine, 6* : H1(X;@*) > 
H?(X;Zx) is an isomorphism (cf. Corollary 11.1). 

If M isa C™® manifold, there are similar sequences, replacing @ and @* 
with o and *. In this case, 6* : H!(M;.o/*)  H?(M;Z ) is also an 
isomorphism. There is a canonical isomorphism H?(M;Z ,) > H?(M;Z), 
the singular or simplicial cohomology. Let K be a C’™ triangulation of M 
and U = {U,} the associated simplicial covering of M. Then the isomor- 
phism is induced from the morphism (cf. Lemma 7.6) 


Vs : C?(U;Z) —_ Ci(M;Z) given by ((a, By), Ws(c)) = Capy: 


Example 11.3. We try to compute 6*(h) for the class h of the hyperplane 
bundle H; on P! explicitly. Let [Co, 1] be homogeneous coordinates on P! 
and z = ¢,/) a coordinate on the open set {Go 4 0}, which is identified with 
the z-plane C. We may triangulate P! by the boundary of a tetrahedron 
|| with vertices vp,v1,v2,v3. We assume that the vertex vo is the point 
[1,0] and that the fundamental cycle of P! which is given as the sum of 
oriented simplices (cf. Section B.2) 


O(v0, U1, V2; U3) = (v1, V2, U3) — (U0, V2, U3) + (Vo, V1, 03) — (Vo, U1, V2) 


has the same orientation as the z-plane C. Let U = {Ua}o<a<3 be the 
simplicial covering of P! associated with the triangulation (cf. Section 7.5). 
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The hyperplane bundle H is given by the system {h%?} of transition func- 
tions given by (here we use the reduced expression (cf. Remark 11.2.1) and 
we describe the case a < 3) 


are a=0, 840, 


1 otherwise. 


The class 5*(h) is represented by the cocycle (cagy) given by (11.5). Thus 


== (log h®? — log h°7) a=0, 
Copy = QrJ/-1 
0 otherwise. 


We fix a branch of logh®! and take as logh®°? its analytic continuation. 
Then co12 = 0. We also take as log h°? the analytic continuation of log h°?. 
saya (log h®' — logh®) = 1, since we turn 
around vp clockwise as we proceed v1 > v2 — v3. 


We have the Poincaré duality 
H?(P!;Z) > Ho(P';Z) ~ Z. 


Then C923 = O and C013 = 


given by the evaluation on the fundamental cycle. In our case, from the 
above computation, 


[P1] ~ é*(h) = 1. 
In fact we have the following: 


Proposition 11.5. For a continuous line bundle L on a C° manifold M, 
o*(L) = o'(L), 


Proof. Let {(Ua,Wa)} be a system of trivializations of L and {h®?} the 
associated system of transition functions. Let e, be the frame of L on Uy 
given by eg(x) = z1(1,z). On Uag we have eg = h* eq. 

Suppose we have a frame s on the 1-skeleton K! of K. The first Chern 
class c!(L) is represented by a cocycle y which assigns to each 2-simplex 
s = (a,6,7) the index I(s,b,) of s at the barycenter bs (cf. Sections 5.1 
and 5.2). Let Up be an open set containing s such that L is trivial on Up. 
Let eo be a frame of L on Up and write s = feo. Then (cf. Example 5.1): 


I(s, bs) log f. 


eee i d 
— On/—1 Jos 

To compute the above, we fix a branch (log f)q of log f on 08 NU,. As 
a branch (log f)g of log f on 0s Ug, we take the analytic continuation 
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of (log f)q and as (log f).,, we take the analytic continuation of (log f),. 
Then, letting p denote the barycenter of the 1-simplex (7, a), we have 


1 
I(s,bs) = ——=((1 —(1 a(p))- 
(8.ba) = == (log F)>(0) ~ (108 a0) 
For p = a, B,y, we define h° and f,, by e, = hep and s = f,,e,, so that 
f =h® f,, on Uppy = Up NU,,. We choose branches of log h®" and log f,, so 
that 
(log f),, = log h™ + log fy, on Uo. 
Finally, for u,v = a, 8,7, we choose the branch of log h#” so that 
log fy = logh*” + log fi. 


Then we see that 


Capy = I(s, bs). 


For C® line bundles, we also have: 


Proof. [Proof of Proposition 11.5 via Chern-Weil theory] Let {(Ua, wa) } 
be a system of trivializations of L with {U,} a good covering and {h°?} 
the associated system of transition functions. Take a connection V for L. 
Let eq be the frame of L on U, given by ea(x) = wz'(1,x) and 6, the 
connection form of V with respect to €g. On Ugg we have eg = he. 
Hence by (8.4), 


0g = dlogh®? + 6, 
The curvature form is given by 
K = dOy. 


Recall that c!(L) is represented by the form val, In (7.10), we may set 


ye) = v9, and x3 = yal log h°?. Thus it correspond to the cocycle c 
in C?(U;C) given by c= —dy). 
On the other hand, the image of the class of h = {h®°} by 6* is repre- 


sented by the cochain c! = 5g, g*? = mat log h®*, Thus c= c’. 


In view of Exercise 11.7 (see also the paragraph right after), we have: 


Corollary 11.2. On a C™® manifold, the set of isomorphism classes of 
continuous line bundles and the set of isomorphism classes of C'°° line 
bundles are the same. Moreover they are classified by their Chern classes. 
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For a complex manifold /, we have a similar exact sequence 


32-6 60, 


which yields the exact sequence 
.. > H!(M;Z) -+ H"(M; 6) > H1(M; 6") S H?(M;Z) 3---. (11.6) 
Also, for a holomorphic line bundle EL on M, we have 
O (Lye (h); 


Note that Ker 6* ~ H'(M; @)/.H'(M;Z) is the group of holomorphic line 
bundles that are trivial as continuous or C™ bundles. 


Complexes of sheaves 


A complex of sheaves is a sequence of sheaf morphisms 


d q a 


0 1 q-1 

CS ey 
with d?*!od% = 0 for all g > 0. It is also denoted by (#°,d). We say that 
(#°,d) is a resolution of a sheaf -Y if there is a morphism 1: Y > #° 
such that 


Sone 


d 


d° di got d@ 
03 Fs #9 Ss #1 5. SH HIS... 


is exact. This is equivalent to saying that #%° is acyclic and Kerdo is 
isomorphic with .7%. We abbreviate it by saying that 0 > Y% > #°% isa 
resolution. 


de Rham complex: Let M be a C™® manifold of dimension m. Then 
we have the complex 


q™-} 


0 of & wi #,.. > af —+ 0, 


also called the de Rham complez on M (cf. Section 7.1). By the Poincaré 
lemma (Lemma 7.1), it is acyclic and gives a resolution 0 — C > #°® of 
the constant sheaf C. 


Dolbeault complex: Let M be a complex manifold of dimension n. 
Then, for each p, we have the complex 


Ap,0 5p,1 5p,n—1 
GSP et 2 gen + i. (11.7) 


also called the p-th Dolbeault compler on M (cf Section 9.1). By the 
Dolbeault-Grothendieck lemma (Lemma 11.4 below), it is acyclic and gives 
a resolution 0 > 2? + o&?:* of the sheaf 2? of holomorphic p-forms. 
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Hypercohomology 


Let (#°,d) be a complex of sheaves on a topological space X and let 
U = {Uahaer be an open covering of X. Then we have a double com- 
plex (C*(U; #°),6,(—1)°d). We consider the associated single complex 
(i*(U), D) as in Section 7.3. Thus 
K'U)= @B c’u,.#), D=5+(-1)Pa. 
p+q=r 
Definition 11.8. The hypercohomology of #° onU is the cohomology of 
(K°(U), D): 
HH" (U; #°) = Ker D"/ImD"™"'. 
Remark 11.4. Taking the inductive limit over the open coverings of X of 


the above cohomology, we obtain the hypercohomology H"(X; #°) of #° 
on X. Sometimes it is referred to as the Cech hypercohomology. 


In the above situation, we have the complex (I'(X;.%°),d), whose 
cohomology is denoted by H"(I'(X;#°)). Note that the inclusion 
T(X;. 4°) @ C°U;.47) Cc K"(U) is compatible with the differentials 
induces a morphism 

gu: A (L(X;#°)) 3 AY; 4°). 

Proposition 11.6. If the complex C*(U; #”) is acyclic for every p > 0, 
then yy is an isomorphism. 

Proof. We consider the first spectral sequence (‘EP’’, H") associated with 
the double complex C*(U;.%°) (cf. Theorem A.13), where 

‘ER? = HUHA(C*8U; 4#°)) and AH” =H"(U; #°). 
By assumption, H/(C°(U; #°)) = 0 for q > 1, while Hf(C°(U; #°)) = 
I'(X; #°). The proposition follows then from Proposition A.13. 
Let #° and U be as before. 


Definition 11.9. We say that U is good for “°, if the complex 
I'(UWag...ap3 4°) is acyclic for every (a9,...,ap) € I?t*, p> 0. 
If we set Y = Kerd®, the inclusion C’(U;.%) @ C’U; #°) CK") 
is compatible with the differentials and induces a morphism 
du: H"U;.7%) — AU; #°). 


Proposition 11.7. [fU is good for #°, then wy is an isomorphism. 
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Proof. We consider the second spectral sequence (E77, H") associated 
with the double complex C*(U; .7%*), where 


"Bet — HPHYC8(U;F*)) and H" =H"(U;7°). 


By assumption, H4(C*(U;.%*)) = 0 for gq > 1, while H9(C*(U;.%°%)) = 
CU: P). 


From Propositions 11.6 and 11.7, we have: 


Theorem 11.2. Let (#°,d) be a complex of sheaves on X, S the kernel 
of do: H° + #* and a covering of X. If C*(U;.#”) is acyclic for 
p= 0 and if U is good for H*, there exist canonical isomorphisms 


H (D(X; °)) > HU; 0°) WU). 


de Rham case: If X = M isaC™ manifold and “° = #°®, the de Rham 
complex, H"(U; 2°) is the Cech-de Rham cohomology H?,(/) introduced 
in Section 7.3. The cohomology H” (I'(M; .#°)) is the de Rham cohomology 
H}}(M). The assumption of Proposition 11.6 is satisfied if Y/ is locally finite 
(cf. Proposition 11.4). Thus Proposition 11.6 gives an alternative proof of 
Theorem 7.1. Also U is good for °® if it is good in the sense of Definition 7.6 
and 0 > C > &°® isaresolution. Thus Proposition 11.7 gives an alternative 
proof of Theorem 7.2. Finally Theorem 11.2 reduces to Corollary 7.4; for 
a locally finite good covering U/, there exist canonical isomorphisms 


H'(M) “> HR(U)  HU:C). (11.8) 


In particular, snce the locally finite good coverings are cofinal in the set of 
coverings of M, we have: 


H"(M;C)~H"(U;C), for every locally finite good covering U. (11.9) 
Dolbeault case: If X = M is a complex manifold and #* = &/?®, 


the Dolbeault complex, H4(U;.@/”*) is the Cech-Dolbeault cohomology 
H®4(U) we discuss in Section 11.4 below. 


11.3. Coherent sheaves 


Let X be a topological space and & a sheaf of rings on X. Also let .Y be 
an Z-module. For sections s1,...,8,) of on an open set U in X, we may 
define a morphism 


yp: lu 3 Flu (11.10) 
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by assigning to (a1,...,@)) € Z® the element 57?_, ajs;(x) in .Y%,, x € U. 
Conversely a morphism as above defines sections s1,...,5p) of % on U by 


si(t) = y2(0,...,1,-..,0). 
In the following, by convention, we set #° = 0. 


Sheaves of finite type 


Definition 11.10. An &-module .” is of finite type, Z-finite for short, if 
every point x in X admits a neighborhood U such that .|y is generated 
by a finite number of sections, i.e., there exists a morphism as in (11.10) 
that is surjective. 


From definition we have (cf. Exercise 11.1.2): 


Proposition 11.8. If Y is B-finite, its support Supp(.7%) ts a closed set 
in X 


Exercise 11.8. Suppose -/ is of finite type. Let s1,...,s, be sections of .% 
on a neighborhood of x in X. Show that, if s;(z),...,8,(x) generate the Z,- 
module .%,, then there is a neighborhood U of x such that s;(y),..., sp(y) 
generate ., for all y in U. 


Locally free sheaves 


Definition 11.11. An Z-module .” is said to be locally free if every point 
in X admits a neighborhood U such that .Y|y is isomorphic with #?|y for 
some non-negative integer p. 


The integer p above is determined uniquely on each connected compo- 
nent of X and is called the rank of Y on the component. 


Example 11.4. Let M be a complex manifold of dimension n. It is not 
difficult to see that an @j-module -” is locally free if and only if Y = 
Cv (E) for some holomorphic vector bundle FE on M. In this case the rank 
of .Y is the rank of E. 

For example, the tangent sheaf Oy, is locally free of rank n; if U is a co- 
ordinate neighborhood with coordinates (z1,..., Zn), then Oy¢|y is isomor- 
phic with @f,|v, a germ v = 7, fi - 0/0z% corresponding to (f1,---, fn): 


Also the sheaf 24, of holomorphic p-forms is locally free of rank (Je 
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Let M be a complex manifold of dimension n and @ = @y, the sheaf 
of holomorphic functions on M. Recall that, for each point z in M, @, 
is canonically isomorphic with the ring @,, of germs of holomorphic func- 
tions of n-variables and it admits a unique maximal ideal m,, i.e., the ideal 
of germs of functions whose value at z is zero. There is a canonical iso- 
morphism @,/m, ~ C (cf. Section 1.4). For an @-module ./, there is a 
canonical isomorphism .¥,/m,.7%, ~ C,/m, ®6, 2 and it may be thought 
of as a C-vector space. If is of finite type, then .%/m,.%, is finite 
dimensional. 


Proposition 11.9. Let Y be an G-module of finite type and set r(z) = 
dim .Y,/m,A%,. If r(z) is locally constant as a function of z € M, then S 
is locally free. 


Proof. Let z be an arbitrary point in M and set r = r(z). By Propo- 
sition A.20 (see also Proposition 11.1.1 and Exercise 11.8), there exist a 
neighborhood U of z) and an epimorphism 


O\y > Sly — 0. 


By assumption, taking a smaller U if necessary, we may assume that r(z) = 
r for all z € U. Note that, by Proposition A.20, r is the minimum number 
of generators of Y%,, 2 € U. We claim that ¢ is injective, which will prove 
the proposition. 


Define sections $1,..., 8, of Y on U by s;(z) = v-(0,..., 1, ...,0). Then 
81(Z),...,Sr(z) generate .Y, for all z ¢ U. Take (fi,...,f-) € Kergz, 
z € U. Suppose the f;’s have representatives on a neighborhood U, of 
zin U. From 0 = ¢,(fi,..., fr) = j-1 fi: si(z) = 0, we have that 
i Sie + 8i(2’) = 0, for all 2’ € U,. Since the minimum number of 
generators of -Y, is r, we see that the f;,./’s are non-unit for all z’ € Uz, 
which shows that f; =0,i=1,...,r, as germs at z. 


Coherent sheaves 


For a morphism ¢ as in (11.10), its image is called the sheaf generated by 
the s;’s and the kernel is called the sheaf of relations among the s,’s. 


Definition 11.12. An @-module 7 is coherent if it is of finite type and 
if the sheaf of relations among every finite set of its (local) sections is of 
finite type. 
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In this case, we say that Y is Z-coherent. If Z is Z-coherent, we say 
that it is a coherent sheaf of rings. 


Proposition 11.10. If .Y is locally free, then for every x in X, Ly is 
&,-free. The converse is true if SY is coherent. 


Exercise 11.9. Verify Proposition 11.10. 
We quote some of the fundamental properties of coherent sheaves: 


Proposition 11.11. Let & be a sheaf of rings on a topological space X. 


1. Let Y be a coherent &-module. Then a sub-#-module S' of S is 
coherent if and only if it ts finite. 


2. Suppose we have an exact sequence of Z-modules 
0 A!’ — SF — SF" —+0. 


If any two of the above are coherent, so is the rest. 


3. Ifp: SZ > ZF is a morphism of -modules, then Ker p and Coker p 
are coherent. 


4. If S and JF are two coherent &-modules, then SBT, S®ORE TF and 
Homeg(F%,Z7) are coherent. 


As a consequence we have: 
Proposition 11.12. Let Y be an Z-module. 


1. If SY is B-coherent, every point in X admits a neighborhood U such 
that there exists an exact sequence of the form 

A \y > & |p — Fly 0 (11.11) 
with p and q positive integers. 
2. Suppose & itself is coherent as an &-module. If every point in X admits 


a neighborhood U and an exact sequence as (11.11), then SY is coherent. 


Proof. The first statement is immediate from the definition. The second 
follows from Proposition 11.11.3 and 4. 


We prepare a lemma for later use. Thus let & be a coherent sheaf 
of rings on X and ¥% an ideal sheaf of finite type in #. Then #/F is 
&-coherent and its support S is a closed set in X (cf. Propositions 11.11 
and 11.8). Denoting by i: S$ < X the inclusion, we set @s = i-1(#/.F). 
If Y is an s-module, then i,.Y is an i.%s-module. Since i,%s5 = #/ IF 
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(cf. Exercise 11.5), we may think of 7,.7% as an &-module via the canonical 
epimorphism & > &/F =i,83. 


Lemma 11.1. In the above situation, it holds: 

1. SY is &s-finite if and only if isS is B-finite. 

2. SY is Rs-coherent if and only if i..S% is Z-coherent. 
3. Bg is a coherent sheaf of rings. 


Proof. 1. Suppose Y is &g-finite. Then each point in S admits a neigh- 
borhood W in S$ such that there exists an epimorphism y : (#s)?|w 7 
S\w. Note that W = UMS for some open set U in X. We have an epi- 
morphism #?|y — (ix-7%)|u as the composition of #?|y > (#/.4)”|u = 
(ixz2s3)?\y and isp: (th Bs)?lu > (ixA%)|u (cf. Remark 11.1). 

Suppose 7,.Y is Z-finite. Then each point in X admits a neighborhood 
U such that there exists an epimorphism of the form #?|y > (i«%)|u. 
The fact that i,.7% is an 1,43 = #/#%-module implies that the morphism 
induces an epimorphism (#s)?|w > Ylw,W =UNS. 
2. Suppose -Y is #s-coherent. Then each point in S admits a neighborhood 
W in S such that there exists an exact sequence of the form 

(23)"|w — (Bs)? |w — S\|w —> 0. 
Noting that W = US for some open set U in X, we have the exact 
sequence (cf. Remark 11.1) 
(ix.28)"|u — (ixBs)?|u — (ix) |y — 0. 

Noting that 7,45 = #/%, which is &-coherent, we see that i,.7% is Z- 
coherent, as it is locally the cokernel of a morphism of &-coherent modules. 

Suppose i,.% is Z-coherent. Then i,.7% is @-finite and by the above, 
S is &g-finite. We show that every sheaf of relations among sections of 7 
is &s-finite. Suppose an #s-morphism » : (#s)?|w > “|w is given on 
an open set W in S' so that we have the exact sequence 

0 —> Ker yp —> (Zs) lw oe A S\w. 
We may write W = US for some open set U in X and we have the exact 
sequence (cf. Remark 11.1) 
0— 1s, Ker y — (i,.28)? |v uke (i2S lu, 

which shows that i, Kery = Keri,y. Since (4,45)? = (#/F)? is Z- 
coherent and i,.% is @-coherent by assumption, Keri,py is &-coherent 
(cf. Proposition 11.11.3, 4), in particular it is @-finite. Therefore Ker y 
is &s-finite. 

The statement 3 is a direct consequence of 2. 
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Fundamental theorems of coherence 


In the following we denote by M a complex manifold and @j, the sheaf of 
germs of holomorphic functions on M. 

We start by quoting the two fundamental theorems of coherence due to 
K. Oka. 


Theorem 11.3. The sheaf Gyz is a coherent sheaf of rings. 


Let U be an open set in M. We may identify the ring Oy of holomorphic 
functions on U with the ring ['(U; @y,) of sections of @yy on U. 
For a variety V in M, we denote by -%y the sheaf defined by the presheaf 


Uw {f € Oy | f(z) =0 forall z eVNU}. 


It is a sub-@,y-module of @jy (an ideal sheaf in @j,) and is called the ideal 
sheaf of holomorphic functions vanishing on V, or simply the ideal sheaf of 
V. For each point z in M, we have -.%,,, = I(V.), where Vz is the germ of 
V at z. Note that, if z ¢ V, then V, = @ and .%y,, = Oy,z. 


Theorem 11.4. The ideal sheaf Ay is Cy -coherent. 


The essential part of the above is that %y is @yy-finite (cf. Proposi- 
tion 11.11. 1). 
We discuss some of the applications of the above theorems. 


Reduced germs of holomorphic functions: Let @,, be the ring of 
germs of holomorphic functions at 0 in C”. 


Definition 11.13. A germ f in @,, is reduced if \/(f) = (f). 


By Corollary 2.1, it is equivalent to saying that I(V(f)) = (f). For 
a germ f to be reduced there are three cases; (1) f = 0, (2) f is a unit, 
(3) the irreducible decomposition of f has no multiple factors, i.e., in the 
irreducible decomposition f = pj" ---py"", we have m, = 1 for all i. 

We represent f by a holomorphic function, denoted also by f, in a 
neighborhood U of 0 and denote by f, the germ of f at z € U. 


Proposition 11.13. If f is reduced at 0, then the germ f, in Gy, 1s 
reduced for all z sufficiently close to 0. 


Proof. Let V = V(f) be the variety in U defined by f. Then 4%, = 
I(V.) = I(V(fz)) for all z € U. Since f generates 4,9, by assumption, 
fz generates %y.z, ie., I(V(fz)) = (fz), for all z sufficiently close to 0 
(cf. Exercise 11.8). 
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Note that an irreducible germ p in @, is reduced. Thus p, is reduced 
for z close to 0. However, p, may not be irreducible even for z in V(p) and 
close to 0 (cf. Remark 2.6). 


Singular set of a variety: The singular set of a variety is expressed 
explicitly as follows: 


Theorem 11.5. Let V be a variety in M and zo a point in Sing(V). Sup- 
pose that V,, is of pure codimension k. Then for every set of generators 
{fi,.--,fr} of 4.29, there exists a neighborhood U of zo in M such that: 


(1) fi,..-, fr have representatives on U, 
Q) VnU={zeU | flz)=-~ = f(z) <0}, 
(3) Sing(V) NU 
={zEVNU |dfi, \---Adfi,(z)=0, l<ti<--+<ip <r}. 


Proof. The statements (1) and (2) follow from the coherence of Ay 
(cf. Exercise 11.8). Let z be a regular point of VMU. Then there ex- 


ist defining functions hj,...,hx for V near z such that 
Since the germs of fi,...,f, at z generate %y,z, we may write hj. = 


Wie Gi fiz, jy € Ouz, j =1,...,k. Then from (11.12), we see that 
dfi, \-++ A dfi,(z) £0 for some 1<%j<-:- <i, <7. (11.13) 


Conversely, let z be a point in V MU with the property (11.13). Then, 
in a neighborhood of z, V(fi,,..-, fi,) is a submanifold of codimension 
k that contains V. We have @y,2/(fi,,---,fi,)2 & Ca, d= n—k. By 
Theorem 2.10, the class of f;,, in Ou.z/(fi,,---,fi,)z is 0, Le, fiz is in 
(firs--->fi,)z, for each ¢ = 1,...,r. Thus V, = V(fi,,..-, fi,)z, which 
shows that z is a regular point of V. 


From the above we see that Sing(V) is a variety and by Theorem 2.7 
(2), dim Sing(V) < dimV — 1. 


Singular set of a coherent sheaf: We introduce the following: 
Definition 11.14. For a coherent @j)y;-module .”, we set 
Sing(Y) ={zeM|.% is not Cy,,-free } 


and call it the singular set of 7. 
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Let .Y be a coherent @jy-module. Then from definition, 7 is locally 
free on M\ Sing(.%). Its rank is called the rank of 7. 

We show that Sing(.7%) is a variety in M. Since @ itself is coherent, 
each point in M admits a neighborhood U such that there exists an exact 
sequence of the form 


O"y 2 6 \y — Aly — 0. 


For z € U, taking the tensor products with G,/m, ~ C over @,, we have 
the exact sequence 


cr 22) CP 5 Y,/m,.S, — 0, 


where y(z) is the C-linear map obtained by evaluating y at z. If we set 
r(z) = dim. “%/m,%., we have rank y(z) = p—r(z). 
Now we assume that U is connected and set r = minzey r(z). 


Proposition 11.14. In the above situation, 
Sing. Y)NU ={z EU | rank y(z) < p—r}. 
Thus Sing(.Y) is an analytic variety in M. 


Proof. Let S denote the right-hand side. On U\S, r(z) is constantly 
equal to r and UNS Cc U\Sing(.%) by Proposition 11.9. On the other 
hand, let z be a point in S. Since S is a variety in U, which is assumed to 
be connected, and S ¥ U, every neighborhood of z contains points not in 
S' (cf. Theorem 2.1). Thus .%, cannot be @,-free and S C Sing(.%). 


Support of a coherent sheaf: Asa related topic, we prove the following: 


Proposition 11.15. The support Supp(.Y%) = {z<¢M| 4% #0} ofa 
coherent @x,-module SY is a variety in M. 


Proof. Let U and y be as above. Note that Supp(.7) NU is the set of 
points z € U where y, is not surjective. If y, is surjective, so is y(z). 
Conversely, if y(z) is surjective, so is y, by Theorem A.18. Thus we have 
Supp(.%) NU ={z€ U | rank y(z) < p}. 


Holomorphically convex domains 


A domain in C” is a connected open set in C”. 


Further Topics 349 


Definition 11.15. A domain D in C” is holomorphically convex if for 
every compact set K in D, the set 
{z€D||f(z)| <llfllx for all f € Op } 


is compact, where Op denotes the ring of holomorphic functions on D. 


Theorem 11.6. 1. Let D and D’ be domains in C” and yp: D— D' a 
biholomorphic map. If D is holomorphically convex, so is D’. 

2. The intersection of a finite number of holomorphically convex domains 
is holomorphically convex. 


Example 11.5. 1. Every domain in C is holomorphically convex. 


2. Every convex domain is holomorphically convex. Although the image 
of a convex domain by a biholomorphic map may not be convex, it is 
holomorphically convex, which is one of the advantages of holomorphical 
convexity. 


Theorem 11.7 (Oka-Cartan). Let D be a holomorphically convex do- 
main. For every coherent Op-module /, 


H'(D;.S)=0 for q>1. 


11.4 Dolbeault theorem 


Let M be a complex manifold of dimension n. In Definition 9.5, we intro- 
duced the Dolbeault cohomology Hf(M) for each (p,q). We show that 
this is canonically isomorphic with H4(M; 2”). 

We start with the one variable case. Let U be a relatively compact open 
set in C such that U is a real two-dimensional submanifold with piecewise 
C@™ boundary. For a C® function y in a neighborhood of U and a point z 


in U, we set 
dC A dG _ fa dé A dé 
[eos qim fl «oSs. 


€ 


where A, = A(z, ¢) is the disk with center z and radius e«. 
Lemma 11.2. The above limit exists for every point z in U. 


Proof. We take a disk A, with center z and radius p so that its closure 
is contained in U. Then for € < p, 


L p(¢) BAS = 10 es oO 
UA; 


C-z TA, C-z A, A; Cae 
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By the parametrization ¢ = z + re*®, i = \/—1, we have 


dC Ade | 
C-z 


[ , 00 SAS - if fo (z+ rei )e-" dr dé, 


which proves the lemma. 


—2ie~” dr A dé. 


Thus 


Note that the above proof also shows that Ie y(¢) Hoh, is C™ asa 
function of z € U (cf. Lemma 11.3 below). 
In the following, let U be as above and ¥ its boundary (cf. Remark 1.2). 


Theorem 11.8 (Generalized Cauchy integral formula). Let f be a 
C™ function in a neighborhood of U. Then we have, for z € U, 


f(@) = re 1 ([% oe + Ese OES). 


Proof. Let A. be a disk with center z and radius € whose closure is in 
U and y, = 0A;. From 


OF 4, GCA a f(Q)d¢ 
ac (6) ¢- a( ¢-z ) 
and Stokes’ theorem, we have 
| OF yt Ade a F(g)d¢ : / F(g)d¢ 
TA. OC Gms GAS ore 


If we make e€ tend to 0, the left-hand side approaches the integral over U, 
by Lemma 11.2. Taking the parametrization ¢ = z+ cev—19 of Ye, We see 
that the second term in the right-hand side approaches 27./—1f (z). 


Lemma 11.3. Let U and f be as in Theorem 11.8. If we set 


= fs pis 


g(z) = _ 


ee 


itis aC function on U and 


Og 


azo 
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Proof. Let z be a point in U and take two open sets V; and V2 so that 
z2€V, CW CV2CU. Let w be a C@ function on C such that wy = 1 
on V, and jy = 0 on C\ Ve and set f; = (1—w)f and fo = vf. Then 
we have a decomposition f = f; + fo and the corresponding decomposition 
g=91 +92. Since f; = 0 on Vj, we have 


1 dé \ dé 
n(z) = ——— fi0) 
2rV/—1 UW ¢ = 
which is holomorphic in z so that oo = 0. On the other hand, since f2 


may be thought of as a C™ function on C with fo = 0 on C\ Va, by the 
change of variable ¢’ = ¢ — z we have 


aon ae ) a Aa 
g2(z) = sare [BOF Cay =a [h (¢’ + 2) ne 
which shows that go(z) is C® and 
Og2 ss Ofe ae 1 Of (ey dé \ dé 
O7 Inyaeoe Oe Oe eae 


By Theorem 11.8, this is equal to 


Lf falOac 
fal2) a. ie 


where the first term is equal to f(z) and the second 0, as fo = f on V; and 
fe = 0 outside of Vo. 


Lemma 11.4 (Dolbeault-Grothendieck lemma). Let U be an open 
set in C” which is the product U = U,x---xU,, of open sets U;,i =1,...,n, 
in C as considered above. If w a (p,q)-form on a neighborhood of U, q > 1, 
with Ow = 0, then there exists a (p,q —1)-form n on U such that w = On. 


Proof. First we note that it suffices to prove the case p = 0. Indeed, if 
we write 


w= a fradzz \ dz, 
l=p,|Jl=a 
for each I, the (0,q)-form w; = ins frtsdZ, is also 0-closed. Thus, if 


wy = Onz, setting n = (—1)? >, dzz A nr, we have w = On. 
Letting k be the least integer such that the expression 


w= So fdas 


|Jl=4 


352 Complex Analytic Geometry 


does not involve dz, k’ > k, we prove the lemma by induction on k. If 
k = 0, then w = 0 and the lemma holds by setting 7 = 0. Suppose it holds 
for k = ko and we prove it for k = kj +1. We may write 

W=W1+W2/A AZko +1, 
where w, and we. are forms not involving dz, k’ > ko. We may write 


We = S- Fad ZK gh +1}- 
Jako +1 


Since Ow, does not have terms involving dZxo41 \ dz; for 7 > ko + 1 and 
0 = dw = Ou, + dun A dZk +1, we see that 


O 
Ooi 
OZ; 
for J containing kg + 1 and j > kj) +1. Thus if we set 
1 ACkeg +1 A Mg +1 


gs(2) = Tiles Ponsa aoa eee) ’ 
2m 1 Seyi Ch — Zko+1 


by Lemma 11.3, we have 


7) 
=f; and 33, 7 for 7 > ko +1. 
If we set 
to = D- g1d2.nGko +1} 
J3k 


the form w — (—1)%~!dn does not involve dz, k’ > ko and 0-closed. 
By induction hypothesis, there exists a (0,q — 1)-form 7 such that w — 
(—1)2-' Ono = Om, and w = O((—1)4~-!mo + m1). 


Corollary 11.3. The Dolbeault complex (11.7) is acyclic and gives a res- 
olution 0 > QP? + of® of the sheaf QP of holomorphic p-forms. 


Remark 11.5. The above is a weak form in the sense that the domain 
of definition of 7 as given in the proof is smaller than that of w. This is 
sufficient to have Corollary 11.3 and the following theorem. 

For the full version we need further assumption on U. For example, if 
each U; is convex, we may proceed further to prove that if w is 0-closed on 
U, it is 0-exact on U. This is one of the essential ingredients in the proof 
of Theorem 11.7. 


Theorem 11.9 (Dolbeault theorem). There is an isomorphism 


H®"(M) ~ H4(M;.2?). 


Further Topics 353 


Proof. We set @?"+! = 0 and, for r=0,...,n, we denote by “?” the 
kernel of 0?" : oS?" + of”"t1_ Then we have #?° = QP and #?” = 
sf?" We have the short exact sequences: 


0 0?" 4 of?” *, wort! _10, O<r<n, 


where we set #?:"+! — 0. We have the associated long exact sequence 
(cf. Theorem 11.1): 


> HM; HP") — HM; 9?) 2 9(M; #7 *) 
“HM; 4?) — HU(M; ?")—---. (11.14) 
First, letting q = r = 0, we have the exact sequence 
0 —> F'(M; 2°) — P(M; of?) 2 P(M; 04), 


which gives the theorem for g = 0. 
Suppose gq > 1. Since the sheaf /”:” is fine, by Proposition 11.4, 


O°: H(M; 47+!) —, AIM: HP"), 
Thus by a repeated use of the above 
H4(M; 0?) = H9(M; #”°) ~ H'(M; #1"), 
From (11.14), 


I'(M; og? 1-1) Or I(M; 4") a. H!(M; #?:-1) a 


Thus we have the theorem for q > 1. 


From Theorems 11.9 and 11.7, we have: 


Corollary 11.4. For a holomorphically convex domain D, the Dolbeault 
complex (I'(D; @**), 0) is acyclic: 


Ae "(D) =0 for q>1. 


Remark 11.6.1. We use the above theorem for M holomorphically 
convex domains, i.e., the case the right-hand side vanishes for g > 1, to 
obtain a canonical Dolbeault theorem (cf. Corollary 11.6 below). The dif- 
ference between the above isomorphism and the canonical one is a sign of 
(iro. 

2. We could also prove, for a C® manifold M, that H’(M;C) is isomorphic 
with H?(M) in a similar manner, using the resolution 0 — C > #°. 
However the isomorphism obtained this way differs from the canonical one 


r(r+1) 


(cf. Corollary 7.4, also (11.8) and (11.9)) by a sign of (—1)~ 2. 
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Cech-Dolbeault cohomology 


Let M be a complex manifold of dimension n. We have the Dolbeault com- 
plex (./?*, 0). Let U = {Ua}acr be an open covering of M. Then we have 
the double complex (C*(U;.@/”:*),5,(—1)*0). We denote the associated 


single complex by (A?:*(U/), 0). Thus 
APU) = G ChU;#?”), P= 5+ (-1)"9. 


qitqe=4q 


We could define the Cech-Dolbeault cohomology as in the case of Cech- 
de Rham cohomology. Here we define simply as 


Definition 11.16. The Cech-Dolbeault cohomology of type (p,q) of U is 
the g-th hypercohomology of </?:* on U: 


H®4(U) = HU; f?*). 


From Proposition 11.6 we have the following, which can also be proved 
as Theorem 7.1: 


Theorem 11.10. If U is locally finite, then the inclusion AP4(M) o> 
C°(U, AP-2) Cc AP-4(U) induces an isomorphism 


Ay4(M) = APU). 
We consider only locally finite coverings hereafter. 


Definition 11.17. A covering U = {U,} of M is analytically good, if ev- 
ery non-empty intersection Ug,...a, is biholomorphic to a holomorphically 
convex domain in C”. 


By Corollary 11.4, if / is analytically good, it is good for #?:* (cf. Def 
inition 11.9). From Proposition 11.7, we have the following, which can also 
be proved as Theorem 7.2: 


Theorem 11.11. Jf U is analytically good, the inclusion C4(U; 2?) > 
C41(U; AP) Cc AP-4(U) induces an isomorphism 


HY(U; QP) > APU). 
From Theorems 11.10 and 11.11, we have: 


Corollary 11.5. [fU is analytically good, there is a canonical isomorphism 


Ae (M) ~ APU; 2°). 
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Note that every complex manifold admits an analytically good covering 
and the set of analytically good coverings is cofinal in the set of coverings 
of M. Since H4(U; 2?) is independent of the analytically good covering U 
by Corollary 11.5, we have: 


Theorem 11.12. [fU is an analytically good covering of a complex man- 
ifold M, the canonical morphism is an isomorphism: 


H4(U; 2?) — H9(M; 2°). 
Combining with Corollary 11.5, we have: 


Corollary 11.6 (Canonical Dolbeault theorem). There is a canoni- 
cal isomorphism 
AS 4(M) ~ H4(M; 2°). 

An explicit correspondence is given as (7.10) with D replaced by 0. 
In fact we used the Dolbeault theorem (Theorem 11.9) for Corollary 11.6, 
however the advantage of this is that it gives a canonical correspondence. 

In the following, we consider the covering U = {U;}?_, of C°\ {0} given 
by U; = {z; # 0}. It is an analytically good covering. The n-form, the 
Cauchy form in n-variables, 


oie <<) 


may be thought of as a cocycle c in C"-1(U; 2") given by c1,..n = Kn. We 
also have the Bochner-Martinelli form 6,,, which is a 0-closed (n, n—1)-form 
on C”\ {0} (cf. Section 7.10). 


Z1°°*2Zn 


Proposition 11.16. In the isomorphism 


Be C0) ae ") 


n(n—1) 


of Corollary 11.6, the class of 8, corresponds to the class of (—1)~ 2 Kn. 


Proof. Ifn = 1, the cohomologies are the same and 6, = k,. Thus we 
assume n > 2. We may think of 8, as being in C°(U; A™"—1) C w™""1Y) 
and Ky, in C'-1(U; 7°) Cc gw”). We construct a cochain y in 
AM—2Y) = ro CPU; #1), q=n—p-— 2, so that 


n(n—1) 


Bn —-(-1)" 2 Kn = 0X in AY), 
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Writing x = a: xP, xP € CP(U; #4), this is expressed as 


Bn = dx®, 

0 = dyP-1 + (-1)Pdx?, l<p<n-2, (11.15) 

—(-1) 8S" kin = 6x"-?, 
Note that the condition in the middle is vacuous if n = 2. 

Let 0< p<n—2s0 that 0<q<n-—2. Fora (p+1)-tuple of integers 
I = (io,...,%p) with 1 < ig <-++ < ip < n, let I* = (jo,...,Jq) denote 
the complement of {i9,...,%)} in {1,...,n} with 1 < jo < +--+ < jg <n. 
Setting O(z) = dz1 A+++ Adzn, 21 = Zig *** Zip, [I*| = jo +--+ +5q and 
q 
By. (z) = Y>(-1" Fj, d2jy A+ A dz, No Ndi, 


p=0 
we define a cochain y? by 
Q! Cn Byx(z) A B(z) q(n+p-—1) 
P= (-1)" = |I*| + —_—. 
XT ( ) (n—1)! Zr I]z||24+) ’ El | |+ 2 


Then it can be shown that it satisfies (11.15). 


Remark 11.7. Let W be a holomorphically convex neighborhood of 0 in 
C” and W = {W;}%_, the covering of W\0 given by W; = WNU;. Then we 


have a canonical isomorphism Het (W\0) ~ H"—!(W; 2”), under which 
n(n—1) 


the class of ,, (restricted to W\O) corresponds to the class of (—1)~ 2 kn 
(restricted to W). Suppose the class of @ corresponds to the class of 7 under 
the above isomorphism. If h is a holomorphic function on V, since Oh = 0, 
we see that the class of hO corresponds to the class of hy (cf. the relation 
similar to (7.10) for Cech-Dolbeault cocycles and (11.15)). 


In the above situation set 
Ry ={z€EC"| |lz|? < ne? }. 
The boundary OR; is a usually oriented (2n — 1)-sphere S?"~!. We also set 
P={zeEC"||z)=¢,1=1,...,n}, 
which is an n-cycle oriented so that arg z, A --- A arg Zn is positive. 


Proposition 11.17. Let 6 be a 0-closed (n,n — 1)-form on C"\0 and y 
a cocycle in C"—1(U; 2”). If the class of 8 corresponds to the class of y by 
the canonical isomorphism 


BOCES), 
then 
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Proof. Recall that we have canonical isomorphisms 
HR? *(C"\0) > HEY) B12"). 
The assumption implies that there exists a cochain x in &/”"~?(YU) such 
that 6 —y = 0x. Consider the commutative diagram 
AZ) 5 A?-2(Y) A™-2(Y a San) 
ls [2 
a-1(Y) , -1(Y) AY nN gen—1y fan C, 
where UNS?”"—! denotes the covering of S?”—! consisting of the U;NS2"~1’s. 
For each i = 1,...,n, we set 
Qi ={zES8"" | |z|> |z;| for all j Az}. 


Then {Q;} is a honeycomb system adapted to UNS?"~! and, by the Stokes 
formula for Cech-de Rham cochains, 


n-1 
o=f x= Do 


p=0 in <-+<ip % Pig---ip 


(DX) io...ip = ay) 6 -f ar 
i=1 2 Qi lin 
n(n—1) 


Noting that Q1..n=(—1)” 2 T, we have the proposition. 


Note that the above is consistent with Proposition 11.16: 


i ba=t =F Kiys 
S2n-1 r 


Dolbeault theorem with coefficients in a vector bundle: Let M 
be a complex manifold of dimension n. For a holomorphic vector bundle 
E on M, we set &(E) = A(\?T*M @ \'T M @ E) and 2°(E) = 
O(A\? T*M ® E). In particular, 2°(E) = O(E). The sheaves o&/?4(E) are 
fine and, for each p, give a fine resolution of 2?(E): 


0 — 2°(B) — @?9(B) 2, (Bp) 9, ... 2s w?"(B) 3 0. 


Since ['(M; #?4(E)) = A? 4(M; E), as Theorem 11.9, we have an isomor- 
phism 
H4(M; 2°(E)) ~ H57(M; £). 
Considering the double complex (C*(U; </?*(E)), 9), we have a canonical 
isomorphism as Corollary 11.6. 
Thus, if M is compact, H4(M; 2?(£)) is finite dimensional for all g and 
is equal to 0 for g > n (cf. Section 9.1). 
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Definition 11.18. For a holomorphic vector bundle E on a compact 
complex manifold M of dimension n, the Euler-Poincaré characteristic is 
defined by 
x(M; O(E)) = S0(-1)" dim H4"(M; (2). 
q=0 
This is used in the expression of the Hirzebruch-Riemann-Roch theorem 
in Chapter 15 below. 


Remark 11.8. In fact, for a complex manifold M of dimension n and a 
coherent @jy-module .7, the following is known: 


(1) H9(M;.7) =0 for g>n. 
(2) If M is compact, H4(M;.7) are finite dimensional for all q > 0. 


We also have (cf. (9.13)): 


Theorem 11.13 (Kodaira-Serre duality). For a holomorphic vector 
bundle E on a compact complex manifold M of dimension n, there is a 
canonical isomorphism 


H4(M; Q?(B)) ~ H"-4(M; Q"-?(B*))*. 


11.5 Complex analytic spaces 


In this section we introduce complex analytic spaces as generalizations of 
analytic varieties. We discuss some fundamental cases before we go into 
generalities. 


C-algebras: A C-algebra is a commutative ring with unity R together 
with a ring morphism C > R, called a structural morphism. A morphism of 
C-algebras is a ring morphism compatible with the structural morphisms. 
As a commutative ring with unity, C has a unique structural morphism 
C+ C, ie., the identity, and the identity is the only C-algebra morphism 
of C to C itself. 

If R is a C-algebra, any R-module is endowed with a C-vector space 
structure via the structural morphism of R. Thus any ideal | in R is a sub- 
C-vector space of R and the quotient R/I is a C-algebra with the structural 
morphism C + R > R/I. 

A local C-algebra is a C-algebra R such that it is a local ring and that 
R/m is isomorphic with C as a C-algebra, m being the maximal ideal in R 
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(cf. Section A.2). In this case, R ~ C @ m as C-vector spaces. A C-algebra 
morphism y : R — S of local C-algebras is local if y(m) C n, where m and 
n denote the maximal ideals of R and S, respectively. In fact, in this case, 
it holds that m = y~}(n). 

Let X be a topological space and Cx = C x X the constant sheaf on 
X with stalk C. A sheaf of C-algebras is a sheaf Z of rings on X together 
with a sheaf morphism Cx —> &, called also a structural morphism. In 
this case, for each x in X, &, is a C-algebra. A morphism of sheaves of 
C-algebras is a morphism of sheaves of rings compatible with the structural 
morphisms. 


Complex manifolds: Let M be a complex manifold of dimension n. 
Then it is equipped with the sheaf of rings @j,, of germs of holomorphic 
functions. For each point z in M, the ring @y,,, is isomorphism with the ring 
6,, of germs of holomorphic functions at 0 in C”. Thus it is a Noetherian 
local ring with the ideal m, of germs of holomorphic functions vanishing at 
z as its unique maximal ideal. Note that @j, is in fact a sheaf of C-algebras 
and, for each z € M, @y,,, is a local C-algebra. There is a canonical mor- 
phism e, : Gv, > Gu,z/m, ~ C, which we call the evaluation morphism 
at z. Recall that, if we denote by Oy the ring of holomorphic functions on 
an open set U in M, there is a canonical isomorphism 


Oy — I'(U, 6m) 


that assigns to f in Oy the section s given by s(z) = fz, the germ of 
f at z in U. The inverse assigns to a section s the function f given by 
f(z) = ez(s(z)). We have been and will be identifying Oy and I'(U, Gu) 
via the above isomorphism. 

If f : M’ > M is a holomorphic map of complex manifolds, it induces 
a morphism I"(U; @y,) > I'(f~'U; @) by the pull-back of holomorphic 
functions, for each open set U in M. Thus it induces in turn a sheaf 
morphism f* : Gy — fx@m-. It induces a sheaf morphism 


as fF) ge 
fl Ou > ff Our — Ow. 
For each point z’ in M’ it restricts to a morphism f* : Qj ¢(21) 3 Om2! 
z f(z) , 


of local C-algebras. 


Varieties: Let V bea variety in a complex manifold M with the inclusion 
i:V OM. A complex valued function f on an open set W in V is defined 
to be holomorphic, if each point z in W admits a neighborhood U, in M 
such that flwau, may be extended to a holomorphic function on U,. Let 
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Yy be the ideal sheaf of V. Then the quotient @),/-%y is supported on 
V. If we set Gy = i-'(Ou/4%), ie., the restriction (Oy /4%y)|v, the 
sections of Oy on an open set W in V may be identified with holomorphic 
functions on W (cf. Exercise 11.3). Thus @y may be thought of as the 
sheaf of germs of holomorphic functions on V. For each point z in V, 
Ov, = Ouz/I4v.z is a Noetherian local C-algebra with the maximal ideal 
given by my, = m,/-%y,z. Note that there is the evaluation morphism 
€, : Oy, > Oyz/my,, ~ C. By Theorem 11.4 and Lemma 11.1, @y is 
a coherent sheaf of rings. As in the case of manifolds, we may identify a 
section of Gy with a holomorphic function via evaluation morphisms. 

Let V and V’ be varieties in complex manifolds M and M’, respectively. 
A map f : V’ — V is defined to be holomorphic, if each point 2’ in V’ 
admits a neighborhood U’ in M’ such that f|y/qu: may be extended to 
a holomorphic map a : U’ + M. Such an extension f referred to as 


a local extension of f, induces a morphism (fyi: Ou, f(2!) 7 Omrz" with 
(f) ev, p(2) C Yv",2. Hence we have a morphism (f)%, : (@u/-4v) F(z) > 
(Gu /4%y')z, which does not depend on the choice of the local extension 
f . Thus a holomorphic map f is continuous and induces a sheaf morphism 
f* : Gv > fx@v:. For each point z’ in V’, it restricts to a morphism 


fi: Ov. g(2t)  @v-,z: Of local C-algebras. 
C-ringed spaces: More generally we introduce the following: 


Definition 11.19. A C-ringed space X = (X, @x) is a topological space 
X together with a sheaf of C-algebras Gx on X. 


In the above, X is referred to as the support of X and Cx the structure 
sheaf of X. 

Let X = (X,@x) and Y = (Y, @y) be C-ringed spaces. A morphism 
Y — X is defined as in Definition 11.5. Thus it is a pair (f,y) of a 
continuous map f : Y + X and a morphism y : Gx — f,@y of sheaves 
of C-algebras. A morphism (f,y) defines, for each y € Y, a morphism of 
C-algebras 


Py : Ox, f(y) > Ovy: 


The composition of morphisms is defined as in the paragraph after Def- 
inition 11.5. The identity morphism of X = (X,@x) is the pair lx = 
(1x,1e,,) of the identities. A morphism (f,y) : Y — X is an isomor- 
phism if there exist a morphism (g,w) : X > Y with (f,y)°o(g,¥) = 1x 


and (9,0) q (f, Y) =ly. 
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Example 11.6. 1. If (X, @x) is a C-ringed space, for every open set W 
in X, (W, @x|w) is a C-ringed space. 


2. If V is a variety and Gy the sheaf as defined above, then (V, Gy) is 
a C-ringed space. If f : V’ > V is a holomorphic map of varieties, then 
(f, f*) + (V’, @v') > (V, Gy) is a morphism of C-ringed spaces. In fact, 
any morphism of varieties as C-ringed spaces is of this form (cf. Proposi- 
tion 11.20 below). 


Model complex spaces: Let U be an open set in C” and ¥ an ideal 
sheaf of finite type in Gy. Then ¥% is a coherent Gy-module and Gy /f% 
is also Gy-coherent (cf. Proposition 11.11.1 and 2). Thus the support V 
of Oy /% is a variety in U (cf. Proposition 11.15) and 4% C Ay. Let 
i:V OU be the inclusion and set Gy = i~'(@y/-%). For each point z 
in V, Oy. = Gy,z/%, is a Noetherian local ring with the maximal ideal 
given by my,, = m,/.%,. Note that there is the evaluation morphism 
Oy 2 > Oy,,/my,, ~ C. We call a C-ringed space as V = (V, Oy) a 
model complex space. By Lemma 11.1, @y is a coherent sheaf of rings. 

See Proposition 11.20 below for morphisms of model complex spaces as 
C-ringed spaces. 


Complex analytic spaces: Now we introduce the following: 


Definition 11.20. A complex analytic space, or complex space for short, is 
a C-ringed space X = (X,@x), where X is a Hausdorff topological space 
and every point in X admits a neighborhood W such that (W, Gx|w) is 
isomorphic with a model complex space. 


Note that, if X = (X,@x) is a complex space, then @x is a coherent 
sheaf of rings. Also for each point x in X, Ox,, is a Noetherian local 
C-algebra whose residual field is isomorphism with C. 

A morphism of complex spaces is, by definition, a morphism as C-ringed 
spaces. 


Proposition 11.18. [f (f,y) : (Y, @y) - (X, @x) is a morphism of com- 
plex spaces, then, for each y in Y, ~y : Ox f(y) 4 Gy y is a morphism of 
local C-algebras. 


Proof. Let my(,) and n, denote the maximal ideals in @x f(y) and Oy y, 
respectively. Consider the composition qy 


Ox. tly) >» Ov y —> Ov y/ty = C. 
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of y, and the evaluation morphism. Since 7, is a C-algebra morphism, its 
image is C and @x ,(y)/Kerwy, ~ C. Thus Kerw, is a maximal ideal in 
Ox Fly): Since Ox f(y) has the unique maximal ideal Mey), Ker py = Myc). 
On the other hand, Ker, = yy" (ny). 


Let X = (X,@x) be a complex space. A section s of @x on an open 
set W in X defines a complex valued function on W by aw 4 e;(s(x)), 
where ey : Ox, > Ox,,/M, ~ C is the evaluation morphism. Since X is 
locally isomorphic with a model complex space, we see that this function 
is continuous and we have a canonical morphism 


yw : T(W;@x) — Cw ~I(W; @x), 


where Cy denotes the ring of continuous functions on W and @x the sheaf 
of continuous functions on X. In general this morphism is not injective and 
we may not think of s as a usual function (cf. Example 11.7 below). Note 
that the morphisms yyw induces a sheaf morphism 


1: 0x — 6x 


and that ¥ is injective if and only if yw is injective for all open set W in X. 

A complex space X is said to be reduced if, for every x in X, Ox,» has 
no non-zero nilpotent elements, i-e., if a* = 0 for a € Ox.» and a positive 
integer k, then a = 0. 

A model complex space V = (V, Gy), Gv = i-'(@u/F%), is reduced 
if and only if /.% = .%, for all z € V (in fact for all z € U). By the 
Nullstellensatz (Theorem 2.8), this is equivalent to saying that % = Ay, 
ie., V is a variety in U. 


Proposition 11.19. For a complex space X, the canonical morphism 7y is 
injective if and only if X is reduced. 


Proof. If + is injective, then Gx ,,, has no non-zero nilpotent elements, as 
@x,, has this property. Conversely, if X is reduced, then ¥ is injective, as 


X is locally isomorphic with a model complex space that is a variety. 


In general, for a complex space X, we may construct a reduced analytic 
space Xyeq, called the reduction of X as follows. 
Let Vx be the ideal sheaf in Gx defined by the presheaf 


WH {s €I(W; @x) | s* =0 for some positive integer k }. 


For a model complex space V = (V, Gy), @v =i '(@u/-F), we have 
My =i-'(V4/F), which is equal to i-1(.A,/.7), by the Nullstellensatz. 
Thus Oy |W = OY. 
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The above shows that, for a complex space X , Supp(@x /V%x) = X and 
that (X, Cx /.Nx) is areduced complex space. We call it the reduction of X 
and denote it by Xyeq. There is a canonical morphism (1x,7) : Xreq > X, 
where 1: Ox — @x /MNx is the canonical epimorphism. Note that x is 
coherent and that Wx = Kery. 

For a model complex space V = (V, Gy), Gy =i 1 (Gy /-F), the variety 
V=(V,6\), Qy =i-'(Gy/4A), in U is the reduction of V. 

If (f,.e) : ¥ — X is a morphism of complex spaces, then yy (Vx, f(y) C 
Ay y for every y in Y and ¢ induces a morphism ¢Yyeq : Ox /V¥x 
f.(Gy /M) (here we note that f, is left exact). Thus we have a mor- 
phism (f, Yrea) : Yrea > Xreq making the following diagram commutative: 


(f,Prea) 
Yred —_, Xred 


| (f.9) | 


Y —— xX, 


where the vertical arrows are the canonical morphisms. 


Proposition 11.20. Let V’ = (V’, Gy') and V = (V, Gy) be model com- 
plex sapces and (f,y) : V’ > V a morphism of complex spaces. Then: 


1. f :V’ > V is holomorphic. Thus we have f* : Gy > fx@vr. 


2. If V’ is reduced, then p = f* on, where 7: Gy > Gy is the canonical 
morphism. In particular, if V is also reduced, then yp = f*. 


Proof. For each open set W in V, we have the diagram 


I'(W; @y) —— TW; 6v) 


7) Yred 
P(f-1W; Oy) 7 P(f-W; Oy) 3 (FW; 6), 
where the rectangle is commutative. Since y’ is injective, we identify 
I'(f~!W; @v:) with a subspace of [(f~'W; @-) via 7’. The proposition 
is prove if we show that f* = Yreqa. 
For every point 2’ in V’, we have the commutative diagram 


Ov, § (2!) —> Oy, g(2r)/M $22, —>C 


ered! | | |- 


Ov 2 ——_- Ov 2 [Mz > C. 
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The composition of the morphisms in the first row is the evaluation mor- 
phism e:,/) and that in the second row is e,,. For h € I'(W; @y), Yrea(h) 
is the function that assigns to z’ € f—~!'W the value e,, (Prea,z!(hp(z))) = 


e g(a (hg czy) = RUF (2) = F(A) (2). 


Remark 11.9. 1. Let X = (X,@x) be a complex space. If W is an open 
set in X such that (W,@x|w) is isomorphic to a model space, W may 
be thought of as a variety and a section of @x|w defines a holomorphic 
function on W, however the correspondence is not injective, unless X is 
reduced. 


2. Proposition 11.20 shows that, if (f,g) : Y — X is a morphism of 
complex spaces, f may locally be thought of as a holomorphic map of 
varieties and that, if Y is reduced, y is determined uniquely by f. 


A complex space X = (X, @x) is said to be non-singular if every point 
in X admits a neighborhood W such that (W, @x|w) is isomorphic with 
a model complex space of the form (U,@y) with U an open set in C”. 
By Proposition 11.20, a complex manifold as defined in Definition 2.3 is 
nothing but a non-singular complex space whose support has a countable 
basis. 

A germ of a complex space is defined to be a pair X = (X, @,,/I), where 
I is an ideal in @,, and X the germ of the variety defined by J. The germ 
is reduced if and only if JVi=l. 


Example 11.7. Let M = C = {z} be the complex plane. For a positive 
integer m, let -%,, be the ideal sheaf in @c generated by z™. Then the 
support of Gc/4%m is {0} and Vin = ({0},i71(Gc/IYn)), i: {0} @ C being 
the inclusion, is a model complex space, called an m-fold point. In the 
case m = I, it is called a simple point. The identity map of C induces a 
morphism V; > V,,. The simple point V; is the reduction of V,,. 


Complex subspaces 


Let V be a variety in a complex manifold M. A subset V’ of V is said 
to be a variety in V, or a subvariety of V, if each point z in V admits a 
neighborhood W of z in V such that V’M W is the common set of zeros 
of a finite number of holomorphic functions on W. Thus V’ is a closed set 
in V and is in fact a variety in M. In particular, if X is a variety in M, 
VOX is a variety in V. 
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Let V = (V,6v), Gv =i '(@u/), be a model complex space. Let 
F' be an ideal sheaf in Gy of finite type. Then .¥’ is @y-coherent and 
Ov /F' is also Gy-coherent. Let V’ denote the support of Gy/%’ with 
the inclusion i’: V’ Oo V. 


Proposition 11.21. In the above situation, the C-ringed space V' = 
(V',6v'), Ov: = (v) (Gv /F%'), is isomorphic with a model complex 
Space. 


Proof. Let t:i-'@y > i-'@y/i-!Y% = Gy denote the canonical epi- 
morphism. Then 7 induces an isomorphism i-'@y/a~!.Y'! + Oy /%' of 
i-'@y-modules. Since V is a closed set in U, we may write 71.4’ = 
itix(r+ F’) (cf. (11.1)). Here i,(771.¥) is @ priori an i,i~1@y-module, 
however it may canonically be thought of as an Gy-module via the canon- 
ical morphism @y > i,i~'@y (cf. Proposition 11.3). Thus @y/%’ ~ 
i*(@y /ix(a1.F"')) as i-+@y-modules. Since 4’ is Gy-finite and F is 
Oy-finite, we see that 7~1.¥' is i-! Oy-finite. Thus i,(7~1.¥") is 1,771 Oy- 
finite and, in turn, @y-finite. 


Note that, in the above, V’ is a subvariety of V. 
In general, let X = (X, Gx) be a complex space. 


Definition 11.21. A complex subspace of X is a C-ringed space X’ = 
(X', @x:) for which there is an ideal sheaf -¥ of finite type in @x such that 


(1) X’ is the support of Cx /-%. 
(2) Ox =i-!(Ox/F), i: X' > X being the inclusion. 


By Proposition 11.21, a complex subspace of a complex space is a com- 
plex space. Also by Propositions 11.8 and 11.11, X’ is a closed set in X. 

There is a canonical morphism (i,7) : X’ + X, where 7: Gx > 
Ox|/I% > ini (Ox /%) = ixOx: is the composition of the canonical epi- 
morphism and the first morphism in Proposition 11.3. For each x in X’, 
Tr : Ox.2 + Ox 2 = Ox,x/F%z is the canonical epimorphism. 

In particular, a model complex space V = (V, Gy), @y =i '(@u/.F), 
is a complex subspace of (U, Gy). 

Let X, and X2 be complex subspaces of X defined by ideal sheaves .4, 
and .% of Ox, respectively. The subspace defined by .4, + -% is called the 
intersection of X, and X92. It has X;M Xe as its support. It is a subspace 
of X; defined by the ideal (.%, + -%)/-4%, i = 1,2. 


Analytic inverse image: Let (f,y): Y = (Y,@y) ~ X = (X, Gx) 
be a morphism of complex spaces. The morphism y induces a morphism 
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f'Ox fy fol f.@y —> Gy, which makes Gy an f~'@x-module. For 
an Ox-module .%, we set 
(f, ep) S = Oy @y-10, f CS 

and call it the analytic inverse image of Y by (f,v). It is an Gy-module. 
In particular, (f,¢)*@x = @y. When it is apparent what is y, as in the 
case Y is reduced (cf. Proposition 11.20) or the case of canonical morphism 
of a subspace, which we discuss right after, we simply denote (f,y)* by f*. 

If X’ is a subspace of X with defining ideal .%, for an @x-module .Y, 
the sheaf 

US = Ox! @i-16x i1Pf = i-'((@x/F) Qex SF) 

is called the analytic restriction of Y to X'. 

Let (f,y): Y = (Y,@y) — X = (X, Gx) be a morphism of complex 
spaces and X’ a subspace of X with defining ideal .%. The canonical 
monomorphism .4 + @x induces a morphism 


(f,p)"F% — (fp) Ox = Oy, 

which is not injective in general. We denote the image by @y - (f,y)*-%. 
We also denote it by Gy - 4%, since (Gy -(f,~)*-%)y = Cy y > Zpy), where 
Oy y is considered as an @x y)-module via gy : Ox pry) 4 Oyy. In 
this situation, the subspace Y’ of Y defined by the ideal Gy - -¥ is called 
the inverse image of X’ by (f,y) and is denoted by (f,y)*X’, or by f*X’ 
when y is apparent. Let (j,@) : Y’ > Y be the canonical morphism. Then 
(f,) induces a morphism (f’,y’) : Y’ > X’ and there is a commutative 
diagram 


y! (f',~") x! 


[Gm 


Go) | 
(f.") 
Vs x 


Exercise 11.10. Show that, if X; and X2 are complex subspaces of X, then 
the inverse image of X2 by the canonical morphism X, — X coincides with 
the intersection of X, and Xo. 


Complex spaces in complex manifolds: Let MW be a complex manifold 
and ¥ an ideal sheaf of finite type in Gy. Then Gy, /-% is coherent and its 
support, denoted by X, is a variety in M. Let 1: X © M be the inclusion 
and set Ox = i7'(@y/%). Then X = (X,@x) is a complex subspace 
of M. Such a complex space is referred to as a complex space in M. 

The local and global dimensions of X are defined to be those of X 
(cf. Section 2.4). 
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Higher direct images of sheaves 


Let f : Y — X be a continuous map of topological spaces and .Y a sheaf 
on Y. The p-th direct image R? f,.7% of SY by f is the sheaf on X defined 
by the presheaf U ++ H?(f~!U;.7). For an exact sequence as (11.3), we 
have an exact sequence 
OS Sf Se eR SH S382 
Se RRS SS BEES > BOLL SRO Soe, 


Remark 11.10. If we denote by Sh(X) and Sh(Y) categories of sheaves 
of Abelian groups on X and Y (cf. Example A.1.2), we may think of f, : 
Sh(Y) > Sh(X) as a covariant functor and R? f, : Sh(Y) > Sh(X) as its 
p-th derived functor. 


From Theorem A.14, we have: 


Proposition 11.22. If f: Y ~ X andg:Z-—- Y are continuous maps, 
for a sheaf YS on Z, there exists a spectral sequence (E?'", H") with 


EP = RPE RI GF and AH = Rf 09g). 7. 


Let (f,y): Y = (Y,@y) ~ X = (X, @x) be a morphism of complex 
spaces. If Y is an @y-module, then for any open set U in X, H?(f~!U;.7) 
is a I'(f~1U; Gy)-module. On the other hand, y induces a morphism 
I'(U;@x) + I'(f-1U; Gy). Thus R?f,.% may be thought of as an @x- 
module. 

For coherent sheaves on complex spaces, there is the following funda- 
mental theorem of H. Grauert: 


Theorem 11.14. Let (f,y) : Y ~ X be a morphism of complex spaces 
with f proper. If SY is a coherent Gy-module, then R?f,.7% are coherent 
Ox -modules for all p > 0. 


For a complex space X, let K;,(X) denote the K-group of coherent 
@x-modules. Then for a morphism (f,y) : Y > X as above, we have a 
morphism 


(f,p)r: Kn(¥) — K(X), (11.16) 


which is induced from 7 ++ }7,.9(—1)?R? f..7. In the case itis apparent 
what is y, we denote (f,y): simply by fi. 

In particular, consider the case X is a point with reduced structure. 
Then, f being proper means that Y is compact. We have that, if Y is 
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compact, for any coherent Gy-module .7, H?(Y;-/) are finite dimensional 
for all p > 0. This generalizes the statement (2) in Remark 11.8. 


Proposition 11.23. Let X = (X,@x) be a complex space in a complex 
manifold M with the embedding (i,7) : X — M. Then, for any coherent 
Ox-module Y, R?i,S =0 for p> 1 so that 


US =i. 
Proof. First note that, since X is a closed set in M, i is proper. Let 
z be a point in M. For a holomorphically convex neighborhood U of z, 
H?(i-'U; S) ~ H?(U,i.S%) (cf. Exercise 11.6), which is 0 for p > 1 as 
ix.S is Oxy-coherent (cf. Theorem 11.7). 


We come back to this subject in Chapter 15 below. 


11.6 Divisors 


In this section, we let M denote a complex manifold of dimension n and @ 
the sheaf of germs of holomorphic functions on M. 


Meromorphic functions 


Let U be an open set in M. Recall that we may identify the ring Oy of 
holomorphic functions on U with the ring ['(U; @) of sections of @ on U. 
We let Sy denote the set 


{g € Oy | for any open set V C U andh € Oy, glv-h =0 implies h = 0}. 


It is multiplicative in Oy so that we may form the fraction ring SOp 
(cf. Section A.2). Note that, if U is non-empty and connected, then Oy is 
an integral domain and Sy = Oy {0} (cf. Theorem 1.7) so that S5'Ov is 
the fraction field F(Oy) of Oy. If V is an open set with V C U, there is the 
restriction map pyy : Sy'Oy > S;'Oy. From the system {S5'Ou, pvu}, 
we may construct a sheaf # of rings (cf. Section 11.1). Noting that, for 
each point z in M, the set of connected neighborhoods of z is cofinal in 
the set of neighborhoods of z, we see that the stalk -Z, coincides with 
the fraction field of @, (cf. Section 1.4). The sheaf .# is called the sheaf 
of germs of meromorphic functions on M. It naturally contains @ as a 
subsheaf. 

There is a canonical morphism Sj, ‘Oy > I'(U;.@), which is not sur- 
jective in general, as the condition (2) in Proposition 11.2 does not hold. 
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A meromorphic function y on an open set U in M is a section of 4% 
on U. Such a function is represented by a system {(Ua, f%,g%)}, where 
{U,.} is a covering of U and f%, g® are holomorphic functions on U, such 
that the germ g$ at z is non-zero for all z in U,, the germs f% and g% are 
relatively prime for all z in U, (cf. Proposition 1.8) and that f%g° = f%g% 
in U.NUg. We write y = f%/g® on U,. A pole of y is a zero of gy for 
some @. 


Divisors 


Let .@* denote the sheaf of multiplicative groups of non-zero germs of mero- 
morphic functions, which contains the sheaf @* of germs of non-vanishing 
holomorphic functions as a subsheaf. Here we note that .@* and @* are 
the sets of invertible elements in .@ and @, respectively. Thus, while a 
germ in .@* may be represented by a function with zeros, every germ in 
O* is represented by a function without zeros. 

The sheaf Ziv of Cartier divisors on M is defined by 


0 O* > HM — Div — 0. (11.17) 


Definition 11.22. A Cartier divisor on M is a section of Ziv on M. 


A Cartier divisor D is represented by a system {(Ua, p%)}, where {U,} 
is a covering of M, y® is in [(U,;-@*) for each a, and f%? = y%/y? is 
in ['(U, M Ug; G*) for each pair (a, 8). While we use the multiplicative 
notation for @* and .@*, we use the additive notation for Cartier divisors. 
Thus if divisors D;, i = 1,2, are represented by {(Ua, y%)}, then D; + D2 
is represented by {(Ua, yf - pf)}. If D is represented by {(Ua, y%)}, then 
—D is represented by {(Ua,(y%)~')}. Also, D = 0 if and only if it is 
represented by {(Ua, y*)} with y® in '(U.; G*) for every a. 

From (11.17) we have the exact sequence: 


-. = P(M; *) — P(M; Giv) 2 HM; 6") +». (11.18) 


Definition 11.23. For a Cartier divisor D, the line bundle Lp associated 
with D is defined to be 6*(D)~?. 


If D is represented by the system as above, Lp is defined by the transi- 
tion functions { f°} (cf. Definition 3.15). The line bundle Lp has a natural 
meromorphic section sp, i.e., the section represented by y® on each U4. 

If y is a section of .@*, i.e., a meromorphic function not identically 
zero on any connected component of M, then it defines a Cartier divisor 
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(cf. (11.18)), which we call the divisor of y and denote by (wy). Such a 
divisor is called principal. If y is represented by {(Ua, f%,g*)}, we may 
write (y) = Dp — Dx, where Dg and D,, are represented, respectively, by 
{(Ua, f%)} and {(Ua,9*)}- 

Two Cartier divisors D,; and Dg are said to be linearly equivalent if 
D, — Dz is principal. By the exactness of (11.18), for a Cartier divisor D, 
Lp is trivial if and only if D is principal. Thus D; and Dg are linearly 
equivalent if and only if Dp, = Lp,. 


Definition 11.24. A Weil divisor on M is a locally finite formal sum 
>> miV;, where the V;’s are (globally) irreducible varieties of pure codimen- 
sion one in M and the m,’s are integers. 


In the above, the sum being locally finite means that each point in M 
has a neighborhood that intersects with only a finite number of V;. The 
Weil divisors on M form an Abelian group, which we denote by W(M). 


We show that a Cartier divisor naturally defines a Weil divisor. For this, 
we define the notion of the order of a meromorphic function, or section, 
along an irreducible variety of codimension one. 

First we recall that there is a one-to-one correspondence between the 
set of irreducible germs of varieties of codimension one at 0 in C” and 
the set of principal prime ideals in @, (cf. Remark 2.9). Let V be an 
irreducible germ of a variety of codimension one at 0 and f a non-zero 
germ in @,. We define the order ordy(f) of f along V as follows. If f 
is a unit, we set ordy(f) = 0. If f is not a unit, let f = p]---prr be 
the irreducible decomposition. If there is an i such that V(p;) = V, we set 
ordy(f) = m,;, otherwise, ordy(f) = 0. If y = f/g is a germ in .4@*, we 
set ordy (vy) = ordy(f) — ordy(g). 

Next, let V be a globally irreducible variety of codimension one in M 
and Vreg the set of regular points in V. Also let L be a holomorphic line 
bundle on M and s a meromorphic section of LZ which is not identically 
zero on any connected component of M. Let {U,} be a covering of M 
trivializing L and {f°} the system of transition functions with respect 
to some frames of L. Then s is represented by a collection {y*}, where 
y* € I'(Ug; W*), such that y* = f%Fy? on Uan Ug. Let z be a point 
in Vreg (here we could take a point z where V, is irreducible). Thus the 
prime ideal corresponding to V, is generated by the germ of a holomorphic 
function without singular point. If z is in U,, we have ordy, (y%) as defined 
above. It does not depend on the choice of U, containing z and is a locally 
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constant function of z. Thus it does not depend on the choice of the point 
z, Since V,eg is connected. We denote it by ordy(s). 
Proposition 11.24. There is a natural Abelian group morphism 
@:I(M; Div) — W(M). 
Proof. For a Cartier divisor D, associated is a line bundle Lp together 
with the natural meromorphic section sp. Then 
ordy :I'(M; Div) — Z, D+ ordy(sp) 

is an Abelian group morphism. The formal sum 

S“ordy (sp) -V (11.19) 


over the irreducible varieties of codimension one in M is locally finite and 
is a Weil divisor. If we define ®(D) to be the above sum, @ is an Abelian 
group morphism. 


For a Cartier divisor D we call 6(D) the Weil divisor associate with D. 
The union of varieties appearing in the sum (11.19) is called the support of 
D and is denoted by |D]. Note that, if D = 0, then |D| = 0. 


Remark 11.11. Let D be a Cartier divisor. Then the natural meromorphic 
section sp of the associated bundle Lp is a non-vanishing section away 
from |D|. Thus there is the localization c\(Lp,sp) in H?(M,M\|D|;Z) 
(cf. Section 5.6) and the associated residue TRes,1 (sp, Lp;|D]|) as its image 
by the Alexander isomorphism 

We see later that the Weil divisor associated with D naturally defines a 
class in H(,—1)(|D|;Z) that coincides with TRes,1(sp, Lp; |D|) (cf. Theo- 
rem 12.10 below). 


On complex manifolds, a Weil divisor naturally defines a Cartier divisor 
as well: 


Proposition 11.25. On a complex manifold M, the morphism ® is an 
isomorphism. 


Proof. We define a morphism 
YW: W(M) > I(M; Viv), 


which will be the inverse of ®. For this, let $>m;V; be a non-zero Weil 
divisor. Then there exists a covering {U,} of M such that each V; with 
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V;U, # @ is defined by a holomorphic function f*% on U. whose germ is 
reduced at every point in U, (cf. Theorem 2.12 and Proposition 11.13). We 
set I, = {i | Vi QU, #40}. Taking a finer covering, if necessary, we may 
assume that it is a finite set. If we set p® = [],<, (f*)’ on Ua, the system 
{(Ua, y*)} defines a Cartier divisor, which is the image of > m,V; by W. 
To show that oW = 1, recall that, for a globally irreducible variety V, 
the regular part Vieg is connected and its closure in M is V (cf. Section 2.4). 
Thus in the sum (11.19) for the Cartier divisor D = Y()> m;V;), only the 
V’s with V = V; for some i appear. Moreover, for such a V, ordy(sp) = mj 
by definition. The identity Wo ® = 1 also follows from definition. 


Thus as long as we consider divisors on complex manifolds, it is not nec- 
essary to distinguish Cartier and Weil divisors and we make identification 
via ®&, or W, hereafter. 


We may likewise define Cartier and Weil divisors on singular varieties 
(cf. Sections 14.3 and 14.4 below). In general, a Cartier divisor defines a 
Weil divisor, but not vice versa, as the following example shows. 


Example 11.8. Let V the variety defined by 2122 = 23 in C? = 
{(21, 22, 23)}. Let Vi and Vy be defined by z1 = z3 = 0 and z2 = z3 = 0, 
respectively. Then they are irreducible varieties of codimension one in V 
and are Weil divisors, but not Cartier. The union V/ U Vy is defined by 
z3 = 0 and is a Cartier divisor. 


A divisor D = 55 mV; is said to be effective if m; > 0 for all 7. In this 
case we write D > 0. It is equivalent to saying that it has a representative 
(Ua; Ya) With ya a holomorphic function on U, for every a, i.e., the natural 
section sp of the associated bundle Lp is holomorphic. 

Let D = >> m,V; be a non-zero effective divisor. Then we may think 
of it as a complex space of pure dimension n — 1 in M as follows. Let 
{(Ua,a)} be a representative with ya a holomorphic function on U,. 
As %q/g is a non-vanishing holomorphic function on U, Ug, we may 
consider the ideal sheaf 4% in @jy generated by yo on U,. The support 
of Oy /I% is U; Vi = |D| and D is the complex space (|D|,i~'(@u/.%)), 
where i : |D| — M is the inclusion. 

Let f : M’ + M be a holomorphic map of complex manifolds and D 
a divisor on M. Taking the inverse images by f of meromorphic functions 
locally defining D, we get a divisor on M’, which we call the inverse image 
of D by f and denote by f*D. If D is effective, it is the inverse image of 
D as a complex subspace of M. 
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For a divisor D = S>;_,miV; which is a finite sum, we may write 
Lp = @j-, Ly’, where Li" denotes the tensor product of m; copies of 
Ly,, for m; > 0, and the tensor product of —m, copies of Ly,, for m; < 0. 

Let Ky, be the canonical bundle of M (cf. Definition 3.13). The divisor 
defined by a meromorphic section of Ky is called the canonical divisor. 
Note that it is determined up to linear equivalence. The line bundle defined 
by the canonical divisor is Kyy. The canonical divisor is also denoted by 
Kw, if there is no fear of confusion. 

We discuss more on divisors in Section 12.6 and Chapter 14 below. 


Blowing-up 


Let U be a neighborhood of 0 in C” = {(z1,.-.,2n)} and U the variety in 
U x P"~! defined by 


U={(z,[¢]) Ux PP | zasile — 2e41da =0, OSa<BSn—1}. 


If we set Wy = {[¢] € P®™1 | Gg £0}, a = 0,...,n—1, the manifold 
UxP”~! is covered by n coordinate neighborhoods U x W, with coordinates 
(is ten af paca yen -a)s where (cf. (2.2)) 


a G1 Ga Age OS 
‘ Gil Ger t=at+l,...,n—-1. 


In U x W,, U is given by 


ee teaes i=1,...,a@ and 


Za416? — 241 = 0 t=a+t+l,...,n—1. 


Thus U is an n-dimensional complex manifold, which is covered by 
n coordinate neighborhoods U, = Um (U x W,) with coordinates 
(Za41,€%,..-,€%_,). If we denote by 7 : U + U the restriction of the 
projection U x P"-! + U to U, it is a holomorphic map such that 
D = 171(0) ~ P”~! and that its restriction to U\ D is a biholomorphic 
map onto U\ {0}. This procedure is called the blowing-up of U at 0. It 
replaces 0 with the projective space P”—! to separate the lines through 0 in 
U. Note that D is defined by 241 = 0 in Uy and is a divisor in U, which is 
called the exceptional divisor. The associated line bundle Lp is defined by 
the system of transition functions {Zo41/ze41}. Since za41/2641 = Ga/Cs 


on U, we see that Lp|p = —H,~-1, where H,,_, is the hyperplane bundle on 
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D =P"! (cf. Example 3.6). Note that U may be viewed as a neighborhood 
of the zero section of the tautological bundle on P"~+ (cf. Section 9.3). 
Let X = (X, Gx) bea complex space in U defined by an ideal sheaf % of 
finite type in @y so that Cx = i~'(Oy/) (cf. Section 11.5). Suppose the 
underlying space X, which is a variety in U, contains 0. The total transform 
of X is the inverse image 1*X of X by a. It is the complex space in U 
defined by the ideal sheaf Oj, -1* 4%. If f(z1,..., 2%) is a function in .Y and 
if m is the order of f at 0 (cf. Definition 1.10), then we may write, on U4, 


Peeper ieee 1) = 2a (toledo 1) (it. 20) 
with fa a holomorphic function on s In Ua Us, the difference of fy 
and fe is a multiple by a non-vanishing holomorphic function. Thus we 
may consider the ideal sheaf I in O; generated by the fos The proper 
transform of X, denoted by xX , is the complex space in U defined by F, 
The underlying space of the total transform 7*X is the union of D and 
Me , the underlying space of X. The holomorphic map 7 restricts to an 
isomorphism X | Xn-1(0) = X| x\f0} Of complex spaces. 


Example 11.9. Let U be a neighborhood of 0 in C? and 7 : U > U 
the blowing-up of U at 0. Let C' be a curve (one-dimensional variety) in 
U through 0 defined by a (reduced) holomorphic function f. Then the 
total transform 7*C is the pull-back of the divisor C’ and is written 7*C = 
C+mD, where C is the proper transform of C, D = 7~1(0) ~ P! and m is 
the order of f at 0. The restriction @ of 7 to Cisa surjective holomorphic 
map w: C > C such that @~!(0) consists of a finite number of points and 
that @ induces a biholomorphic map from C\ @~!(0) onto CX {0}. 


It is known that, continuing the above process, we may “resolve” the 
singularity of a plane curve. Namely, let C be a curve in U with singularity 
only at 0 and let C = ear C;, be the irreducible decomposition at 0. Then, 
after a finite number of suitable blowing-ups, we obtain a two-dimensional 
complex manifold U together with a proper surjective holomorphic map 
a:U—+U such that we may write 


Cc => me + Yims, 
t= j= 


where 


(1) the C,’s are mutually disjoint connected non-singular curves, 
2) for each 7, D; is a non-singular curve biholomorphic with P! and m; 
J) J g J 
is a positive integer, 
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(3) if we set D = U5_, Dj, then 7~'(0) = D and mg p is biholomorphic 
onto U~ {0}, 

(4) for each i, C; intersects D at one point q; and 7(C;) = Cj. Thus, if we 
set w; = T\e,, then aw, (0) = q and Dlentai} is biholomorphic onto 
C;~ {0} and 

(5) every singular point of CUD, C = U}_, Ci, is equivalent to the one in 
Example 2.3.1, i-e., every intersection of CUD isa “normal crossing”. 


Let C be a (possibly singular) compact curve in a (non-singular) complex 
surface (complex manifold of dimension two) X. The singular set Sing(C) 
consists of a finite number of points. Using the above, we may construct a 
non-singular compact curve 6! together with a holomorphic map a : C =X 


with w(C) =C such that 


(1) for each p in Sing(C), @~1(p) consists of a finite number of points, and 
(2) @|@,-1(g) is a biholomorphic map onto C'\ S. 


The above C is determined uniquely up to biholomorphic equivalence. 
If C is (globally) irreducible, C is connected. We call C the non-singular 
model of C. 


Exercise 11.11. Let V be the variety defined by 2122 — 2? = 0 in C? = 
{(21, 22, 23)}. Find the total transform and the proper transform of V 
under the blowing-up of C? at 0. 


11.7 Local complete intersections 


Complete intersections 


Let @,, denote the ring of germs of holomorphic functions at 0 in C”. For 
a germ V of a variety at 0 in C”, let I(V) denote the ideal in @,, of germs 
vanishing on V. Also, for an ideal J in @,, let V(I) denote the germ of 
the variety defined by I. Recall that V(I(V)) = V and I(V(I)) = VI 
(cf. Sections 1.4, 2.3 and 2.4). 

Note that, if an ideal I is generated by k germs, then dim V(I) > n—k 
(cf. Theorem 2.11). 


Definition 11.25. Let V be a germ of a variety of pure dimension d at 0 
in C”. Setk=n—d. 
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1. We call V a set-theoretic complete intersection germ, if V = V(I) for 
some ideal I generated by k germs in Gy. 


2. We call V a complete intersection germ, a CI germ for short, if the ideal 
I(V) is generated by k germs in @,. 


A CI germ is a set-theoretic one as V = V(I(V)), however the converse 
is not true in general (cf. Example 11.10.2 below). The germ of a non- 
singular variety V is a CI. Indeed, by a suitable change of coordinates 
(Z1,---,2n) of C”, we may assume that I(V) = (z1,..., 2%). Every germ of 
a hypersurface, i.e., the case k = 1, is a CI germ by Theorem 2.12. 


Example 11.10. 1. The germ at 0 of the variety in Exercise 2.5.4 is not 
a set-theoretical complete intersection. 


2. Let V be the germ at 0 of the union of the coordinate axes in C? = 
{(21, 22, 23)}. Then V = V(J) with I = (2122, (z1 + 22)z3) and thus V is 
a set-theoretic complete intersection. On the other hand, it can be shown 
that I(V) = (2122, 2223, 2321) and that the number of generators cannot be 
reduced. 


We quote the following: 


Theorem 11.15. Let fi,...,fx be germs in G, and V = V(I), I = 
(fi,---, fk). If C(f) AV is nowhere dense in V, V is a CI of dimension 
d=n-kandI(v) =I. 


In the above, we take a neighborhood U of 0 in C” where the germs 
fi,---,f% have representatives and denote by C(f) the critical set of f = 
(fi,.--, fk), i-e., the set of critical points of f, in U (cf. Definition 1.9). The 
converse of the above statement is proved below (cf. (11.22)), i.e., it holds 
that, if V is a CI with I(V) = (fi,..., fe), then C(f) NV is nowhere dense 


inV, f=(fi,.--, fr). 


Exercise 11.12. Show that, if we set f = (z122,(21 + 22)z3) in Exam- 
ple 11.10. 2, then C(f) NV is not nowhere dense in V. 
Singular set: For complete intersections we give a simpler proof of Theo- 
rem 11.5, although we still use the coherece of ideal sheaves (cf. Theorem 
11.4). 

In general, let fi,..., f, be germs in @, and set g; = D1_ aij fj with 
aij € On, fori =1,...,8. Then we see that 
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From this we have: 


Lemma 11.5. Let V be a germ of a variety at 0 in C”. Then the rank of 
the Jacobian matrix O(fi,..., fr)/O(z1,--+;2n) at 0 does not depend on the 
choice of the generators fi,..., fr of I(V). 


We denote the above rank by (0). 


Now let V be a CI germ of dimension d and f1,..., fx generators of 
I(V). We take a neighborhood U of 0 in C” such that V and fi,..., fx 
have representatives on U. We may assume that the germs /fi,.,..., fx,z 


generate .%y,, = I(Vz) for every z in U (cf. Theorem 11.4 and Exercise 11.8). 
This shows that V, is a CI of dimension d for every z € UNV. We may 
also write 


V ={2€U| file) =--- = fez) = 0}. (11.21) 


Proposition 11.26. In the above situation, 


Ol Fis ehed db) 


rank 
Caper 


Sing(V) = {z eV 


(2) <k}. 


Proof. If z is a regular point of V, then p(z) = k (cf. Exercise 2.7.1). 
Conversely, if p(z) = k, then z is a regular point of V by definition (cf. 
Definition 2.8). 


In the above situation, we think of f = (f1,..., fx) : U > C* as being 
a holomorphic map and denote by C(f) its critical set. Then Proposi- 
tion 11.26 implies: 


Sing(V) =C(f) NV. (11.22) 
For the hypersurface case, we have: 
Proposition 11.27. In the casek =1, C(f) C V so that 
Sing(V)=C(f),  f=hi. 


Proof. Let z bea point in C(f). There exist a connected neighborhood 
D of 0 in C = {t} and a holomorphic map y = (1,---,n) : D — U such 
that y(0) = 0, y(to) = z for some tp and y(t) € C(f) for all t in D. Then 
we have 


which shows that f o y is constantly equal to 0 and thus z is in V. 
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Isolated singularity case: In the situation of Proposition 11.26, we 
think of f = (f1,.--, fx) : U — C* as being a holomorphic map and let 
C(f) denote the critical set of f, as before. We also set D(f) = f(C(f)), 
the set of critical values. 


Proposition 11.28. Suppose Sing(V) = {0}. Then there exist a neigh- 
borhood U of 0 in C” as above and a neighborhood U’ of 0 in C* such 
that 


(1) C(f) ts a variety of pure dimension k — 1 in U, 
(2) f(C(f)) CU’ and flevg) : C(f) > U’ is a finite map, 
(3) D(f) is a variety of pure dimension k — 1, t.e., a hypersurface in U’. 


Proof. Since C(f) is the set of common zeros of the k x k minors of 
the Jacobian matrix O(fi,..., f-)/O(21,---,2n), it is a variety in U. By 
the assumption Sing(V) = {0}, it is non-empty (cf. (11.22)) and, for every 
z € C(f), dimC(f), > k—1 (cf. Proposition A.23.1 and (A.16)). The 
assumption Sing(V) = {0} also implies that there exists a neighborhood 
U’ of 0 in C* such that flocpyag-1ur : C(f) A f71U' > U' is proper and 
thus finite (cf. Proposition 2.7). By Proposition 2.8, D(f) is a variety 
in U’. By Sard’s theorem (cf. Remark 2.10), dim D(f),, < k—1 for all 
z' € D(f). Therefore, again by Proposition 2.8, C(f) and D(f) are pure 
(k — 1)-dimensional. Replacing U with f~'U’, we have the proposition. 


Global complete intersections: Let M be a complex manifold of di- 
mension 7. 


Definition 11.26. Let V be a variety of pure dimension d in M and set 
k =n-—d. We call V a complete intersection, a CI for short, in M if there 
exist k holomorphic functions fi,..., fy on M such that 


(1) V={zEM | fil) =--- = f(z) =O}f, 
(2) C(f) NV is nowhere dense in V, f = (fi,..., fr). 


If V is as above, for every z € V, Vz is a CI germ of dimension d by 
Theorem 11.15. We have Sing(V) = C(f) NV. 

If V is a CI germ, there exists a neighborhood U of 0 in C” such that 
V has a representative that is a complete intersection in U (cf. (11.21)). In 
this situation, we set V, = f—1(t) for t € C*. Then we have: 


Proposition 11.29. If V is a CI germ, there exists a neighborhood U of 
0 in C” such that V; is a complete intersection in U for allt near 0 € C*. 
Moreover, Sing(Vi) = C(f) NV. 
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Milnor fibration 


In general, let V be a variety of pure dimension d in a neighborhood U of 
0 in C” such that V contains 0 and that V~ {0} is non-singular. Let 


e ={(z1,-.-52n) | ler? +++- + lel? <e7 


be the closed ball of radius ¢ and S; = OB, the (2n — 1)-sphere of radius e. 
We quote the following two theorems of J. Milnor. 


Theorem 11.16. For sufficiently smalle, V intersects Sz transversely and 
the pair (B.,V NB.) ts homeomorphic with the cone over (Sz,V NSz). 


Thus, in the above situation, L = V NS, is a (2d — 1)-dimensional C* 
manifold, which is called the link of V at 0. 


Remark 11.12. The above theorem is proved by constructing a C' vector 
field v on OX {0}, where O is an open set in U containing B., such that 
v(x) is pointing away from 0 for all « € O\ {0} and that v(x) is tangent to 
V for all e e VN (ON {0}). 


Let V be a hypersuface and f a generator of I(V). We suppose f has a 
representative on U and V has at most an isolated singularity at 0. 


Theorem 11.17. Let V be a hypersurface as above. 
1. For sufficiently small e, 

f 
f| 


is aC® locally trivial fibration. 


p= ‘Ss Ss! 


2. The fiber of p has the homotopy type of a bouquet of (n — 1)-spheres. 


In the first step of the proof it is shown that y is a submersion. However 
we cannnot directly apply the Ehresmann fibration theorem (Theorem 3.12) 
as y is not proper. It is done by constructing some special horizontal vector 
field on S-XL. Since S! is connected, each fiber F, = y~1(t) is diffeomorphic 
to a fixed C™ manifold F’, which is called the Milnor fiber. The closure of 
each fiber F; is equal to F; UL. In fact F has a natural complex structure. 


Now let V be a CI of dimension d, having at most an isolated singularity 
at 0, and fi,..., f~ generators of I(V), k =n—d. Let C(f) be the critical 
set of f = (fi,..., fx) and D(f) = f(C(f)) the set of critical values. If 
V is non-singular at 0, C(f) = @ and D(f) = 9. If V has a singularity at 
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0, we take neighborhoods U and U’ of 0 in C” and C*, respectively, as in 
Proposition 11.28. 
We have the following: 


Theorem 11.18. Let V be a CI of dimension d as above. 


/ 


1. For sufficiently small balls B, around 0 in U and Bi around 0 in U’, f 


induces the structure of a C™ locally trivial fibration on 


eOf—'(Bs\ D(f)) — Bs D(f). 


2. The fiber of the above fibration has the homotopy type of a bouquet of 
d-spheres. 


The statement 1 follows from the Ehresmann theorem with bound- 
ary. The fiber of the map makes sense, since Bi \ D(f) is connected (cf. 
Remark 3.9). The interior F’ of the fiber has a natural complex structure 
and, in the case k = 1, it is diffeomorphic to the Milnor fiber above. Thus 
it is also referred to as the Milnor fiber and the number of spheres appear- 
ing in the above is called the Milnor number of V at 0 and is denoted by 
u(V,0). The number p(V,0) does not depend on the choice of generators 
of I(V). It is positive if and only if 0 is a singular point of V. 

There is an algebraic formula for this number. We set, for i= 1,...,k, 


ay = dime On| (If, af ., fi); fi, ats LapP—p)s 


where the denominator in the right-hand side is the ideal generated by the 
Jacobians det (O(fi,..., fi)/O(z,,---,2;))) 1 < a <++ < YH <n, and 
fis sans fi-1- Then 


u(V,0) = S0(-1)* “ay. (11.23) 
t=1 
In particular if k = 1, 
u(V,0) = dime @n/J(f), (11.24) 


where J(f) = (Of /0z1,...,0f/Ozn), f = fi. The right-hand side of (11.24) 
is referred to as the multiplicity of the function f at 0 and is denoted by 


m(f,0). 
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Tangent and cotangent sheaves on a variety 


Let M be a complex manifold and V an analytic variety in M with the 
inclusion i: V ~ M. We denote by -%y the ideal sheaf of holomorphic 
functions vanishing on V (cf. Sections 11.3 and 11.5). Then the sheaf 
Oy =i-'(@\/4%) is the sheaf of holomorphic functions on V. We wish 
to define the sheaf of holomorphic 1-forms on V. For this we “eliminate”, 
from the @yy-module 92,7 of holomorphic 1-forms on M, the differentials of 
functions in Ay in the following manner. We consider the sheaf .%y/-47, 
which is an (@y/-%v)-module, and define 


d: Ay /F3 — (Ou /Fv) @ey, Qu by [f] - [1] @ df. 


It is a well-defined morphism of (@j,/-%y )-modules and induces a morphism 
id: (Fy f{ Fe) > OY @i-16 yy i Ou = 1* Qn of Gy-modules. 


Definition 11.27. We define the sheaf of holomorphic 1-forms Qy on V, 
or the cotangent sheaf of V, by the exact sequence 


i! (Ay /F) ee Qu > Qy > 0. 


If we denote by Vyeg the regular part V\ Sing(V) of V, the image of 
the restriction of i~'d to Vreg is identified with the sheaf 67, (Ny...) of 


germs of holomorphic sections of the “conomal bundle” Ny, cz We also have 
QWoog = OVoog (L* Vreg)- 


reg reg 


We call Oy = Home, (Qy,Gy) the tangent sheaf of V and My = 
Home, (i-'( 4/42), Gv) the normal sheaf of V in M. Since Oy,,, = 


reg 


Ov.og(LVreg) and Ming = Veen (NVicg), We have the following commutative 
diagram with exact rows: 
0 —> Oy... —> (#*OM)|Vieg —? Wreg —> 0 (11.25) 
0 > Oy >On +N. 


Local complete intersections 


Let M be a complex manifold of dimension n and V a variety of pure d 
dimension in M. Set k =n—d. 


Definition 11.28. We call V a local complete intersection, an LCT for 
short, in M, if %y,z is generated by k germs for each z in V. 
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If V is as above, V, is a CI germ for each z in V, as -%y,, = I(V:z). 


If fi,...,f% are generators of .%y,,, we have an expression as (11.21) for 
a neighborhood U of z. We call fi,..., f, local generators of .A,. Their 
classes [fi],..., [fx] locally generate i~!(.%, /.4?) and are linearly indepen- 


dent over Oy. Hence i~!(.%,/.42) is locally Oy-free of rank k and .%; is 
also locally Gy-free of rank k. Thus there is a vector bundle Ny on V of 
rank k extending Ny,.,. We have a commutative diagram with an exact 
row: 


V, 24 Ny. —> 0 


reg reg 


(39S 9OM 


(11.26) 
TM|y —> Ny. 


If we take the sheaves of germs of holomorphic sections of the bundles 
in (11.26), we recover (11.25) except for the term Oy. If fi,..., fx are 
local generators of -4,, then the trivialization of Ny dual to ([fi],.-.-, [.fr]) 
extends the trivialization (@(0/Of1),...,@(O0/Ofx)) of Nv,.,. (Note that 
near a regular point of f = (fi,..., fx), we may take (fi,..., f,) as a part 
of a local coordinate system on M.) We call it the trivialization of Ny 
associated with f = (fi,..., fr). 

For an LCI V in M, we set ty = TM|y — Ny and call it the virtual 
tangent bundle of V. Note that, if V is non-singular, TM|y — Ny = TV in 
the K-group K(V) of V (cf. Section 15.2 below). 


Sometimes we impose a stronger condition: 


Definition 11.29. Let V be a variety of pure codimension & in a complex 
manifold M. We say that V is a local complete intersection defined by a 
section, an SLCT for short, in M, if there exist a holomorphic vector bundle 
N on M of rank & and a holomorphic section s of N such that -% is locally 
generated by the components of s (with respect to some local holomorphic 
frame of N). 


Thus V is the zero set of s and is an LCI. We may express the virtual 
tangent bundle as ty = (TM — N)|v. 


Example 11.11. As examples of SLCI’s, we have the following: 


1. A hypersurface V in M (k = 1). In this case, we may take as N the line 
bundle Ly associated with V and as s the natural section (cf. Definition 3.15 
and the subsequent notes). 
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2. A global complete intersection V in M. In this case we may take as N 
the product bundle C* x M and as s a family of defining functions of V 
(cf. Definition 11.26). 


3. A (projective algebraic) complete intersection V in the projective space 
P”. This means that the ideal [(V) of homogeneous polynomials vanishing 


on V is generated by & homogeneous polynomials P,,..., P,. Let p; denote 
the degree of P; for i = 1,...,k and Ug the affine coordinate ¢, 4 0 for 
a=0,...,n. Then, in U,, V is defined by fi =--- = fr =0, fi = Pi/C2. 


Note that it is only locally a complete intersection. In this case, we may 
take as N the bundle H®?! @---@ H®?*, where H,, denotes the hyperplane 
bundle (cf. Example 3.6). 


4. Let M be a complex manifold of dimension n and N a holomorphic 
vector bundle of rank k on M. Let V be the zero set of a holomorphic 
section s of N generically transverse to the zero section. This means that, 
if (fi,.-., fx) denote the components of s with respect to a holomorphic 
frame on an open set U in M, V is given by fy = --- = fx = 0 in U and 
df, \--- A df, #0 on VNU. In this case the singular set Sing(V) of V is 
given by df; A---Adf, =0in VOU and the restriction of N to the regular 
part Vieg = V\Sing(V) coincides with the normal bundle of Vieg in M. By 
Theorem 11.15, V is a local complete intersection of dimension d = n — k. 


Complex spaces defined by a regular section 


We refer to Section A.2 for the definition and fundamental properties of 
regular sequences. In the following, an @,,-regular sequence in the maximal 
ideal m of @,, is simply called a regular sequence. 

Let I be the ideal generated by k germs f,,..., f, in @, and V = V(J). 
Recall that V is pure d-dimensional, d = n — k, if and only if f,,..., fr 
form a regular sequence (cf. Proposition A.23). 


Definition 11.30. A germ X = (X, @x) of a complex space is said to be 
defined by a regular sequence if Gx = @,,/I for some ideal I = (f1,..., fx) 
with f,,..., f, a regular sequence. 


If X = (X,@x) is as above, X is a set-theoretical complete intersec- 
tion. If V is a set-theoretical complete intersection germ defined by J, then 
(V, @,,/I) is a germ of a complex space defined by a regular sequence. 


Remark 11.13. If J is as in Definition 11.30, then @,/I is a Cohen- 
Macaulay ring (cf. Proposition A.22). 


384 Complex Analytic Geometry 


Let M be a complex manifold of dimension n and E a holomorphic 
vector bundle of rank | on M. Also let s be a holomorphic section of 
E and S the complex space defined by (the ideal generated by the local 
components of) s. Thus the support of S is the zero set S of s. 


Definition 11.31. The section s is called a regular section if, at each point 
p in S, the germs at p of local components of s form a regular sequence in 
the ring @y4,p of germs holomorphic functions at p on M. 


Note that this is equivalent to saying that dim S =n — I. 

Let X = (X,@x) be a complex space of pure dimension d in M so that 
we may write 0x =i~!(@y/¥%) for some finitely generated ideal sheaf % 
in Oy,i:X — M being the inclusion. Set k =n — d. 


Definition 11.32. We say that X as above is a complex space defined by a 
regular section if there exist a holomorphic vector bundle F on M of rank 
k and a regular section s of E such that 7 is locally generated by the 
components of s (with respect to some local holomorphic frame of EF). 


If X is as in Definition 11.32, the class c*(E,s) in H?!(M,M\~ X) is 
Alexander dual to [X] in Hzq(X) (cf. Theorem 12.9 below). 


Notes 

There are a number of references on sheaves and sheaf cohomology. Here 
we list [Godement (1958); Hirzebruch (1966); Serre (1955b)]. 

Here is a word about the exponetial sequence. In some textbooks, 
the first Chern class of a C® or holomorphic line bundle L is defined as 
ci(L) = 6*(L) with 6* the connecting morphism defined the same way 
as in (11.4) with @ and @* replaced by # and &* or as in (11.6). 
Then they try to represent it by a differential form via the canonical 
morphism H?(M;Z) — H?(M;C) followed by the de Rham isomorphism 
H?(M;C) ~ H?(M) that is proved sheaf theoretically as Theorem 11.9 
(cf. Remark 11.6.2). Suppose L is defined by a system of transition func- 
tions {f°} on some covering and let {ha} be a Hermitian metric on L, 
hg =|f%?|?hq. If one proceeds this way correctly, one gets the differential 
form w(L) = es dO logha, with a sign different from the expected 
one. For example if L is the hyperplane bundle H, w(H) is the negatve 
of the Fubini-Study form. For this reason, in some books, the first Chern 
class is defined by c1(L) = —6*(L). However, this is not correct from the 
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combinatorial viewpoint (cf. Example 11.3, see also the proof of Theorem 
4.3.1 in [Hirzebruch (1966)], where a similar computation is done). The 
point is that the proof of the de Rham theorem as above gives one of the 
isomorphisms and the correspondence it provides does not have much sig- 
nificance. If one uses the correspondence (7.10) which gives the canonical 
isomorphism in Corollary 7.4, as in the proof of Proposition 11.5 via Chern- 
Wel theory, one obtains a correct form. A similar remark applies to the 
Dolbeault case, see for example Proposition 11.16. 

For the materials in Section 11.3, we refer to [Gunning and Rossi (1965); 
Narasimhan (1966); Noguchi (2016)]. In some literatures Theorem 11.4 is 
referred to as a theorem of Oka-Cartan. See [Noguchi (2016)] for a historical 
account. 

The theory of relative Cech-Dolbeault cohomology may be developed as 
in the case of de Rham (cf. [Suwa (2009, 2022a, 2023)]). Applications of the 
theory include, besides the localization of Atiyah classes mentioned in Notes 
of Chapter 9, the behavior of Hodge structure under blowing-up [Angella, 
Suwa, Tardini and Tomassini (2020)] and explicit expressions of Sato hy- 
perfunctions and related operations [Honda, Izawa and Suwa (2023); Suwa 
(2022a)]. See [Suwa (2022a)] for the detailed proof of Proposition 11.16. 

In Remark 11.8, the statement (1) is due to [Malgrange (1957)] and (2) 
to [Cartan et Serre (1953)]. 

We list [de Jong and Pfister (2000); Fischer (1976); Grauert and Rem- 
mert (1984); Grothendieck (1960-61)] as references for Section 11.5. The- 
orem 11.14 is due to [Grauert (1960)]. 

The existence of resolution of singularities for algebraic varieties in car- 
acteristic zero was proved in [Hironaka (1964)]. See also [Hauser (2003)] 
for an expository account on this. 

We list [Looijenga (1984); Milnor (1968); Oka (1997); Seade (2019)] as 
references for Section 11.7. Theorems 11.16 and 11.17 are due to [Milnor 
(1968)]. The fibration theorem (Theorem 11.18) is proved in [Milnor (1968)] 
for the case k = 1 and in [Hamm (1971)] for general &. The formula (11.23) 
is due to [Greuel (1975); Lé (1974)]. 

We refer to [Tsikh (1988)] for Theorem 11.15, see also Chapter VI. 1.6 
in [Lojasiewicz (1991)]. 

For Definition 11.31, see Section B.3 in [Fulton (1984)]. 
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Chapter 12 


Residues of Chern Classes 
on Manifolds 


We describe explicitly the residues determined by holomorphic r-sections 
of holomorphic vector bundles on complex manifolds. A fundamental theo- 
rem (Theorem 12.2) says that, if the singular set has an expected dimension 
(the proper case), the residue is determined by the residues at isolated sin- 
gularities of the r-section that appear on the transverse slices of irreducible 
components of the singular set. We give various expressions for the residue 
at an isolated singularity (Theorems 12.3-12.5) as well as some fundamental 
examples. 

As a related topic, we discuss the local duality concerning complex 
spaces defined by an r-section. We introduce the notion of the multiplic- 
ity of an irreducible component of such a space as the transverse residue 
(Definition 12.5), which leads to the natural definition of the class of the 
space in the homology of its support. The local duality theorem (Theo- 
rem 12.8), which says that the homology class of the space is the Alexander 
dual of the Chern class localized by the r-section, then immediately follows 
from Theorem 12.2. We also generalize the local duality theorem for the 
case r = | to the case of divisors, introducing the notion of localization by 
meromorphic sections (Theorems 12.9 and 12.10). These will be used in 
Chapter 14 below for the localized intersection theory. 


12.1 Triangulation of subanalytic sets 


Let M be a real analytic manifold. 


Definition 12.1. A subset X of M is semianalytic if every point a in M 
has a neighborhood U such that X NU = UP_, Near Si;, where each S;; 
is a set of the form {f;;(2) = 0} or {fi;(x) > 0} for some real valued CY 
function f;; on U. 
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For example, a variety in a complex manifold is semianalytic. This can 
be seen by taking the real and imaginary parts of defining functions at each 
point in M (cf. Definition 2.7). 


Definition 12.2. A subset X in M is subanalytic if every point a in M has 
a neighborhood U such that XU = 7(A), where A is a relatively compact 
semianalytic set in MxM’, for some C“” manifold M’, anda: MxM’ > M 
the projection. 


Semianalytic sets are subanalytic. Also, a polyhedron P in RN (cf. Def- 
inition 5.6) is subanalytic in an open set in R% containing P as a closed 
set. 

Let X Cc M and X' Cc M’ be subanalytic sets. A continuous map 
f : X — X’ is said to be subanalytic if the graph of f is subanalytic in 
Mx M'. 

Let X be a subanalytic set in M and K a simplicial complex in RN 
(cf. Definition B.13). Thus |K| is subanalytic in some open set in RN. 


Definition 12.3. A subanalytic triangulation of X is a triangulation (K, h) 
of X such that h: |K| — X is a subanalytic homeomorphism. 


We quote the following: 


Theorem 12.1. Let X be a subanalytic set in a CY manifold M. Then: 
1. There exists a subanalytic triangulation (K,h) of M compatible with X 
such that h is Ct. 

We call such a triangulation a C* triangulation of (M,X) for short. 


2. If (Ki,hi) and (Ko,h2) are C' triangulations of (M,X), there exists 
a common refinement (K,h), i.e., (K,h) is a Ct triangulation of (M,X) 
and there is a commutative diagram 


|x| 
g2 he 
| Ko| , 


where, for each i = 1,2, 


(1) (K,gi) is a C! triangulation of (|Ki|,|Lil), Li being the subcomplex of 
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(2) every simplex of K; is the union of the images by g; of a finite number 
of simplices of K. 


In the statement 1 above, h being C! means the following. For each 
simplex s of K, we think of it as being in the affine space spanned by s and 
require that h|, be C! in the sense of Definition 3.19 with C®° replaced by 
C!. Contrary to the case of C® triangulations as in Definition 4.1, we do 
not require that the rank of h|, at each point of s be equal to dims. In the 
theorem above, the set of points in s where the rank of h|, is smaller than 
dim s has measure zero in s. 


12.2 Residues of Chern classes on manifolds 


Let M be a complex manifold of dimension n and EF a holomorphic vector 
bundle of rank 1 on M. Let s‘) = (s;,...,8,) be a holomorphic r-section 
of E. Then it defines a complex space S = (5, @g) in M (cf. Section 11.5). 
It is given as follows. Let ¥ be the ideal sheaf in Gj, locally generated by 
the (r x r)-minors of the matrix of the local components of the s;’s. The 
support S' of S is the support of Oy /.F, which is the singular set $(s‘) of 
s™ and 6g =1~'(@y/F), where 1: S > M is the inclusion. By (A.16), 
We have dim S > n—q, q=l—r+1 (cf. (A.16), in the case r = 1 this also 
follows from Theorem 2.11). 

We take a C! triangulation Ko of M compatible with S$ as in Theo- 
rem 12.1 and let K be its barycentric subdivision. Also, let k* denote the 
cellular decomposition dual to K’, which is constructed from the barycentric 
subdivision K’ of K (cf. Section 4.1). 

In this situation, we have the topological localization chp (E, 3”) in 
H?4(M, M\S;Z) (cf. Section 5.6) and the differential geometric localization 
Cig(E, 8) in H?4(M,M\~ S;C) (cf. Section 10.3). We also have the 
associated residues TResea(s‘"), B;.$) in Ho(n—q) (S;Z) and Res,a(s‘"), E; S) 
in Ha(n—q)(S; C). We have seen (cf. Corollary 10.6) that Resea(s‘"), E; $) 
is the image of TResga(s‘), E; S) by the canonical morphism 


Ho(n—q)(S;Z) —? Hoin—q)(5;C). (12.1) 


Now we consider the case where S is of pure dimension n — q. In 
the following, we refer this situation as the proper case. Let (S;); be the 
(global) irreducible components of S. Then the set {.$;}; is locally finite. 
Each S; defines a class [.S;] in Hy (n—q) (9; Z) and it is the free Abelian group 
generated by the [.S;]’s. Thus the morphism (12.1) is injective so that we 
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may identify the two residues: 
Resea(s\"), E; 8) = TResea(s”), E; S). (12.2) 


Let pj be a non-singular point of S? = $;\ U4; 5; and D; a complex 
slice of S; in M at p, (cf. Definition 3.24). Recall that D, is a locally closed 
complex sudmanifold of dimension q in M through p; and transverse to S; 
at p;. The r-section 3”) = sp, of E; = E|p, has an isolated singularity 
at p; so that we have the residue Resea(s°”, Bj; pi), which is an integer 
(cf. Theorem 10.11). 

Considering a triangulation as above of a neighborhood of S' that con- 
tains D; as a closed set and is compatible with SUD,;, we may assume that 
p; is the barycenter b, of a 2(n — q)-simplex s in the non-singular part of 
S° and that the 2q-cell s* dual to s is in D;. Then by Corollary 10.6, or as 


a special case of (12.2), 
Rese«(s\"), Bi; pi) = TReses(s\”, Eispi), pi = bs. 


Note that this number does not depend on the choice of p; on the non- 
singular part of S?, since the residue is locally constant in p; (topologically, 
this follows from the homotopy invariance of the indices and differential 
geometrically by continuity of the residue with respect to p;) and the non- 
singular part of S° is connected. 

We restate Corollary 5.1 (see also Corollary 10.1) in the above situation: 


Theorem 12.2. Suppose S' is pure (n — q)-dimensional. Then we have: 


TResea(s""), E;S) = > _ TResex(s$”, Ei; pi) - [Si] in Ho(n—q)(S3Z). 


Thus we see that, in order to find the residue in the proper case, it 
suffices to know the residue at an isolated singularity. We discuss this 
situation in Section 12.4 below. 


12.3. Grothendieck residues 


In this section, we briefly review Grothendieck residues, which are used for 
analytic expressions of the residues. 

Let U be a neighborhood of the origin 0 in C” and fi,..., fn holo- 
morphic functions on U such that their common set of zeros V(fi,..., fn) 
consists only of 0. For small positive numbers ¢;, 1 = 1,...,n, we set 


P={zeU |lfi(e)) =e, «=1,...,n}, 
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which is an n-cycle in U. It is oriented so that the form d6, A--- A d@,, is 
positive, 0; = arg f;. For a holomorphic n-form w on U, we set 


oe e aaa a) ee ane 


and call it the Grothendieck residue of w/fi--+ fn at 0. 

Note that this residue is alternating in (f),..., fn). In general, this 
is computed as follows. From the condition V(fi,..., fn) = {0}, we see 
that, for each i, 2; is in the radical ,/(fi,..., fn) of the ideal (f,,..., fn) 
(cf. Theorem 2.8 (Nullstellensatz)). Hence there is a positive integer k; 
such that 2} is in (f1,---,f,) and we may write z/* = Dai Cag fy with 
Cig € O,,. Then 


WwW = det(c;;)w 
FEB i 4| ee! | A 7 


If we write w = fdz A---Adz, with f in @,, the right-hand side of the 
above is, by the Cauchy integral formula, the coefficient of a woe gkn—d 
in the power series expansion of f det(c;;). 


In particular, if f = (fi,..., fn) is non-degenerate, i.e., if the Jacobian 
Jy = det (Of; /0z;) is non-zero at 0, then we have 
w (0) 
Res = —_. 
° Ln J;(0) 


Example 12.1. In the case n = 1, the residue (12.3) is the usual Cauchy 
residue at 0 of the meromorphic 1-form w/f\. 


Example 12.2. Ifw=df,; A---Adfn, then 


| 
fiys+ss fn 

is a positive integer which is simultaneously equal to (cf. Sections 12.4 and 
12.5 below): 


Reso | 


(1) the mapping degree of f = (f1,..., fn), thus the Poincaré-Hopf index 
at 0 in C” of the vector field v = S7"_, f; - 0/02, 

(2) dime @/(fi,.--, fn), where @ denotes the ring of germs at 0 of holo- 
morphic functions on C” and (f1,..., fn) the ideal generated by the 
germs of f1,..., fy, at 0. 


It can also be interpreted as the intersection number (D,- --- + Dn)o 
at 0 of the divisors D; defined by f; (cf. (14.9) below). 
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Example 12.3. In particular, if f; = Of/0z; for some holomorphic func- 
tion f on U, then it is the Milnor number u(V,0) of the hypersurface V 
defined by f at 0: 


d 
Reso af of = LV, 0), 
Oz? eaey Ben 
which is also the multiplicity m(f,0) of f at 0 (cf. Section 11.7 and Sec- 
tion 12.5 below). 


12.4 Residues at an isolated singularity 


Let M be a complex manifold of dimension n and EF a holomorphic vector 
bundle of rank / on M,1l > n. Let r =1—mn-+1 and suppose we have 
a holomorphic r-section s‘) with an isolated singularity at p in M. Thus 
this is a proper case. In this situation, we have TRes.n(s‘”), E;p) and 
Res.n(s), E;p), which are identified. It is an integer, in fact we will see 
that it is positive in the holomorphic case. 

Recall that Reson(s, E;p) is expressed as follows (cf. (10.11)). Let 
U be a neighborhood of p where the bundle F is trivial. We may assume 
that U is a coordinate neighborhood and sometimes we identify p with 0 
in C” and U with a neighborhood of 0. Letting Up = UN {p} and U, = U, 
we consider the covering {Up,U,} of U. We take an s‘”)-trivial connection 
Vo for E on Up and a connection V, for E on Uj trivial with respect to 
some holomorphic frame e) = (e;,...,€;) of E. Thus c”(Vo) = 0 and 
c"(V1) = 0. Let R be a compact real 2n-dimensional manifold with C* 
boundary in U containing p in its interior. Then we have 


Res,» (s‘”), E;p) = -| c"(Vo, V1): (12.4) 
OR 
We give various expressions of this number. 


Topological expression 


We have already seen that Resen(s‘”), E;p) may be expressed as a mapping 
degree, even if E and s”) are not holomorphic, in fact s) may not be 
defined at p (cf. Definition 5.3, (5.10) and Theorem 10.11). Let S?”7! 
denote a small (2n — 1)-sphere in U with center p. Then we have the 
mapping as given in (5.1): 


yp: S*-! —, Wil,r). 
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Theorem 12.3. In the above situation, we have: 
Res,n(s"), B; p) = deg y. 


Remark 12.1. If E and s‘") are holomorphic, then Res.n(s‘”), E;p) is a 
positive integer, by our orientation convention. 


Residue at a non-degenerate zero: Let us assume that | =n. Thus 
r = 1 and we have only one section s. We write s = )~"_, fie; with f; 
holomorphic functions on U. We have W(1,r) = W(n, 1) = C”\ {0}, which 
deformation retracts to S?”~!. 

We say that p is a non-degenerate zero of s if 


O(fis-.+5 fn) 
_ Oz, hare ,2n) 


In this case, (f1,..., fn) form a coordinate system around p. Hence from 
Theorem 12.3 we have: 


(p) #0. 


Proposition 12.1. If p is a non-degenerate zero of s, 


Reson (s, EH; p) = 1. 


Analytic expression 


First we prepare some preliminary materials. 


Lemma 12.1. Let V be a germ of a variety of dimension d at 0 in C” 
and gi,.--,9n germs in G,. Suppose V(gi...,gn) NV = {0}. Then there 
exists an N x d matrix C = (cj) of complex numbers such that, for germs 


fi = cgi, j=l,...,d, we have V(fi,..., fa) AV = {0}. 
Proof. It suffices to show the following for vy = 1,...,d: 


(*) Ifthere is an N x(v—1) matrix (c;;) such that dim V(fi,..., fu-1JONV = 
d—v-+1, for fj = ae Cij9j,j) =1,...,v—1, then there exist complex 
numbers cj,, i = 1,...,N, such that dimV(fi,...,f.) IV =d-—v, for 
f= se Civ Gi: 


In the above, if vy = 1, V(fi,...,f,-1) is understood to be (the germ 
at 0 of) C”. To show (*), let V(fi,...,fr-1) AV = U, Va be the irre- 
ducible decomposition (cf. Theorem 2.3). Since V(gi...,gn) NV = {0}, 
for each qg, there exist a point x, in a representative of V, and g; with 
gi(@q) #0. Let H, denote the hyperplane in CY = {(&,...,€w)} defined 
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by bee Gi(Xq)&i = 0. Let (ciy,...,cn~y) be a point in CPSU Hy and set 
f= yaa Civgi. Then V, ¢ V(f_) for each g. We have 
Vifi,---> fv) nV = UVa V(fL))- 


Since each V, is irreducible and V, ¢ V(f,), dimV,N V(f_) = dim V, — 1 
(cf. Theorem 2.11). Therefore, we have (*) and the lemma. 


Note that the above is also valid if d = n, in which case V is the germ of 
C”. In fact it is this case that we consider in this chapter and the general 
case of d < n will be used in the next chapter. 

Let r and / be integers with 1 <r < land set N = (cae We denote by 
M(i,C) the space of | x | complex matrices, which is naturally identified 
with C!. For a matrix A in M(I,C), its r-th exterior power /\" A is an 
N x N matrix defined as in Section 8.2. The following is proved by linear 
algebra: 


Lemma 12.2. For every matrix A in M(l,C) and every neighborhood W 
of A, there exists a matrix A’ in W such that the matrix consisting of the 
first d columns of /\' A’ satisfies the condition of Lemma 12.1. 


Let E, U, e and s‘") be as in the beginning of this section. We write 
3, = Msi fiiej,t=1,...,r, with fj; holomorphic functions on U. Let F 
be the J x r matrix whose (i, j)-entry is fi;. We set 
T={(i,...,tr)|1l<ip<-+ <i, <}. (12.5) 
For an element I = (i1,...,%,) in Z, let Fy denote the r x r matrix whose 
k-th row is the 2,-th row of F,k =1,...,r, and set y,; = det F;. Note that 
Fy is the ideal generated by the germs of the y,;’s and S(s") is the set 
of common zeros of the y,’s. From the assumption $(s‘”)) = {p}, we have 
the following as a consequence of Lemmas 12.1 and 12.2 with d =n: 


Lemma 12.3. We may choose a holomorphic frame e = (e1,...,€1) 
of E so that there exist n elements I, ...,1° in I with the property 
V(Yrays-+ Pm) = {p}, where V(pra))-++,Pyiny) denotes the common 
zero set of Prays-+++> Pym): 


Let e be a frame of E as in Lemma 12.3. We write [() = 
6), beats 1), a = 1,...,n, and let F be the 1 x | matrix obtained 
from the | x | identity matrix by replacing the i-th column with the j-th 
column of F, 7 =1,...,r. Note that det FO) = Pra): Let F(@) denote the 
adjoint matrix of F(”) and set 


OM) = dFO . FO | 
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which is an / x [-matrix with entries holomorphic 1-forms. The signifi- 
cance of this matrix will be clarified in the proof of the following theorem. 
Denoting by o,, the polarization of the n-th elementary invariant polynomial 
on (cf. Section 8.2), we have the holomorphic n-form 6,(O,...,E) 
on U. 


Theorem 12.4. In the above notation, 
6,(OM,...,E™) 


Reson (s(), E;p) = Resp 
Pras +s Pym 


Proof. Recall that the residue is given by (12.4), where Vo is an s‘”)- 
trivial connection for E on Up = UX {p} and V, the e“-trivial connection 
for F on U; =U. We compute this by setting 


R={qEU | pra (@l? +--+ + lero (@)l? < ne? } 


with € a small positive number. The idea is to introduce a suitable CdR- 
cochain that constitute a bridge between the (2n — 1)-form c”(Vo, Vi) and 
the n-form appearing in the Grothendieck residue in the statement. 

We consider the covering U = {U(}"_, of Up given by 


yo ={qEU9| Yro(q) FO} 


and work on the Cech-de Rham cohomology of U/. On Uwe may replace, 

in the frame e), (Ea), 4 eit €,(a)) with (s1,...,8,) to obtain a frame el) for 
i i 

E. The matrix of frame change from e) to el) is given by F(™. We 

denote by V‘® the connection for E on U‘ trivial with respect to el). 

The connection matrix 0‘ of V( with respect to the frame e is obtained 


by setting P = (F()~1 and 6 = 0 in (8.4): 
9) = pO). d(P()-1 = gp .(p@)-1 = 1 9), 
Pla) 


We define an alternating cochain 7 in A?”~?(U) by 
Tay ...Og = c"(Vo, V1, ae sees Vien), 


which is a (2n — q — 1)-form on U(1-%9) = UC) 9... VU (a), We claim 
that its coboundary is given, for (a1,...,a@_) with <a, <-+-<aqg <n, 
as follows: 
—c"(Vo, V1) q=1, 
(Dr )as...aq = 40 g=2,...,n—-1, (12.6) 
Zh (Tg Vp ccf OM) q=n. 
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To prove this, first notice that, since Vo and V are all s“”)-trivial, 
c'(Vo, View,..., VU) =0 = for g>1. (12.7) 


Then we compute c”(V1, V(°),..., V2) via Proposition 8.4. Thus let 
V;, denote the connection for E on U(1-%2) given by 
q 


w= (1 oe ty) V1 + 3 tp Vio), 
v=1 


v=1 


Since the connection matrix 0; of V1 with respect to el!) ig zero, the con- 
nection matrix 6, of V; with respect to e” is given by 


q q q 

= (1- ot) +t, = 4,00 
v=1 v=1 v=1 

The curvature matrix K; of V; is given by kK, = dO; + 6: A 6, which is holo- 

morphic for each fixed t. The form c"(V1, V°%,..., V9) is a constant 

multiple of the integral on A” of the sum of the forms 


a1 Oe 
On (Pity nnieg Oty 24 5 Ogu op We) 


which are holomorphic (2n — q)-forms on U‘*!-«), Thus we have 
(V1, VO)... VOD) =O for qa ,...,n—1. (12.8) 
Now we compute Dr. For q = 1, we have, by (12.7) and (12.8), 
(Dr)q = de" (Vo, V1, V™) = —e"(Vo, V1)- 
For q = 2,...,n, we have, by (12.7), 
q eT iy 
BDaco = SLO WG Vig Ve cg V0 VP) 
v=1 
1 (—1)?"*de"(Vo, Vi, Wen, ae Vie) 
= 0 (Fi, Vem. VO) +899, VO VOM) 
= =O Vig Vier), i a ive); 


which proves (12.6) in view of (12.8). 

Denoting by v the inclusion map OR @ Up, we let v*U be the covering 
of OR by the open sets ORNU™. Then, as a honeycomb system {R‘)}"_, 
adapted to u*U/, we take 


R® ={qE9OR| |yp@(g)| > lyro(q)| for all B} 


and, for a g-tuple (a1,...,a,) with 1 < a; < -:- < ag <n, we set 
R14) = RIO) A... RO), which is a (2n — q)-dimensional manifold 
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with boundary oriented as an intersection of honeycomb cells. Considering 
the integration 


from the identity [,, Dr = 0, we obtain 


Reson (s‘"), E; p) =} CVV a): 
Ril.) 
By Proposition 8.4, setting 

(n=1) 


@ = (-1)> > nla, (OM,...,9™), 


we have 
= 1 V7 
c'(V1,V,..., 9) = (=) i) @ dty -»- dtm 
a ii 
n(n—1) —1\" 
= (1)? (S—) 6,(0%,...,0 
1 (Vent ) 
mer 1 nG GQ. ef) 
= ("> / ) Gn (ON, +, OM) 
2nV—1 Pra s+ Pym) 
Noting that the n-cycle I’ appearing in the Grothendieck residue with 
n(n—1 
respect to the functions yya),..-,y(m) is given by I = (—1) % > ROL), 


we obtain the formula. 


Special cases: 1. The case / =n and r = 1. We may write s“) = (s), 
8 = oi, fier. Then we may set 97) = fi, i=1,...,n. We see that OM 
is the | x | matrix whose i-th column is *(df1,...,dfn) with all the other 
entries equal to 0. Thus we have 6, (O,...,9™) = df, A-+-A dfn and 
| 
fi, oe fn 
In the case r = 1 and n = 1, the proof is directly done by computing 
the difference form c!(Vo, Vi), which turns out to be (cf. Example 10.3) 
1 df 
Cc (Vo, V1) = Dea Va 
For general n, the above can be also obtained from Theorem 10.8, Propo- 
sitions 11.16 and 11.17. 
2. The case n = landr =1. Let e = (e1,...,e1) be an arbitrary frame of 
FE and write s; = Se fijej,i=1,...,1. Let F = (fi;) and set y = det F. 
Then we may set Y,) = and we have o(@) = dy so that we have 


Res,» (s, E;p) = Res, | 


Res,1 (s™, E;p) = Resp el . 


Note that Res,i(s(,E;p) in this case coincides with the residue 
Res,1(s,det E;p) of the section s = s; A--- A s; of the line bundle 
det E = f\' E at p. 
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Fundamental properties of the residues 


We consider the situation in the beginning of this section. 

Letting T be a neighborhood of 0 in C = {t}, we consider the bundle 
E=ExTonU =U~xT. Suppose we have an r-tuple of holomorphic 
sections 4) of E on U such that 3)(z,0) = s‘)(z). For t in T, we set 
E, = Elu xt} and 8” (z) = 3()(z,t). We call such an 3 (or 3" Ya 
perturbation of s‘"), Sometimes we identify U x {t} with U and E|, with E. 


Lemma 12.4. We have dim $(8)) = 1 and 5(s”) is a non-empty finite 
set. 


Proof. By the upper semicontinuity of the dimension of S$ (s\")) (cf. The- 
orem 2.13), we have dim$(3‘")) < 1. On the other hand, we have 
codim $(8")) <l-r+1=n by (A.16). 


Lemma 12.5. The sum >~ Resyn (s{”, Ex;q) is continuous in t. 


qeS(s\”) 
Proof. Let Vo be an §”)-trivial connection for E on Up = U\ S(8() 
and Vi a connection for E on U. The statement follows from Theorem 10.6 
by computing the residues taking the restrictions of Vo and VY; and using 
(10.11). 


Since the residues are integers, from the above, we have: 


Proposition 12.2. The sum >~ Resyn (8, Esq) is constant. In 


qeS(s"”) 
particular, 


Resen(s (r) ,E;p) = Regen (s ”) Bus q). 
gee ") 


Note that this also follows from Theorems 5.2 and the homotopy invari- 
ance of topological residues. 

We prepare a proposition for later use. Suppose one of the sections in 
s) is non-zero at p. For example we assume that s;(p) 4 0 so that we 
have an exact sequence of vector bundles on a neighborhood of p: 


0—-I—> E—> E’ — 0, (12.9) 


where Il denotes the trivial line bundle determined by s; and E’ is a vector 
bundle (still trivial) of rank 1—1. Let s/’~) = (s4,...,s/.) denote the 
(r — 1)-sections of E” determined by (s2,...,s,-). The following is proved 
as Lemma 10.4: 
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Proposition 12.3. In the above situation, we have 
Reson (s"), Ep) = Resen(s’"~)), E's p). 
We also need the following: 


Lemma 12.6. Ifr = 1, there exists always a “good perturbation” of s, i.e., 
a holomorphic sections § of E near 0 such that &(z,0) = s(z) and that s; 
has only non-degenerate zeros, for t 4 0. 


Proof. We may write s = )>;"_, fie; and think of f = (f1,..., fn) asa 
holomorphic map of U into C”. We assume that 0 is a degenerate zero of 
s and consider the hypersurface C in U defined by 


det “fi, _ sedan 

Oz, seey Zn) 

By Theorem 2.14, D = f(C) is a hypersurface in a neighborhood of 0 in 
C”. Let T be a one-dimensional disk intersection with D only at 0. Then 
si = >), (fi — the: is a desired perturbation. 


=0. 


Algebraic expression 


We refer to Section A.2 for relevant materials in algebra. 

Let E, U, e and s“") be as in the beginning of this section. Also let 
F, Fy; and y; = det Fy be as before. We denote by Gy the sheaf of germs 
of holomorphic functions on U and by ¥ the ideal sheaf in Gy generated 
by the (germs of) y;’s. Note that ¥ does not depend on the choice of the 
frame e of E. We have the complex space S = (S$, @g) in U with support 
S = S(s") = {p} and structure sheaf Gg = 1~!(@y/F),.: S 4 U being 
the inclusion, as above. 

First we consider the case 1 = n and r = 1. Thus we have one section 
s= >, fie; and F, = (f1,---, fn). Obviously we have: 


Proposition 12.4. If p is a non-degenerate zero of s, 
dime @,,/(fi,.--; fn) = 1. 


Now we come back to the general case and let 3) = (51,...,8,) be a 
perturbation of s(") as before. We define Fy and 7 as above, using the §;’s. 
Let T be a small neighborhood of 0 in C and F the ideal sheaf generated by 
the g7’s in Of, U =UxT. Let S be the complex space in U with support 
S = $(8")) and structure sheaf Gg = (i)-1(65,/F), where 7: 5 U is 
the inclusion. We denote by p: U=UxT-T the projection onto the 
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second factor and by z the restriction of p to S so that 7 = poi. We have 
a morphism 


(x,@): S — (T, Gr) (12.10) 


as the composition of the canonical morphism S > (U, Og) and (p,p*) : 
(U, 6%) > (L, Gr). For each a in S, 


Wey : OT (2) —> O§ » 


is the composition of p* : OT x(a) > Ob and the canonical epimorphism 
ite + C6 ol Fa = C8 

Let F; be the ideal sheaf generated by the y;z’s in Gy,, U; =U x {t}. 
The fiber of (7,@) over t € T is the complex space S; in S with support 
= S(s\") and structure sheaf Og, = 1; '(@u,/F;), where u, : S, > U; is 
the inclusion. 

By Lemma 12.4, 7 : S — T is a finite map. Thus each point « in 
S is isolated in S,, t = a(x), and by the Nullstellensatz, dime Cs, = 
dime Gu, ,1/Fi,x is finite (cf. (A.18)). 


Proposition 12.5. In the above situation, 


dime Ou p/Fp= Y_ dime Ov,,q/Frq- 
qes(si”) 


Proof. We claim that the morphism (7,@) in (12.10) is flat (cf. Sec- 
tion A.2). Then the proposition follows from (A.21). 

Let 2 be a point in $ and set t = x(a). In the following, we set 67, = 
O63 CO, = Ss and G = @r,. Note that G6! and © are regular local 
rings of dimensions n+1 and 1, respectively. We have ht F,=n=l—-r+l. 
Hence by (A.17), the ring @, is CM. Since the morphism w, : O; > Gy is 
finite (cf. (A.20)), @, is a CM @,-module by (A.14). By (A.15), denoting 
by m; the maximal ideal in ©, 


depth(m;; @,) + pdg, Gr = depth m,. 


We have depth(m;@,) = dime, @, = dime, G@, = 1 and depth m = 
dim 6, = 1. Therefore, pdg, @, = 0 and (7, @) is flat. 


From Propositions 12.1, 12.2, 12.4 and 12.5 and Lemma 12.6, we have: 


Corollary 12.1. In the casel=n andr =1, 
Resen (8, E; p) = dime Ou, p/Fp = dime On/(fi,.--, fn): 
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We continue with the general situation where | > n. We assume that 
s1(p) # 0 as in the situation of Proposition 12.3. Then we may write 
s= 5 je t= 2,...,7, with fj; holomorphic functions on U and 
el) = (eb... ,e4) a frame of E’ (cf. (12.9)). Let F’ be the (r—1) x (1-1) 


matrix whose (i, j)-entry is f{;. We set 
T' ={ (ig,..., tp) |2<tg << i <1}. 


For an element I’ = (ig,...,%,) in Z’, let FY, denote the (r — 1) x (r — 1) 
matrix consisting of the columns of F’ corresponding to I’ and set vy, = 
det F',. 

Note that the set of common zeros of the y‘,’s consists only of p. Let 
F,, denote the ideal of Gy, generated by the ¢',’s. 


Proposition 12.6. In the above situation, we have 
Fy = F,, and thus dimc @y,p/Fp = dimc Qual Fy. 


Proof. We may assume, without loss of generality, that fi1(p) 4 0. Then, 
we may take as (e4,...,e;) the sections determined by (e2,...,e). For 
i > 2, we have 


ee | fir fag ) 
6 5 (san #3 bs he e; |. 
Hence 
fits lof fia fay 
: fu lfa fig|- 


For I' = (ig,..-,%), we compute yar) = fir: py. Thus the ideal 
F,, is generated by {Ya,r7) | I’ € Z’}. On the other hand, for every 
I = (i1,...,%,), considering the determinant of the (r+ 1) x (r +1) matrix 
whose first and second rows are (fi1, fii,,---, fii, ) and whose k-th row is 
(fr—11; Seis seey fr—1i,.); k > 3, we have 

fis yr= So(-1) fu, "Pi ectgpa stay 


j=l 


Hence we have ¥,, = Fp. 


Theorem 12.5. We have 


Resn(s\"), E;p) = dime Ou p/Fp- 
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Proof. We prove this by induction on r. The case r = 1 is Corollary 12.1. 
Suppose that the statement is true for (r —1)-sections (with isolated singu- 
larity). If there is a section in s(") which does not vanish at p, we are done 
by Propositions 12.3 and 12.6. Otherwise, we take a perturbation s;; of 
81 so that s14(p) 4 0, for t £ 0, and set 3” = (S14, $2,--.,5r). Recalling 
that none of the s;’s vanishes on U~ {0}, we see that, for t 4 0 and every 
point q € 5(s”), there is a section in 3”) which does not vanish at q. 
The theorem follows from Propositions 12.2, 12.3, 12.5 and 12.6 and the 
induction hypothesis. 


Special cases: 1. The case | =n and r = 1. In this case, we restate 
Corollary 12.1. We may write s“) = (s), s = 7”, fie;. Then we have 
Fy =(fi,.--,fn) and 


Res.n(s, FE; p) = dimc @n/(fi,---; fn). 


2. The case n = 1 andr =1. Let e = (e1,...,e1) be an arbitrary frame of 
FE and write s; = es fij ej, =1,...,r. Let F = (fiz) and set yp = det F. 
Then we have ¥, = (y) and 


Res,1(s, E;p) = dime @1/(y). 


12.5 Examples 


In the following, we denote by M a complex manifold of dimension n. 


Poincaré-Hopf index of a vector field 


We take as EF the holomorphic tangent bundle TM. A section of TM 
may be thought of either as a complex vector field or as a real vector field 
(cf. Proposition 3.6). Let S be a compact set in M and Sy a connected 
component of $. For a non-vanishing C® vector field v on UX. S), where 
U is a neighborhood of 5), we may define the Poincaré-Hopf index of v at 
S', by (cf. Remark 10.6) 


PH(v, Sy) = Resen(v, 7M; Sy). 


If Sy is a subcomplex with respect to some triangulation of M, this 
definition coincides with the one in (5.15) by Proposition 5.8 and Corol- 
lary 10.6. If S$) consists of a point p and if v is defined and holomorphic 
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in a neighborhood of p, it has algebraic and analytic expressions (cf. The- 
orems 12.5 and 12.4, also Example 12.2). 

Let R be acompact manifold of dimension 2n with boundary in M. For 
a non-vanishing vector field v on a neighborhood of OR, we may also define 
(cf. (10.3)) 


PH(e.R) = f eR(TM,), 


which coincides with the one in (5.16) (cf. Proposition 7.18 and Remark 
7.18). 

Suppose S has only a finite number of connected components (5) . 
Then if v is a non-vanishing vector field on M~S and if S' is in the interior 
of R, we have (cf. Proposition 10.2 and Theorem 10.6) 


S > PH(v, $y) = PH(v, R). 
r 
If M is compact, taking M as R, we have 


oy PHS) a c"(M), 


where c"”(M) = c"(TM) and the right-hand side equals the Euler-Poincaré 
characteristic y(M) of M (cf. (5.20), Gauss-Bonnet formula). 


Index of a (1,0)-form 


We take as E the holomorphic cotangent bundle T*M of M. Then a 
section of T*M is a (1,0)-form. Let 0 be a C™ (1,0)-form. For a compact 
connected component 5) of the zero set or the set of points where it is not 
defined $(6@) of @ having a neighborhood disjoint from the other components, 
we define the index Ind(6,S)) of 6 at S) by 


Ind(0, Sy) = Resen (0,T* M; Sy). 


If M is compact and if 5(@) admits only a finite number of connected 
components (5), we have (cf. Proposition 10.2, Theorem 10.6, (5.20)) 


S_Ind(6, $y) = (-1)"x(M). 
Xr 


If S, consists of a point p and if @ is defined and holomorphic in a 
neighborhood of p, Ind(6,p) has the topological, algebraic and analytic 
expressions as given above. 
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Multiplicity of a function 


For a holomorphic function f on M, its differential df is a section of T*M. 
The zero set S(df) of df coincides with the critical set C(f) of f. 


Definition 12.4. The multiplicity m(f,S)) of f at a compact connected 
component 5) of C(f) as above is defined by 


mf, Sy) = Res_n (df, T*M; S). 


Note that, if S) consists of a point p, it coincides with the multiplicity 
m(f,p) of f at p described in Example 12.3. 
Now we consider the global situation. Let f: M — C be a holomorphic 
map of M onto a complex curve (Riemann surface) C. The differential 
df: TM > f*TC 
of f determines a section of T* M ® f*TC, which is also denoted by df. The 
set of zeros of df is the critical set C(f) of f. Suppose C(f) is a compact 
set with a finite number of connected components (S)),. Then we have the 
residue Res.» (df, T*M @ f*TC;S)) for each X. If M is compact, we have 
(cf. Proposition 10.2, Theorem 10.6) 
S © Reson (df, I" M @ f*TC; Sy) = / c"(T*M ® f*TC). 
x M 
We look at the both sides of the above more closely. In the following, 
we set D(f) = f(C(f)), the set of critical values. Then, if M is compact, f 
defines the structure of a C™ locally trivial fibration on M\C(f) > C\D(f) 
(cf. Theorem 3.12). Denoting by F a general fiber of f, we have: 


Lemma 12.7. If M is compact and if D(f) consists of isolated points, 
[ ee Me fre) = (1M) - xf) -x(C). 


Suppose that f(.S') consists of a point. Taking a coordinate on C around 
f(S)), we think of f as a holomorphic function near S,. Then we may write 
Reson (df, T* M @ f*TC; S)) = Reson (df, T*M;S)) = m(f,S)), 

the multiplicity of f at Sy. Thus we have 


Theorem 12.6. Let f: M— C be a holomorphic map of a compact com- 
plex manifold M of dimension n onto a complex curve C. If D(f) consists 
of isolated points, then we have 


Yo m(F,Sx) = (-1)"(x(M) — x(F) - x(C)). 


r 
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In particular, we have: 


Corollary 12.2. In the above situation, if the critical set C(f) of f consists 
of only isolated points, 


Yo m(F.p) = (-D)"(X(M) — x(F)- x(C)). 


peC(f) 


The above notion of multiplicity and the formula for these multiplic- 
ities will be generalized to the case of functions on singular varieties in 
Section 13.7 below. 


12.6 Dual class of a complex subspace 


We come back to the situation of the beginning of Section 12.2 and let M, 
E, s‘"), S, S and so forth be as given there. We adopt Convention 4.2 for 
notation of the class of a cycle. 

We assume that dimS$ = n-—q so that we may identify the topo- 
logical residue TRes,«(s),£;) and the differential geometric residue 
Res.a(s‘"), E; 8) (cf. (12.2)). In this case, we may also identify Crop s()) 
and c4,¢(E, 8‘), which we denote by c7(E, De, Let (.S;) be the irreducible 


components of S. Also let p;, D;, Ej and s;’ be as before. 
Definition 12.5. The multiplicity m; of S; in S is defined by 
m= Resea(s!”, Ej; pi). 


Note that m; has topological, analytic and algebraic expressions as given 
in Theorems 12.3-12.5. 


Definition 12.6. The homology class of S' is defined by [S] = >> m, [Si] 
in Ho(m—q)(M; Z) or by S = >} m; [Si] in Hon—q)(S;Z). 


In this situation, we have: 


Theorem 12.7. The class c1(E) corresponds to [S| under the Poincaré 
duality H?4(M;Z) + Hlo(n—q)(M;Z). 


In fact, we have the following more “precise” theorem, which is a direct 
consequence of Theorem 12.2: 


Theorem 12.8. Let S be the complex space of dimension n — q in M as 
above. Then the class of S in Hoteca\(SeZ) is equal to TRes.a(s“), E; S), 
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which may be identified with Resea(s“"), E; S). Thus the class c4(E, s‘) 
corresponds to the class S under the Alexander duality 


H?4(M, M\S;Z) 4 Hon_q)(S;Z). 


We specialize the above to the case r = 1. In this case, we have g = | 
and we are to consider the top Chern class. 

Let M and FE beas above. Also let s be a holomorphic section of F and S 
the complex space defined by (the ideal generated by the local components 
of) s. Thus the support of S$ is the zero set S of s. In this situation, we 
have the localization c!(E,s) in H?!(M,M~S) and the associated residue 
TRes,i(s, #;S) in Hon (S). In general, dim S > n —1 and the equality 
holds if and only if s is a regular section (cf. Definition 11.31). 

The following is a special case of Theorem 12.8: 


Theorem 12.9. Let S be the complex space of dimension n —1 in M as 
above. Then the class of S in Ho(n—1)(S;Z) is equal to TRes.u(s, E; S$), 
which may be identified with Res..(s,E;9). Thus the class c!(E,s) corre- 
sponds to the class S under the Alexander duality 


H”(M, M\ S;Z) ~> Hon_1) (SZ). 


Remark 12.2. 1. Corollary 5.5 (see also Theorem 10.9) may be under- 
stood in this context. 


2. In the above situation, we call c!(E,s) the Thom class of S in M and 
denote it by Wg (cf. Definition 15.4 and the subsequent paragraph). This 
is used to express the localized Riemann-Roch theorem for embeddings in 
a certain case in Section 15.6 below (cf. Theorem 15.5). 


Localization by meromorphic sections 


Let M be acomplex manifold of dimension n and D a divisor on M (cf. Sec- 
tion 11.6). Recall that D is represented by a system {(U,, y*)}, where {U,} 
is a covering of M, y% is in I'(U,;-@*), for each a, and f%? = y%/p* is 
in (Ug M Ug; @*), for each pair (a, 8). The system {f%°} defines the as- 
sociated line bundle Lp and the collection {y.} the natural meromorphic 
section sp of Lp. 

Conversely, let L be a holomorphic line bundle on M and s a meromor- 
phic section of L. Let {U.} be a covering of M trivializing L and {f%°} a 
system of transition functions. Then s is represented by a collection {y*} 
of meromorphic functions such that y® = f?%y? on U.N Us. If ga is in 


Residues of Chern Classes on Manifolds 407 


I'(U,; @*) for each a, then s defines a divisor D. Moreover L is the line 
bundle Lp associated with D and s is the natural section sp of Lp. 

In the above situation, we have the topological localization ora 08 D; 8p) 
in H?(M,M ~ |D|;Z) (cf. Section 5.6) and the differential geometric 
localization c}.¢(Lp, 8p) in H?(M, M~|D|;C) (cf. Section 10.3). We also 
have the associated residues TRes,1(sp,£p;|D|) in Hon —1)(|D];Z) and 
Res.1 (sp, Lp;|D|) in Ho(n—1)(|D|;C). We have seen (cf. Corollary 10.6) 
that Res.1(sp, Lp;|D|) is the image of TRes,1(sp, Lp;|D|) by the canoni- 
cal morphism 


Hon—1)(|D|;Z) — Hein—1)(1D|;C). (12.11) 


Suppose D has only a finite number of connected components (S)y. 
Then we have a decomposition Ho(n-1)(|D|;Z) =@, Ho(n—1)(S)3Z) and 
accordingly we have the residue TRes,1 (sp, Dp; $y) in Hon—1)(S)3Z) for 
each A. We have (cf. Theorem 5.2): 


S“(ta)e TResei(sp,Lp;$,)=Mare(Lp) in Han—1(M;Z), 
r 
where 2, : S, —~ M denotes the inclusion. Passing to the homology with 
C-coefficient, we have a similar statement for Res,1(sp,5$);|D|) (cf. Theo- 
rem 10.6). 


Example 12.4. Let C be a compact Riemann surface and L a holomorphic 
line bundle on C’. Suppose we have a non-zero meromorphic section s of 
L. Then the support S of the divisor defined by s is the set of zeros and 
poles of s. The previous construction gives us the localization c!(L,s) in 
H?(C,C\S) of c!(L) in H?(C). Note that S consists of a finite number of 
points and, for each p in S, TRes,:(s, L; p) and Res,1(s, L; p) are the same 
integer. We have 

S © Res.i(s, L;p) = (C,c'(L)). 

pes 

The residue Res,1(s, L; p) is given as follows. We choose an open neigh- 

borhood U of p not containing any other points of S and trivializing L. Let 
e be a holomorphic frame of L on U, and write s = fe with f a meromorphic 
function on U. Let S! be a circle around p in U oriented counterclockwise. 


Then we have (cf. Example 10.3) 
1_fa@f 
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which is the order of zero or pole according as f has a zero or a pole at p. 


Res. (s, L; p) = 
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Let D a non-zero divisor on M and write D = }>m,V;, m; 4 0. Then 
each V; defines a class [V;] in Ho(n-1)(|D|;Z) and it is the free Abelian 
group generated by the [V;]’s. Thus the morphism (12.11) is injective so 
that we may identify the two residues: 


Res, (sp, Lp;|D]) = TRes_a (sp, Lp;|D)). (12.12) 


Let p; be a non-singular point of Vii U jKi V; and D; a complex slice of V; 
in M at p;, similarly as in the beginning of Section 12.2. Note that in this 
case I); is complex one dimensional. The section s; = sp|p, of L; = Lp|p, 
is non-vanishing and holomorphic away from p; so that we have the residues 
TRes.1(s;, L;;p;) and Res,1(s;, £;;p;), both of which are the same integer 
ordy,(sp) (cf. Example 10.3). It is the coefficient m; of V; in D (cf. (11.19)). 


Definition 12.7. For a divisor D = > m;,V;, we define its homology class 
by [D] = 35 m;[Vi] in Hen—2(M;Z) or by D = Yo m,[Vi] in Hon_2(|D], Z). 


If D is non-zero and effective, we have seen that it may be thought of 
as a complex space of pure dimension n— 1 in M (cf. Section 11.6). In this 
case, the natural section sp of the associated line bundle Lp is holomorphic 
and D is the complex space defined by sp. The multiplicity of V; in D is 
m, so that the above definition coincides with the one in Definition 12.6. 


Note that, if D = 0, then |D| = and the both sides of (12.12) are zero. 
The statement of Theorem 12.2 holds in the case of divisors as well: 


TRes,1 (sp, Lp;|D|) = TResg:(s;, Li; pi) + [Vi] in Hon —1)(|D|;Z) 
so that we have: 


Theorem 12.10. Let D be a divisor on M. Then the class of D in 
Ho(n—1)(|D|;Z) is equal to TRes,1(sp,Lp;|D|), which may be identified 
with Res.1(sp,Lp;|D|). Thus the class c\(Lp,sp) corresponds to the class 
D under the Alexander duality 


In particular, the class [D] in Hlo(n—1)(M;Z) is the Poincaré dual of 
c1(Lp) in H?(M;Z). Thus if D; and D2 are two linearly equivalent divisors, 
then [D1] = [Do]. 

Also, if Dy and D2 are two divisors, the intersection product [Dj] + [D2] 
in H»n~2)(M;Z) is the Poincaré dual of ¢(Lp,) © ¢1(Lp,) in H4(M;Z) 
(cf. Theorem 4.7). If M is compact, for n divisors D1,...,D,, on M, the 
“global intersection number” #([Di] +--+ + [Dn]) is defined and is given by 
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(M,c1(Lp,)-++-c1(Lp,,)), where the product is the cup product (cf (14.8) 
below). If the intersection (}j_, |Dj| consists of isolated points, then this 
number is the sum of the intersection numbers at the points of intersection 
(cf. Theorem 14.2 below). See Example 12.2 for this “local intersection 
number” when the divisors are effective. We descuss these more in detail 
in Section 14 below. 

In the case D is a non-zero effective divisor, Theorem 12.10 is a special 
case of Theorem 12.9, where / = 1. 


Example 12.5. Let V be the projective algebraic variety in P” = 
{[Go,---;Cn]} defined by a homogeneous polynomial P of degree p (cf. Sec- 
tion 2.2). The function » = P/() is a well-defined meromorphic func- 
tion on P”, which is given as the quotient of P/¢? by ¢§/¢? on each 
affine open set Ux = {Ca # O}. Thus, if we denote by D, the hy- 
perplane defined by ¢) = 0, then V is linearly equivalent to pD. and 
[V] = p[Do] in Hon-2(P";Z). Recall that [Dx] = [P"~+] is a generator 
of Hon—2(P";Z) ~ Z. Also, the intersection product of k copies of [P”~1] 
generates Ho,-24(P"; Z) ~ Z, for k =1,...,n (cf. Example 2.4. 2). 


Notes 

The presentation of this chapter is mainly based on Section 4 of [Suwa 
(2008)] and the references therein. 

For subanalytic sets, we refer to [Bierstone and Milman (1988); Shiota 
(1997)] and the references therein. Theorem 12.1 is due to [Ohmoto and 
Shiota (2017)]. 

We list [Griffiths and Harris (1978); Hartshorne (1966)] as references for 
Section 12.3. In Section 12.4, see [Suwa (2005)] for algebraic expression and 
[Suwa (2003a)] for analytic expression with more examples. The formula 
in Corollary 12.2 is proved in [Iversen (1971)], see also Example 14.1.5 
in [Fulton (1984)]. See [Izawa and Suwa (2003)] for a precise proof of 
Lemma 12.7. 

See [Suwa (2000a)] for a proof of Theorem 12.9 via Cech-de Rham coho- 
mology and some more materials in this direction, including the above type 
of duality for non-compact varieties, which is effectively used in [Brasselet, 
Lehmann, Seade and Suwa (2001)]. 
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Chapter 13 


Residues of Chern Classes 
on Singular Varieties 


We describe explicitly the residues determined by holomorphic r-sections 
of vector bundles on singular varieties. 

For this, we first look into the neighborhood structure of a Whitney 
stratification, introducing the notion of a controlled tube system. We then 
discuss the Poincaré, Alexander, Lefschetz and Thom morphisms for sin- 
gular varieties, along the line of Sections 4.2 and 4.3. In order to represent 
these in terms of differential forms, we discuss the de Rham and Cech- 
de Rham theories for varieties. We define the Chern classes of complex 
vector bundles on varieties and their localizations by r-frames from both 
topological and differential geometric viewpoints. The classes defined by 
two ways are shown to be essentially the same. 

As in the case of r-sections on complex manifolds, we have a funda- 
mental theorem (Theorem 13.9) saying that the residue in the proper case 
is determined by the residues at isolated singularities of the r-section that 
appear on the transverse slices of irreducible components of the singular 
set. We give various expressions for the residue at an isolated singularity 
as well as some fundamental examples. 

We also discuss the local duality concerning complex spaces defined 
by an r-section, as in the case of complex manifolds. It will be used in 
Chapter 14 below for the localized intersection theory. 


13.1 Controlled tube systems for Whitney stratifications 


Let M be a C® manifold and X a submanifold of M. A tube around 
X is a triple T = (U,r,p), where U is an open neighborhood of X in 
M,r:U —+ X aC®™ submersive retraction and p a non-negative C'° 
function on U such that p~!(0) = X and that each point x € X is a unique 
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non-degenerate critical point of p|,-1(z). For example, if r:U > X isa 
tubular neighborhood (cf. Theorem 3.10) and p the function corresponding 
to the square of distance from the zero section of the normal bundle with 
respect to some Riemannian metric, then (U,7r, ¢) is a tube. It can be shown 
that every tube is essentially given as above. 

Let S be a closed set in M and {X,} a stratification of S (cf. Defini- 
tion 2.13). A tube system for {X,,} is a collection {T,,}, where, for each a, 
Ty = (Ua, a; Pa) is a tube around Xq. The tube system {T,,} is controlled 
if, for every pair (a, 8) with X_N (Xg\ Xs) #90, the following holds: 


Tq OTg(L) =Ta(x) and pa org(L) = pa(x) 


for all a € UazN Ug with rg(x) € Ua. 
We quote: 


Theorem 13.1. Every Whitney stratification admits a controlled tube 
system. 


Here are some aspects of controlled tube systems. Let {Ti} be a tube 
system for {X.}. For each a, we take a positive function ¢, on X, so that 
Ty = {x € Ua | pal&) < €a(ra(x)) } is a closed ball bundle on X,. Thus 
Og = {2 € Ue | Palx) < €a(Ta(x)) } is an open ball bundle on Xq. Then 
ralr, : Ta + Xq is a proper deformation retraction and ralo, : Oa > Xa 
a deformation retraction. If {Tj} is controlled, then: 


(1) For every pair (a, 8) with X_N (Xg\ Xa) #0, OT, intersects both X, 
and OT, transversally. 
(2) The inclusion S — UL, Oa is a homotopy equivalence. 


13.2 Poincaré, Alexander, Lefschetz and Thom morphisms 


Let M be a complex manifold of dimension n and V an analytic variety of 
pure dimension d in M. We denote by Sing V the singular set of V and by 
Vreg = V\Sing V the regular part, which is naturally oriented as a complex 
manifold. We take a C' triangulation (Ko,h) of M compatible with V and 
Sing V as in Theorem 12.1. Let K be the barycentric subdivision of Ko 
and K* the cellular decomposition dual to K, which is constructed from 
the barycentric subdivision K’ of K (cf. Section 4.1). We denote by Ky the 
triangulation of V induced from K and by K{, its barycentric subdivision. 
Then K‘, is the set of simplices of K’ that are in V (cf. Section 4.3). Note 
that if s is a p-simplex of K in V, then s* is a (2n—p)-cell of K* and s*NV 
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is a (2d — p)-chain of K{,. The chain s*V is a sum of Ky,-simplices each 
of which is oriented so that its orientation followed by that of s gives the 
orientation of Vrog. 

In this section, homology and cohomology are with Z-coefficient. We 
also use the notation in Section 4.1 for various chain and cochain groups. 
Thus, denoting by CKv(V) and S,(V) the complexes of (finite) chains of 
Ky and of singular chains of V, there is a natural chain morphism 


ne” CLY(V) —+S.(V), 
which is defined as (4.1). It induces isomorphisms 
nev : HEV(V) > Hp(V) and nk, : H?(V) > HR, (V). (13.1) 


Also, denoting by CXV(V) and S,(V) the complexes of locally finite 
chains of Ky and of locally finite singular chains of V, respectively, there 
is a natural chain morphism 7Xv : CKv(V) > $,(V), which induces an 
isomorphism 


na’ : HEY (V) —> H,(V). (13.2) 


In the following, the suffix V in Ky or in K‘{, will be omitted if there is 
no fear of confusion. 


Poincaré morphism 


We define a morphism 


Py :Ck,(V) + CH_(V) by Puy) = So(s*NV,uy) 8, (13.3) 


s 


where the sum is taken over all (2d — p)-simplices s of Ky. We may prove 
that it is compatible with boundary and coboundary operators along the 
same line as in the case of manifolds (cf. Section 4.1). Thus let Vx, denote 
the fundamental cycle of V in K’, i.e., the sum of 2d-simplices of K’ in V. 
The following is proved as Lemma 4.1: 


Lemma 13.1. For every p-simplez t of K' in V, we have: 


s ift C s*NV for some (2d — p)-simplex s of Ky, 


0 otherwise, 


Vier 0 0(t) = 


as K{,-chains. 
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From this we have the commutative diagram 


Cy V) > C#_,(V) 


ae, 


AK! 
Coq al 
where « is the natural monomorphism, and we have a relation as the one 
in Lemma 4.2. Thus, combining with the isomorphisms nj, in (13.1) for 
Vv 


Ky and 7*Y in (13.2), we have: 
Theorem 13.2. The morphism P in (13.3) induces a morphism 
Py : H?(V) —> Hoa_-p(V). 


We call Py the Poincaré morphism. It is given by the cap product with 
the fundamental class [V] and is independent of the triangulation. If V is 
non-singular, this is the Poincaré isomorphism in Theorem 4.1. 


Alexander morphism 


Let Z be a Ko-subcomplex of V. We denote by S'x:(Z) and Ox’ (Z) the star 
and the open star of Z in K’. We may also consider Sx (Z) = SK(Z)AV 
and Ox, (Z) = Ox (Z)AV. Both Sx:(Z) and Sx (Z) proper deformation 
retract to Z and both Ox/(Z) and Ox, (Z) deformation retract to Z. Note 
that V\OK: (Z) =V\Ox(Z). 

We may write 
ChAV,V NOK (Z)) = {uy € CE.(V) | (t,uy) = 0 for t with tn Z =O}, 
where t denotes a p-simplex of K{,. Denoting by H?.,(V, V\Ox/(Z)) the 
cohomology of Cy.,(V,V\Ox(Z)), we have a natural isomorphism 

nk 1 H?(V,V\OK:(Z)) — AE.(V,V\ Ox (Z)). 
There is also a natural isomorphism 
H?(V,V\Ox:(Z)) © H?(V,V\ 2). 

If uy is in CR..(V,V\Ox(Z)), in the sum in (13.3), only the simplices 

of K in Z appear. Hence the morphism Py induces a morphism 
Ay : CR. (V,V\OK:(Z)) — CH_p(Z). (13.4) 


It is compatible with the boundary and coboundary operators so that we 
have: 
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Theorem 13.3. For a subcomplex Z of V, the morphism Ay in (13.4) 
induces a morphism 


Ay.z : H?(V,V\Z) —> Hoa_p(Z). 


It is called the Alexander morphism. If V is non-singular, this is the 
Alexander isomorphism in Theorem 4.2. 


Remark 13.1. As in the case of manifolds, we may write (cf. (4.13)) 
A(a) =[Sx, (Z|) >a for a€ H?(V,V\Z), 


where [Sx (Z)] denotes the class in Foa( Sixx, (Z), 09x: (Z)) of the relative 
cycle Sx: (Z) in CH (Sx: (Z), SK, (Z))(= CH (Sz (Z)). 
Also, if Z is compact, we may write (cf. Remark 4.5.3) 
A(a) =[V] -a for a€ H?(V,V\Z). 


Lefschetz morphism 


Let R be a real 2n-dimensional manifold with boundary in M such that R 
contains Sing V in its interior and that OR is transverse to Vreg. We may 
assume that the triangulation Ko is also compatible with R and OR. We 
set Q = RM V and apply the above considerations for Z = Q. Since we 
have natural isomorphisms 
AP(V, VN OK (Q)) ~ H?(SK:,(Q), OS (Q)) ~ H7(Q,0Q), (13.5) 
where the boundaries are taken in V, we obtain a morphism 
L: H?(Q,8Q) —> Hoa-p(Q), (13.6) 
which we call the Lefschetz morphism. Note that the above morphism is 
given by the cap product with the relative class [Q] of Q in H4(Q, OQ). It 


is the class corresponding to [Sx (Q)] in the isomorphism Fa(Q, OQ) ~ 


Hea(Sic1, (Q), 08x, (Q)). 
If V is non-singular, (13.6) is the Lefschetz isomorphism in Theorem 4.3. 


From the construction, we have (cf. Proposition 4.4): 


Proposition 13.1. Let R be a real 2n-dimensional manifold possibly with 
boundary in M as above. For a subcomplex Z in the interior of Q = RNV, 
we have the commutative diagram: 


H?(V,V\Z) + H?(Q,0Q) > H?(V) 


fe ae 


v 7 ys Ix a 
Hoa-p(Z) ee Hoa-p(Q) — Hoa-p(V), 
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where j : (Q,0Q) O (V,V\Z), 97:20 Q and J : Q © V denote 
the inclusions and j'* denotes the isomorphism in (13.5) followed by the 
canonical morphism H?(V,V\Ox:(Q)) > AP(V). 


Suppose Z has a finite number of connected components (Z)),. Then 
Hoa—p(Z) = @y Hea—p(Z) and each class a in H?(V,V\Z) determines a 
class a) in Heq—p(Z,) via the Alexander morphism. 


Corollary 13.1. In the above situation, 
Dilarear =[Q] 0 j%a in Haa-p(Q), 


d 
where 7, : Z, 3 @ denotes the inclusion. 


In some situations, we do not consider the auxiliary manifold R and 
take M itself as R. In this case, we have the commutative diagram 


H?(V,V\Z) > HP(V) (13.7) 
al |p 
Hoa~p(Z) ——> Hoa—p(V) 
and the right-hand side of the identity in Corollary 13.1 is written V ~ j*a@ 
in Hoq_,(V). 
The above is the basis of the residue theorem we discuss in Section 13.4 
below (cf. Theorems 13.5 and 13.6). 


Thom morphism 


We consider the morphism 
Ty : CP.(V) — CREt?(M,M\OK:(V)), uy 4, 
where u is given by, for each (2d — p)-simplex s of K, 
ce ta NV,uy) if scV, 
0 otherwise. 
Then it is compatible with coboundary operators and induces a morphism 
Ty : H?(V) — H7**?(M, MV), (13.8) 
called the Thom morphism. If V is non-singular, it is the isomorphism 


introduced in Section 4.3. 


Definition 13.1. The Thom class of V, denoted by Wy, is the image of [1] 
by Ty : H°(V) > H?*(M, M\V). 
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If V is non-singular, it coincides with the one in Definition 4.2. 


Remark 13.2. A remark similar to Remark 4.9.1 applies to this case. 
Namely, If ) is a cocycle in C?%(M,M\Ox:(V)) representing the Thom 
class, we have 


1 if sc V. 
us*, = su — 
\ = 4 . otherwise, 
where ¢ and c* are defined similarly as in Remark 4.9.1 with k’ = 2k. 
From definition we see that the following diagram is commutative: 


H?(V) ——> H?*+?(M, M\V) (13.9) 


| ee 


Hoa_p(V). 

Thus the Thom class Wy in H?*(M,M\V) correspons to the funda- 
mental class V in H2q(V) by the Alexander isomorphism Ayyy. 

Note that there is the cup product 

H?*(M, M\V) x H?(M) —> H?**?(M, M\YV). 

Denoting by 7: V @ M the inclusion, the following is proved as Proposi- 
tion 4.10: 
Proposition 13.2. The following diagram is commutative: 


H?(M) -Q H2*+P(M, M\V) 


«| tf Asny 


Py v 
FO) og). 


In particular, combined with (13.9), we have: 

Ty (a) =Yra for a € H?(M). 

As in (4.25), if we use the isomorphisms r* : H?(V) + H?(Ox:(V)) 
and H?*+P(M, M\V) + H?*+?(Ox:(V),Ox:(V)\V), the above identity 
may be expressed as 

Ty(ay) =W rv r*(ay) for ay € H?(V). (13.10) 

If S is a Ko-subcomplex of M, setting Z = SMV, we have the cup 

product 


H?*(M,M\V) x H?(M,M\ 8) —> H?**?(M, MZ). 
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The following is proved as Proposition 4.11 (cf. Remark 13.2): 


Proposition 13.3. The following diagram is commutative: 


Wve 
H?(M, M\ S) <9 H?k+e(M, MX Z) 


«| | Ase 
Av,z © 
HPV. Vis Fey, 


Gysin morphism: In the above situation, let i: V ~ M denote the 
inclusion. As in Section 4.3, the composition 


H(v) 7, H?e+e(M, M\V) > H?*+?(M) 


is referred to as the Gysin morphism and denoted by 7,. We have the 
commutative diagram (cf. (4.18)) 


H?(V) —*-> H?*+?(M) (13.11) 
|p | Pa 
Hoa—p(V) —~> Hoa—p(M). 


If V is non-singular, this coincides with (4.27). 


13.3. de Rham and Cech-de Rham theories for singular 
varieties 


Let M be a complex manifold of dimension n and V a variety of dimension 
din M. Also, let Ko, kK, K' and K* be as in the previous section. 


Integration 


Since the triangulation h : |Ko| > M is C', for a p-simplex s of K, or of 
K’', and a C® p-form w on a neighborhood of h(s) in M, we may define 


the integration as (6.15): 
fom [tre 


which extends to integrations on finite chains. 

Suppose Sing V is compact. Let R be a real 2n-dimensional compact 
manifold possibly with boundary in M containing Sing V in its interior such 
that OR is transverse to Vreg. We set Q = RN V, which may be assumed 
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to be a finite K-chain. For a neighborhood U of Q in M, we have the 
integration 


i: » A*4(U) + C. 


We have the Stokes theorem (cf. Theorem 6.2): 


iL du =f w for we A742" (UV), 
0Q 


If V is compact, we have the integration 
i : H24(0) — C, (13.12) 
Vv 


where U is a neighborhood of V in U. 

Let Z be a compact set in V (which may not be compact) containing 
Sing V. Let Up be a neighborhood of V\ Z in M and U; a neighborhood 
of Z in M and consider the covering U = {Up, U1} of U = Up UU4. Let Ry 
be a compact 2n-dimensional manifold with boundary in U; containing Z 
in its interior such that OR, is transverse to Vreg. We set Q1 = Ri NV and 
Qo1 = —OQ,1. Then we have the integration 


| : A24(U,Up) > C given by £4 i & +f £01, (13.13) 
Vv Qi Qo 
which induces 


/ : H24(U,Up) — C. 


Let R be a real 2n-dimensional compact manifold with boundary in M 
such that R contains Sing V in its interior and that OR is transverse to Vreg. 
We set Q = RNV and let O be a neighborhood of OQ in M. Letting Up = O 
and U, a neighborhood of Q in M, we consider the covering U = {Up, Ui} 
of U =U) UU,. We have the integration 


[ BBW.) + given by nf a-f fo1. ——* (13.14) 
Q 0Q 


de Rham isomorphism 


Let U be a neighborhood of V in M such that the inclusion i: V © U is 
a homotopy equivalence. For example, letting {X.} be a Whitney stratifi- 
cation of V, we may take as U the union of open ball bundles (JO, with 
respect to a controlled tube system for {X,,}. Then we have an isomorphism 


i oxa: Hi(U) — H?(V;C) (13.15) 
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as the composition of yq : H}(U) + H?(U;C) (cf. Theorem 7.5) and 
i* : HP(U;C) 4 H?(V;C). 

To give a simplicial expression of the above, we assume that U contains 
Sx(V) and modify K away from a neighborhood of V to obtain a trian- 
gulation Ky of U as in Theorem 12.1, which is always possible. Then the 
isomorphism i* o yq corresponds, via the isomorphism 773, of (13.1), to the 
isomorphism 


i* og: Hi(U) — HP(V;C), (13.16) 
which is the composition of ~q : Hi(U) + Hk,(U;C) (cf. (7.30)) and 
i*: Hi. (U;C) > Hi(V;C). The isomorphism i* o wq is induced from the 
morphism 

i og: AP(UU) — CR(V;C) (13.17) 
that assigns to a p-form w the cochain u given by 


(s,u) = fe for every p-simplex s of K in V. 


In the following, we identify the singular homology and the simplicial 
homology, via the isomorphism 7, in (13.1) or 7, in (13.2), and the singu- 
lar cohomology and the simplicial cohomology, via the isomorphism 7* in 
(13.1). Also, we use the integration of forms on simplicial chains, rather 
than that on singular chains, and use w instead of y to denote the morphism 
from the space of forms to that of topological cochains (cf. Section 7.5). 

If V is compact, we have the integration fy, : Hj“(U) > C (cf. 13.12). 
The following is proved as Proposition 7.11: 


Proposition 13.4. Suppose V is compact and let U be a neighborhood of V 
in M such that the inclusioni: V — U is a homotopy equivalence. Then, 
for a class a in H?4(V;C) and the class [w] in H24(U) corresponding to a 
under the isomorphism (13.15), we have 


Via) = f ta}. 


Poincaré morphism: Let U be a neighborhood of V such that the inclu- 
sion? : V — U is a homotopy equivalence, as above. In terms of differential 
forms, the Poincaré morphism (cf. Theorem 13.2) with C-coefficient 


P: He(U) => H?(V;C) — Hog_p(V;C) (13.18) 


is induced from the morphism 


APU) 3 Ch (Vi) 4 OK VIO), wH D(f w)s, 
3 s*nV 
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where 7* o y, denotes the morphism (13.17) for AK’ and the sum is taken 
over the (2d — p)-simplices s of K in V. 

In particular consider the case p = 2d. If V is compact, Ho(V;C) = 
Ho(V;C) and there is the augmentation ¢, : Ho(V;C) — C. In this case, 
we have 


2,P((w)) = i. w, 


for any closed 2d-form w on U, which restates the equality in Proposi- 
tion 13.4. If, moreover, V is connected, ¢, is an isomorphism so that 
(13.18) may be thought of as given by the integration 


| : H24(0) — C. 
Vv 


Cech-de Rham isomorphism 


Let U be a neighborhood of V in M such that the inclusion i: V @ U is 
a homotopy equivalence and U a covering of U. Then we have a canonical 
isomorphism 

H?,(U) —> H?(V;C) (13.19) 
as the composition of H?,(U) + H?(U;C) and i* : H?(U;C) + H?(V;C). 
If there is a honeycomb system adapted to U, the former is given by yp as 
in (7.24) (cf. Theorem 7.6). 

We may give a simplicial expression of the above isomorphism as in 
the de Rham case. We do this in the case YU consists of two open sets; 
U = {Up,U;}, for simplicity. Thus let Ky be a triangulation of U as 
before. Suppose there exists a honeycomb system {Rp,R,} adapted to 
U that is also adapted to K in V, i.e., for each p-simplex s of K in V, 
sR; is a p-chain, i = 0,1, and s/M Roi is a (p — 1)-chain with respect to 
some subdivision of K (cf. Definition 7.9). Then the isomorphism (13.19) 
corresponds, via the isomorphism nj, of (13.1), to 

own: H2(U) > AR(V;C), (13.20) 
which is induced from the morphism 

opp: APU) — CR(V;C) (13.21) 
that assigns to a CdR cochain € = (£9, £1, 01) the cochain u given by 


oe og 


for every p-simplex s of Kk in V (cf. Remark 7.10). 
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Relative Cech-de Rham isomorphism 


Let Z be a Ko-subcomplex of V containing Sing(V). Let U be a neigh- 
borhood of V in M such that the inclusion i : V @ U is a homotopy 
equivalence. We take a covering U = {Uo,U;} of U as follows. For Up, we 
take a neighborhood of V\ Z in U such that the inclusion ip : V\Z @ Up 
is a homotopy equivalence. For U,, we take a neighborhood of Z such that 
Up UU, = U. For example, we may take a covering defined as follows: 


(C) Let {X.} be a Whitney stratification of V. We may assume that 
the stratum X,, of the largest dimension is equal to V\ Z and that 
{Xahazay is a Whitney stratification of Z. Let {O,} be a system of 
open ball bundles with respect to a controlled tube system for {Xq}. 
With these, we set Up = Oa,, U1 = ere Og and U = Up UU,. Then 
there is a C'°° deformation retraction rp : Up — V\Z and the inclusion 
z:V OU isa homotopy equivalence. In this case, i; : Z — Uj is also 
a homotopy equivalence. 


We may assume that U contains Sx(V) and modify K away from a neigh- 
borhood of V to obtain a triangulation Ky of U, as before. 

Suppose {Rpo, Ri} is a honeycomb system subordinate to U, ie., Ri C 
U;, i = 0,1, (cf. Remark 7.5) satisfying the following: 


Condition (V, Z): 
(1) VCR oUR, (2) adapted to K’in V, (3) adapted to Z. 


Recall that (2) means that, for each p-simplex t of K’ in V, tM R; is 
a p-chain, i = 0,1, and tM Rox is a (p — 1)-chain with respect to some 
subdivision of AK’ (cf. Definition 7.9) and (3) means that Ry C Ox’(Z) 
(cf. Definition 7.12). For example, take the barycentric subdivision A” of 
K’' and set Ro = Sxn(V\ Ox (Z)) and Ri = Sx (Z), the stars in kK”. 
Then {Ro, Ri} is a desired honeycomb system. 

We have a morphism 


i* OW : APU) S CB.(V;C), (13.22) 
which is defined as (13.21) for AK’. It induces a morphism 
top : APU, Up) — CEhAV, VN Ox: (Z);C) (13.23) 


that assigns to a relative p-CdR cochain € = (€, 91) the cocycle u given by 


for a p-simplex t of K’ in V. 
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Theorem 13.4. The morphism 1* oy'p in (13.23) induces an isomorphism 
i* op : HB(U, Up) — H?(V,V\Z;C). 


Proof. The morphism in (13.22) also induces a morphism 


(13.24) 
and we have a commutative diagram of complexes with exact rows, omitting 
the coefficient C in the bottom row: 


0 —5 A*(U, Uo) A*(U) A* (Up) ———3 0 


| | | 


0 CRAV, VN OR) (Z)) — CR(V)  CRA(V NOK (Z)) — 0. 


We denote by jo the composition of the inclusions that are homotopy 
equivalences 


VOM) VRS Ue 


Then the morphism (13.24) may be thought of as the composition 
AP Uo) * Ch (Uos€) “% Ch V\O«(Z)€), 


where Kk: Uo denotes a triangulation of Up obtained by extending the trian- 
gulation K’ on V\ Ox:(Z). Thus it induces an isomorphism H? (Up) > 
HY. (V\OK:(Z);C) (cf. (13.16)). 

In conclusion, we have the following commutative diagram with exact 
rows: 


—+ Hi *(Uo) ——> HEU, Uo) —> HU) —> H(U0) — --- 


| Lf 


-» > HP-1(V\ Z) — H?(V,V\ Z) — H?(V) —> H?(V\Z) 3 


We then have the theorem by the five lemma. 


Remark 13.3. In the absolute case, we assumed the existence of a hon- 
eycomb system that is also adapted with the triangulation to have the 
isomorphism in (13.20). In the relative case, we need a honeycomb sys- 
tem that is adapted to the triangulation and the set Z. As noted above, 
such a honeycomb system exists so that we always have the isomorphism 
in Theorem 13.4. 
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Alexander morphism: Let V, Z, U = {Uo,Ui} and {Ro, Ri} be as 
above. In terms of CdR cochains, the Alexander morphism (cf. Theo- 
rem 13.3) with C-coefficient 


A: H2,(U,Uo) “> H?(V,V\Z;C) —> Hoa_p(Z,C) (13.25) 
is induced from the morphism 


AP (U, Uo) * <P CB.(V,V\Ox(Z);C) — OF_,(Z;0), 


co d. ex fue Wee fou) 8, (13.26) 


where Q1 = Ri NV, Qo1 = Roi NV and the sum is taken over the (2d — p)- 
simplices of K in Z. 

In particular consider the case p = 2d. If Z is compact, H(Z;C) = 
Ho(Z;C) and there is the augmentation ¢, : Ho(Z;C) > C. In this case, 
since the 2n-cells s* appearing in (13.26) cover Sx’ (Z), we have 


<, A((E]) = | at fo (13.27) 


which may as well be written 1, € (cf. (13.13)). If, moreover, Z is connected, 
€, is an isomorphism and we have: 


Proposition 13.5. If Z is compact and connected, in the Alexander 
morphism 


HP (U, Uo) —+ Ho(Z;C) ~ C, 
the class of € = (€1,€01) is sent to the complex number Jy, €. 
The following is proved as Proposition 7.17: 


Proposition 13.6. Suppose Z is compact. Then in (13.25), a class [€] in 
H?,(U, Uo) is sent to the class of a (2d — p)-cycle c in Z such that 


[nu=[ eam f foi Am 
c Qi Qo 


for every closed (2d — p)-form m on Uj. 
In the case p = 2d, we recover (13.27). 


Before we proceed to the Lefschetz morphism, we consider the following 
situation. Let R be a real 2n-dimensional compact manifold with boundary 
in M such that R contains Sing V in its interior and that OR is transverse 
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to Vieg. We set Q = RN V. By setting Z = @ in the above, we have the 
integration, which we denote by f, Qi 


[HB (U,Uo) — C. 


As noted above, it coincides with the integration (13.13) for Z = Q. 
We also have a canonical isomorphism (cf. Theorem 13.4) : 
HU, Uo) ~ H?(Q,0Q;C). 


In this situation, we have a generalization of Proposition 13.4: 


Proposition 13.7. In the above situation, for a class a in H?4(Q,0Q;C) 
and the class |€] in H?4(U,U 9) corresponding to a under the above isomor- 
phism, we have 


Remark 13.4. In the equality above, the right-hand side is given by [, Q €= 
Sos &y + Jon £01 with Qi and Qo1 as in (13. 13) for Z = Q. If £01 is defined 
on a neighborhood of OQ, we may write (cf. (13.14) and Remark 7.18) 


fie= fo [om 


Lefschetz morphism: Let R be a real 2n-dimensional manifold with 
boundary in M containing Sing V in its interior such that OR is transverse 
to Vrege. We set Q = RN V. In terms of CdR cochains, the Lefschetz 
morphism (cf. (13.6)) with C-coefficient 
L: H2,(U, Uo) > H?(Q,AQ;C) —> Hoa_p(Q;C) (13.28) 
is obtained by setting Z = Q in (13.25). Thus it is induced from the 
morphism assigning to € = (£1, &01), the cycle as given in (13.26). 
In particular, in the case p = 2d and Q is compact, we have an expression 


as (13.27): 
= ie é 


for any 2d-CdR cocycle €, which restates the equality in Proposition 13.7. 
If, moreover, @ is connected, we have a statement as in Proposition 13.5 
for the Lefschetz duality: 


Proposition 13.8. If Q is compact and connected, in the Lefschetz 
morphism 

Hp (U, Uo) — Ho(Q;C) ~ C, 
the class of € = (€1,&1) is sent to Jo é. 
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If Q is compact, we have a statement corresponding to Proposition 13.6, 
setting Z=Q. 


Remark 13.5. With the expressions as above of the duality morphisms, 
we have a diagram similar to the one in Proposition 13.1 with C-coefficient. 


13.4 Chern classes and localization 


Let M, V, Ko, K and K’ be as before. 


Chern classes from topological viewpoint 


If we have a continuous complex vector bundle Ey of rank | on V, we 
may define the Chern class c?(Ey) in H74(V;Z) by obstruction theory 
using the triangulation K or K’ as in Section 5.2. If we use K’, it is the 
primary obstruction to constructing an r-frame on the 2q-skeleton (K’)?4 
of Kk’, r=l—q+1. The image of c4(Ey) by the Poincaré morphism is 
represented in Hoa) (V3 Z) by the cycle 


SoS 51s, be) 8, (13.29) 


where the first sum is taken over all the 2(d — q)-simplices s of K in V, 
the second sum is taken over all the 2q-simplices t of K’ in s* MV and by 
denotes the barycenter of t. Recall that we may construct an r-frame s‘”) 
on the (2q — 1)-skeleton of K’ and I(s"), bg) is the index of s‘") on Ot at by. 


Topological localization 


Let Z be a Ko-subcomplex of V containing Sing(V). Suppose we are already 
given an r-frame 3”) of Ey on the 2q-skeleton of V\Ox:(Z). Then, for a 
2q-simplex t of K’ not intersecting with 7, we have I (sv ) bz) = 0. Thus the 
cocycle representing the Chern class c1(Ey)) is in fact in oF (V, VWOKR(Z)). 


It represents a class in H74(V, V\Z; Z), which is denoted by Ch top (EV, s(”)) 


and is called the topological localization of c1(Ey) by 3) at Z. It will also 
be denoted by c}(Ev, 3), Crop EVs s°)) or cl(Evy, s®), 

Its image by the canonical morphism H74(V,V \ Z;Z) > H?4(V;Z) 
is the Chern class c?(Ey), however as a relative class it depends on the 
frame sf), 
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Definition 13.2. The topological residue TRes¢a (s?, Ey; Z) of 3”) for 


(")) 


c1(Ey) at Z is the image of c{,,,(Ev, sy’) by the Alexander morphism 


Ay,z : H?4(V,V\Z;Z) —> Hoa_q)(Z3Z). 


Note that TRes¢a (s), Ev; Z) is represented by a cycle as (13.29), where 
the first sum is taken over the 2(d — q)-simplices of K in Z. Note also that 
the possible singular point b, of s‘") in t may not be in Z. 

Suppose now that Z has only a finite number of connected components 
(Z),. Then we have a decomposition 


Ho(a—q) (Z;Z) = ae Hoa—q) (Z;Z) 
4 


and accordingly, we have the residue TRes¢a (s®, Evy; Z ,) in Haq) (Z);Z) 
for each X. It is represented by a cycle as (13.29), where the sum is taken 
over the 2(d — q)-simplices in Z). 

In the case d = q and Z) is compact, the residue TRes¢a (s, Ev;Z)) 
is in Ho(Z);Z) ~ Z and may be thought of as an integer. It is given by 


TRes,o(s", Ey; Zx) Sue (") bg) (13.30) 


where the sum is taken over all the 0-simplices s of K in Z), in fact b, = s. 

Let R be a real 2n-dimensional manifold with boundary in M containing 
Sing V in its interior such that OR is transverse to Vieg. We set Q = RNV. 
In the above considerations, we let Z be @. Thus suppose we are given an 
r-frame 3”) of Ey on the 2q-skeleton of V\ Ox /(Q). Then we have the 
relative class cf (Ey, sy") in H?4(V,V\ Ox:(Q);Z) = H?4(Q,0Q;2Z). 

To have the above relative class co(Ev,s 3), it suffices to have sf) on 
the 2q-skeleton of OS, (Q) (cf. Remark 5.8). 


Coming back to the previous situation, let Z be a Ko-subcomplex of 
V containing Sing V and suppose we have an r-frame 3”) of Ey on the 
2q-skeleton of V\Ox:(Z). Let R be as above and suppose that Z C Int R. 
The r-frame 3”) restricts to an r-frame on the 2q-skeleton of V\ Ox:(Q). 
Thus we have the relative class a (Ev, s)) in H74(Q,0Q;Z) as above. 
From Proposition 13.1, we have the following “residue theorem”: 


Theorem 13.5. In the above situation it holds: 
1. For each 4, we have the residue TRes¢a (s, Evy;Zy,) in Hoa_q)(Zr; Z). 
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2. We have 

So (a)e TResea(sy??, Ev; Za) = (Q) > ch (Ev.s?) in Haag) (Q;Z), 
r 

where 7, : Z, 4 @ denotes the inclusion. 


Note that if we take M as R, then Q = V in the statement 2 above and 
the right-hand side is expressed as V ~ c4(Ev) in Ha(q_q)(V; Z). 


We now treat the same problem from the differential geometric view- 
point. In fact these two are essentially the same (cf. Theorem 13.8 below). 


Chern classes from differential geometric viewpoint 


Let V be a variety in a complex manifold M as before. Also let U be a 
neighborhood of V in M such that the inclusion i: V © U is a homotopy 
equivalence. Suppose we have a continuous complex vector bundle Ey 
on V. Then we have a vector bundle E on U by pulling back Ey by a 
homotopy inverse y of i; EF = y* Ey. Note that E admits a C’™ structure, 
which is essentially unique (cf. Remark 3.3). Thus choosing a connection 
for EF, we may define the Chern classes c1(£) of E in HU). Recall the 
isomorphism i* 0 Wa: H74(U)  H?4(V;C) (cf. (13.16). 


Definition 13.3. The differential geometric Chern classes c4(Ey) of Ey is 
defined to be the image in H74(V;C) of c1(E) by i* 0 Wa. 


Remark 13.6. Suppose we have a C'° vector bundle EF on U and set 
Ey = Ely(= FE). Then y*Ey ~ E for a homotopy inverse of i, as 
toyge ly. 


We may as well define the Chern classes of Ey using i* o Wp in (13.20). 
Consider in particular the case the covering U of U consists of two open 
sets ; U = {Uo, U1}, as before. If E is as above, its g-th Chern class c?(F) 
in H>(U) is represented by the cocycle c#(V.) in A24(U) given by 

c4(V.) = (e4(Vo), 2(V1), e2(Vo, V1)), (13.31) 
where Vo and V; are connections for E on Up and Uj, respectively 
(cf. (10.10)). If % admits a suitable honeycomb system so that the iso- 
morphism i* o wp : H7!(U) > H?4(V;C) in (13.20) is defined, we may 
define the Chern class c1(Ey) as the image of c7(E) by i* o wp. 


Remark 13.7. We may also define the Chern class of a virtual bundle on 
V using (8.16) and the above arguments. 
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Differential geometric localization 


For the relative case, let Z be a Ko-subcomplex of V containing Sing(V). 
We take a covering U/ as defined in (C) above. We may take a homotopy 
inverse y of 1: V > U so that we have the commutative diagram: 


where U’ is the space obtained from U by retracting Up in U to V\ Z, y’ 
is a homotopy inverse of the inclusion i’: V — U’ such that y! 07’ = poi, 
2 and 9 are the inclusions. 

Let Ey be a continuous vector bundle on V and £ the pullback y* E 
as above. Recall that E has a C™ structure. Note that Ey|yz also has 
a C™ structure (cf. Remark 3.3). Suppose we have a C® r-frame 3) of 
Ey on V\Z. Then we will see that there is a “localization” c?(Eyv, 3°) 
in H?47(V,V\ Z;C) of the Chern class c¥(Ey) in H74(V;C), g=l—r+1. 
In fact we have the localization c’(Ey, s”)) fori >1—r+1, however, the 
case i =1—r-+1 is of essential interest (cf. Remark 10.5). 

First we show that E|y, is isomorphic with r§(Ey|vvz) as a C™ bundle. 
To see this, noting that y’ 07’ ~ ly, we have 

Blu, =p" Ey =r9(¢' 0 9)"Ev = r6(("' 07)" Ev )lwz) ~ ro(Evlvwz). 

Let V be an s(?) trivial connection for Ey on V\ Z. We take as Vo in 
(13.31) the connection corresponding to the pull-back 7 V (cf. Section 8.3). 
Then c2(Vo) = rgct(V) = 0 by Proposition 10.5. Thus the cocycle is 
in A24(U,Up) and it defines a class in H7/(U,Uo), which we denote by 
cE, 8”), It does not depend on the choice of the sf” ) trivial connection 
V or on the choice of the connection V, (cf. Proposition 10.1). Recall that 
in this situation there is always an isomorphism (cf. Theorem 13.4) 

i* oy : HU, Uo) > H74(V,V~\ Z;C). 


We denote the image of c1(F, sf) by che (Ev, sf )) and call it the differ- 
ential geometric localization of c1(Ey) at Z by sf), It is sent to the class 
c1(Ev) by the canonical morphism H?4(V,V \ Z; ‘C) — H74(V;C). 

Suppose now that Z has only a finite number of connected components 
(Z),. We have the Alexander morphism 


A: H2(V,V\Z;C) — Haag (Z;C) = D tae g)(Zx3C). 
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Thus, for each 4, Ch g(By, 3) defines a class in Hoa—q)(Z;C), which 
we denote by Res¢ea (s, Ey; Zx) and call the residue of 3") at Z) with 
respect to c?. The residues are expressed in the following way (cf. (13.25)). 
For each A, we choose a neighborhood U, of Z) in U,, so that the U)’s 
are mutually disjoint. We may assume that Ox:(Z)) C Uy. Let {Ro, Ri} 
be a honeycomb system subordinate to U/ and satisfying Condition (V, Z) 
above. We set Q, = Ri NV NU), and Qo, = —OQ,. Then the residue 
Resea (s, Ev; Z)) is represented by the 2(d — q)-cycle 


oT » Ca c1(Vi) + = cl(Vo, Vi), (13.32) 


s 


where the sum is taken over the 2(d — q)-simplices of K in Z. 
In particular, if d = q and if Z) is compact, Ho(Z); C) = Hp(Z;C) ~ C. 
Thus we may regard Res¢a (sv ) Ev; Z,) as a complex number and we have 


Resea (8), Ey; Zy) = ‘| c4(Vi) + | c1(Vo, V1). (13.33) 
N Qor 
Let R be a real 2n-dimensional manifold with boundary in M containing 
Sing V in its interior such that OR is transverse to Vieg. We set Q = RNV. 
If we have an r-frame sf) on V\Q, or on a neighborhood of 0Q, we have 
the relative class col, s°)) in H74(Q,0Q;C). 


Coming back to the previous situation, suppose Z is contained in the 


interior of a 2n-dimensional manifold R as above. An r-frame 8 ) as above 


restricts to an r-frame on V\Q, or on a neighborhood of 0Q, and we have 
the relative class c(Ev, sf") in H74(Q,0Q;C). 
We have the differential geometric counterpart of Theorem 13.5: 


Theorem 13.6. In the above situation it holds: 
1. For each , we have the residue Resea(s{”, Evy;Zy) in Ho(a—q)(2a; C). 
2. We have 


S “(ra Resea(s”’, Ev; Zx) = (Q] > ch (Ev, 8) in Hoya—q)(Q;C). 
aN 


If we take M as R, then Q = V in the statement 2 above and the 
right-hand side is expressed as V ~ c4(Ey) in Ha(q_q)(V; C). 


Remark 13.8. 1. In (13.32) and (13.33), the second integration is per- 
formed on V\ Z and we may replace Vo with the connection V originally 
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given on V\Z (precisely speaking, the connection for E|y.z corresponding 
to V by the isomorphism E|yz ~ Ey|ywz). 


2. Suppose we have a C® vector bundle E on U and an r-section s‘") of E 
on U such that $(s“)) MV is a Ko subcomplex of V containing Sing(V). 
Then the above procudure works by setting Ey = Ely, sf) = sly and 
Z=SNV, 8S =S(s\")) (cf. Remark 13.6). In this setting, the localization 
cl(Ey, 5") is the image of c4(E, s‘")) by the canonical morphism 


i*: H°9(U,U\S;C) — H74(V,V\Z;C). 


3. In the case d = q and Z = {p} is an isolated point, the residue 
Res,a (s, Ev; {p}) is a complex number given as follows (cf. (13.33) and 
1, 2 above). Take a neighborhood O of p in U such that E|o is trivial and 
let B be a closed 2n-ball with center p in O such that S = OB intersects 
transversely with V (cf. Theorem 11.16). Then letting L = VMS be the 
link of V oriented as the boundary of V 1B, we have 


Resca(sQ?, Evitp}) = f et(V,V), 
L 
where V is an 3 ) trivial connection for Ey on V\{p} and Vj, a connection 
for E on O trivial with respect to some frame. 


Example 13.1. Let V be a one-dimensional variety in a neighborhood U 
of 0 with an isolated singularity at 0. Let E = Cx U be the product bundle 
on U. Suppose we have a C™ section s of E on U such that S(s)MNV = {0}. 
Set Ey = Ely and sy = s|y. Then we have the localization c!(Ey, sv) 
in H?(V,V ~\ {0};C) and the residue Res,1 (sy, Ey;0) in Ho({0};C) = C, 
which we try to find. 

If we denote by e the frame of F given by e(z) = (1,2), we may write 
s = fe with f a C™ function on U. Let Vo be an s-trivial connection for 
E on U\S(s) and V, a connection for E on U trivial with respect to e. 
Then, letting L be the link of V at 0, we have (cf. Remark 13.8): 


Res, (sy, Ey;0) = -| c'(Vo, V1): 
- 


The difference form c!(Vo, Vi) is computed as in Example 10.3 and we 


have c!(Vo, V1) = -yuat so that 
1 df 
Res,1 (sy, Ey;0) = a, 13.34 
es,1(sy, Ey;0) eae ae ( ) 
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If f is holomorphic on U, then the residue (13.34) may also be 
expressed as the Grothendieck residue Resp | relative to V (cf. Sec- 
V 
tion 13.6, Theorem 13.11 below). If V is a complete intersection defined by 
hy =---=hyn_1 = 0 in U, it is equal to 


Res 
: ak ae oe 


In this case, it is also equal to dim @,,/(f,hi,...,n—1) (cf. Example 12.2, 
Theorem 13.12 below). 


df A dhy ae | 


Coincidence of topological and differential geometric 
localizations 


Let M and V be as above and let Ey be a continuous complex vector bundle 
of rank / on V. Then we have the Chern class cf, (Ey) in H?1(V;Z) defined 
via obstruction theory and the Chern class c4,¢(Ey) in H74(V;C) defined 
via Chern-Weil theory. As in the case of manifolds, they are essentially the 
same as stated below. 

The following can be proved similarly as Theorem 10.12: 


Theorem 13.7. In the above situation, Ciig(Ev) is the image of cf, (Ev) 
by the canonical morphism H?4(V;Z) + H?74(V;C). 


We have the following theorem for localized classes, which can be proved 
the same way as Theorem 10.13. Thus let Z be a subvariety of V of dimen- 
sion smaller than d = dim V and containing Sing V and si) an r-frame of 
Ey on V\Z, r =1—q+1. Then we have the localized classes Gop EVs s%)) 


in H24(V,V\ Z;Z) and chig(Ev, 80”) in H24(V,V\Z;C). 


Theorem 13.8. In the above situation, clg(By, 8%) is the image of 


Chop(Ev, s°)) by the canonical morphism 
H*4(V,V\2Z;Z) = H74(V,V~Z;C). 


Corollary 13.2. In the above situation, the residue Res,a (s, Ey; Z) is 
the image of the topological residue TResea (s, By; Z) by the canonical 
morphism Ho(a—q)(Z;Z) > Hoa_q)(Z; C). 

In particular, if d= q and if Z is compact and connected, the both may 
be thought of as an identical integer. 
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13.5 Residues of Chern classes on singular varieties 


Let V be a variety of dimension d in a complex manifold M of dimension n. 
Also, let Ey be a continuous vector bundle of rank / on V. Let Z be a 
subvariety of V containing Sing V and suppose an r-frame 3) of Ey is 
given on V\ Z. 

In this situation, we have the topological localization cf, (Ev, 5%”) 
in H?4(V,V\ Z;Z) and the residue TRes,a(s”), By; Z) in Hya—g(Z;Z), 
q=l—r+1. If sf") is C™, we also have the differential geometric localiza- 
tion Ch.¢(Ev, s°)) in H?9(V, V\Z;C) and the residue Resa (s, Ey;Z) in 
Hoa—q)(Z; C). We have seen (cf. Corollary 13.2) that Res¢« (s, Ey; Z) is 
the image of TRes¢a (sv, Ev; Z) by the canonical morphism 

Ho(a—q)(Z;Z) —>+ Hoa_q)(Z;C). (13.35) 


Now we consider the case where Z is of pure dimension d — q. We 
refer this situation as the proper case, as in Chapter 12. Let (Z;); be the 
irreducible components of Z. Each Z; defines a class [Z;] in Hoa q)(Z;Z) 
and it is the free Abelian group generated by the [Z;]’s. Thus the morphism 
(13.35) is injective so that we may identify the two residues: 

Resea(s\"), Ey; Z) = TResea(s”’, Ey; Z). (13.36) 

Let p; be a non-singular point of 7? = Zi Uj4i Z; and D,; a complex 
slice of Z? in M at p; (cf. Definition 3.24). Recall that D; is a locally closed 
complex sudmanifold of dimension q+ in M through p; and transverse 
to Z; at pj. Let U be a neighborhood of Z in M that contains D; as a 
closed submanifold and take a triangulation Ko of U as in Theorem 12.1, 
compatible with VNU and ZUD,, and let K be its barycentric subdivision. 
Let K’ and K* be as before. We may assume that p; is the barycenter 
bs of a 2(d — q)-simplex s in the non-singular part of Z? and that the 
2(q + k)-cell s* dual to s is in D;. Thus D, is also transverse to V. The 
r-section s;) = 5” Ip.av of EF; = Ev|p,qv has an isolated singularity at 
p; so that we have the residue TResea(s°”?, E;;pi), which is an integer. If 
3) is C©, we also have Resea(s°”), Ej; p;), which may be identified with 
TResea (s”, E;;p;). Note that this number does not depend on the choice 
of p; as in the case of residues on complex manifolds. 


Theorem 13.9. In the above ee we have 


TResea(s(?’, Ey; Z a Ei;pi)-(Zi] in Heca—q)(Z;Z). 
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Proof. By definition, the residue TRes¢a (s, Ey; Z) is represented by 
the cycle 


SoS 51s, be) 8, (13.37) 


where the first sum is taken over all the 2(d — q)-simplices s of K in Z, the 
second sum is taken over all the 2q-simplices t of K’ in s*NV and I(s‘”), by) 
denotes the index of s‘") at the barycenter b, of t. 

Since s is a simplex of dimension 2(d — q), its interior is in the non- 
singular part of Z and we may express the cycle (13.37) as 


ye bes) S8(i); 


@ 8G) ta) 


where the second sum is taken over all the 2(d—q)-simplices s(;) of K 
in Z; and the third sum is taken over all the 2q-simplices ti) of K’ in 
8(;) 1V. Moreover, we have Mois I(s®, bt) = TResea(s°”?, Ei; pi), which 
is independent of s(;). 


Remark 13.9. If V is Cohen-Macaulay, in particular if it is a local com- 
plete intersection, then dim Z > d— q (cf. Remark 11.13, Proposition A.23 
and (A.16)). 


13.6 Residues at an isolated singularity 


Let V be a variety of dimension d in a complex manifold M of dimension 

= d+k and let E be a holomorphic vector bundle of rank | (> d) 
on a neighborhood of V in M. Suppose that V has at most an isolated 
singularity at p. Let r = 1—d+1 and suppose we have a holomorphic 
r-section s‘") of E with S(s‘) MV = {p}. Then, setting Ey = Ely and 
3) = s(")|,, we have TRes,a (s®, Ev;p) and Res,a (s®, Ev;p), which are 
identified. It is an integer, in fact we will see that it is positive. 

Recall that Res,a(s”’, Ey;p) is expressed as follows (cf. (13.33) and 
Remark 13.8). Let U be a neighborhood of p in M where the bundle EF 
is trivial and set W = UNV. We may assume that U is a coordinate 
neighborhood and sometimes we identify p with 0 in C” and U with a 
neighborhood of 0. Let Vo be an s‘")-trivial connection for E on U\S(s )) 
and V, a connection for F on U trivial with respect to some holomorphic 
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frame e = (e,,...,€,) of E. Then, letting L be the link of V at p, we 
have 


Res,a(s”, Ey;p) --f e8(Vo, Vi): (13.38) 
L 


(r) 


Note that we may replace Vo with an s;,’-trivial connection V for Ey on 


W~{p}. 
We give various expressions of this number. 


Topological expression 


We take a small closed 2n-ball B with center p and let S be the boundary 
OB, which is a sphere of dimension 2n — 1. Recall that the link L of V at 
p is the intersection V NS, which is a naturally oriented C'° manifold of 
dimension 2d—1 (cf. Section 11.7). Let (L;); be the connected components 
of L. Since Ey is trivial on W, 3”) defines, for each i, a map (cf. (5.1)) 


yp, :L; — Wil,r). 


Since W(I,r) is 21 — 2r = 2d — 2 connected and Hoq_i(W(I,r), Z) = Z, we 
may consider the mapping degree deg y;, of ¥,. 


Theorem 13.10. In the above situation, 


Res,a (3 ,Ev;p) ap deg ¢;. 


Proof. We try to compute TRes,a(s”’, By; p), as it is the same as 


Resoa (s, Ev;p). We may assume that B = s* is the 2n-cell dual to 
p. We may also extend 3 low to K'24-) 4 (s* OV), which includes p. 
Note that, in this process, we only keep 8) opay unchanged and modify 
3) in (Int B) 7 (VX {p}) to obtain a frame on hcg (s*NV). If we 
denote this frame by s'"), by definition, we have = (13.29)) 


TRes,a(s°"), Ey;p) = Dat I(s 


where the sum is taken over all the 2d-simplices t of K’ in s*V and by 
denotes the barycenter of t. By definition of I (3, bt) and properties of 
mapping degree, we have the theorem. 


For the above formula, we only need to have a continuous frame 3) on 


Ws {p}. 
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Analytic expression 


Grothendieck residues relative to a subvariety: Let U be a neigh- 
borhood of 0 in C” and V a variety of dimension din U. We assume that V 
contains 0 and that V\ {0} is non-singular. Let f,,..., fg be holomorphic 
functions on U and V(fi,..., fa) the variety defined by them. Suppose 
that V(fi,..., fa) 7V = {0}. For small positive numbers ¢;, i = 1,...,d, 
we set 


T={zEUNV | |fi(z)| =e, t=1,...,d}, 


which is a d-cycle in V\ {0}. It is oriented so that the form d6; \--- A d6q 
is positive, 0; = arg f;. For a holomorphic d-from w on U, we set 


1 d w 
Reso rank = ea (ee 


and call it the Grothendieck residue of w/fi--- fa at 0 relative to V. In the 
case d = n, it is the usual Grothendieck residue in Section 12.3. 


If V is a complete intersection defined by hy = --- = hy = 0 in U, we 
have 
w ed 
Res = Res : 
seer o  asenee a i ne 


Exercise 18.1. Verify the above. 


Analytic expression: We consider the situation in the beginning of this 
section. We write s; = ye fjcej, 4 = 1,...,7r, with fj; holomorphic 
functions on U. Let F be the | x r matrix whose (i, 7)-entry is f,;. Let Z 
be the set as given in (12.5) and let Fy; and wy; be as defined before. If we 
write ey = €;, A--- A e;,, we have 


si A+++ AS, = >> pres. 
let 


and $(s‘")) is the set of common zeros of the y;’s. From the assumption 
S(s™) AV = {p}, we have the following by Lemmas 12.1 and 12.2: 


Lemma 13.2. We may choose a holomorphic frame e = (e1,...,e1) of 
E so that there exist d elements I ,...,I1© in Z with 


V(¥ra),-++, Pram) AV = {p}. 


Let ec be a frame of E as in Lemma 13.2. We write [6 = 
(i ,...,4), a = 1,...,d, and let F and @™ be defined as in the 
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paragraph after Lemma 12.3. Thus F‘ is an | x | matrix of holomorphic 
functions and @‘ is an | x | matrix of holomorphic 1-forms. 
With these we have: 


Theorem 13.11. In the above notation, 


6(O,...,EM) 


Res,a(s"), Ey; p) = Res 
ely ) PL Qrayy+-+s Pray V 


The above theorem is proved exactly the same way as Theorem 12.4. 
The only difference is that, in Theorem 12.4, U is a neighborhood of p in a 
manifold, while in Theorem13.11, it is replaced by a neighborhood W of p 
in a possibly singular variety. However everything is performed on W\{p}, 
which is non-singular. 


Special cases: 1. The case] =d andr =1. Let e) = (e1,...,e4) be an 
arbitrary frame of EF and write s = pan fie: Then we may set yyw = fi, 
i=1,...,d, and we have 6q(O™,...,9) = df, A--- A dfa. Thus 
dfiA---Ad 
Res,«(sy, Ey; p) = Resp] fh "| : 
fi, oe fa Vv 
2. The case d= 1 andr =I. Let e = (e1,...,e;) be an arbitrary frame of 
E and write s; = )0_, fig ej, 4 =1,...,1. Let F = (fij) and set y = det F. 
Then we may set y;(1) = y and we have o,(@) = dy so that we have 


Res,1 (s, Ey;p) = Resp “| : 
V 


Fundamental properties of the residues 


Let p be an isolated singular point in V and suppose that V is a complete 
intersection defined by h = (h1,..., hx) : (U,p) > (C*,0). Let T be a small 
neighborhood of 0 in C*. For a point ¢ in T, we set V; = h71(t). Let C(h) 
denote the critical set of h and D(h) = h(C(h)) the discriminant, which is 
a hypersurface in T (cf. Proposition 11.28). We have Sing(V;) = C(h)N Vi, 
which consists of at most a finite number of points. We set E; = Ely, and 
8”) = sy, so that $(s\") = $(s)NV;. By the assumption $(s™)nV = 
{p}, we have dim $(s‘")) < k. Hence S(s\") also consists of at most a finite 
number of points. Note that even if q is in Sing(V;), if ¢ ¢ S(s”), then 
Res,a(ss"), E:;q) = 0. We set Vo =V. 
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Lemma 13.3. We have dim S(s‘")) = k and 5(s”) is a non-empty finite 
set. 


Proof. By assumption, we have dim $(s‘)) < k. On the other hand, 
codim $(s‘")) <l—r+1=d, by (A.16). 


Lemma 13.4. The sum >~ Res,a(s°", Ex;q) is continuous in t. 


q€S(s\”) 


Proof. Let Vo be an s‘")-trivial connection for E on U\.S(s‘")) and Vy 
a connection for F on U. Then by Theorem 13.6, the above sum is equal 
to an integral over Q; = RM V;, which is continuous in t. 


Since T'\ D(h) is dense in T, by Lemma 2.7, we have 


Proposition 13.9. The sum >~ Resen (s&, Exsq) is constant. In 


particular, 


qeS(s{”) 


Reson (s"? , Ev;p) = ye Regen (s ) Ess q); 
qES(s Py 


which is a non-negative integer. 


Remark 13.10. By Lemma 13.3, Res¢n (s”, Ev;p) is in fact a positive 
integer. 


Algebraic expression 


We refer to Section is 2 for relevant materials in algebra. 

Let E, U, and s") be as in the beginning of this section. Let e be 
a holomorphic frame of F on U. Also let F, Fy and y; = det Fy be as 
before. We denote by @y the sheaf of germs of holomorphic functions on 
U and by ¥ the ideal sheaf in Gy generated by the (germs of) y;’s. Note 
that ¥Y does not depend on the choice of the frame e of E. We have 
the complex space S = (S,@g) in U with support S = S(s") and structure 
sheaf Gg = .~-'(Oy /F), where. : S — U is the inclusion (cf. Section 11.5). 
We suppose that V is a complete intersection defined by h : (U,p) > (C*,0) 
as above. Let T be a small neighborhood of 0 in C*. Denoting by 7 the 
restriction of h to S, we have a morphism 


(1,@):S — (T, Gr) (13.39) 


as the composition of the canonical morphism S > (U,@y) and (h,h*) : 
(U, Gy) > (T, @r). For each x in S, 


Wy : OT. (2) = Osx 
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is the composition of hi: @p,x(~) — @u,2 and the canonical epimorphism 
OU=« ae Ou,e! Fx — Osx: 

We suppose that V is a complete intersection defined by h : (U,p) > 
(C*,0) as above. Let T’ be a small neighborhood of 0 in C* and, for a point 
t in T, we set V; = h71(t). Also let $(s{”) = $(s™) 1M V;, as before. Let 
Jy = (hy,...,hy) be the ideal sheaf of V in Gy and ¥y the ideal sheaf 
generated by ¥ and Ay in Gy. Also, for t = (t1,...,th) € T, we denote 
by ¥y, the ideal sheaf generated by ¥ and %y, = (hi —ti,..., hx — th). 
The intersection Z of V and S in U is the complex space with support 
Z = SNV = {p} and structure sheaf @z =1~!(@y/Fy), where: Z + U 
is the inclusion (cf. Section 11.5). Also, the intersection Z; of V; and S$ 
in U is the complex space with support Z, = SMV; and structure sheaf 
Oz, =, (Gu /Fv,), where 4: Z; — U is the inclusion. It is the fiber of 
(1, @) over t. 

By Lemma 13.3, 7: S — T is a finite map. Thus each point x in S is 
isolated in Z,, t = a(x), and dime @z, 2 = dimc Ou.2/-Fv,,x is finite. 


Proposition 13.10. In the above situation, 


dime Oup|Frvp = S- dimc Oval Fvi.,a- 
q€5(s{") 


Proof. This is proved as Proposition 12.5 with a little modification, re- 
placing S , Sand S; with S, Z and Z, respectively. 

We claim that the morphism (7,@) in (13.39) is flat, which will prove 
the proposition. Let x be a point in S' and set t = m(a). In the following, we 
set OF, = Ou.2, Cx = Cgx and O; = Or. Note that @,, and ©; are regular 
local rings of dimensions n and k, respectively. We have ht ¥,; =n—k = 
d=1—r-+1. Hence by (A.17), the ring @, is CM. Since the morphism 
Wr: O, + 6, is finite, O, isa CM @;-module. By (A.15), denoting by m; 
the maximal ideal in ©, 


depth(m,;; @,) + pdg, Gz = depth m,. 


We have depth(m;@,) = dime, C, = dime, G, = k and depth m = 
dim @; = k. Therefore, pdg, @, = 0 and (7, @) is flat. 


Since the regular values of h are dense, by Proposition 13.9, Theo- 
rem 12.5 and Proposition 13.10, we have the following theorem. 


Theorem 13.12. We have 
Res, (s, Ev;p) = dime Oup|Fvp- 
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Remark 13.11. As we can see from the above proofs, the assumption that 
V is a complete intersection is necessary only to ensure that V admits a 
“smoothing” in U. 


13.7 Examples and related topics 


In the following, we denote by M a complex manifold of dimension n and 
by V a variety of dimension d in M. 


Virtual index of a vector field 


Suppose V is an SLCI, i.e., a local complete intersection defined by a section 
of a holomorphic vector bundle N of rank & on M (cf. Definition 11.29). 
We have the virtual tangent bundle ty = (TM — N)|v of V. We also have 
its Chern class c*(7y) in H*(V;C) (cf. Remark 13.7). 

As Vreg is a complex manifold, it has the holomorphic tangent bundle 
TVeg, Which is canonically isomorphic with the real tangent bundle Tp Vig 
of Vreg as a real bundle. Let Z be a subvariety of V containing Sing(V) 
and v a C™ non-vanishing vector field on V\ Z. Then we may define the 
localization cZ(ry,v) by v of the class c4(7) as follows. 

Let U be a neighborhood of V in M such that the inclusion 1: V3 U 
is a homotopy equivalence. Also let U = {Up,Ui} be a covering of U such 
that Up is a neighborhood of V\ Z with a C™ deformation retraction 
ro : Up > VN Z and U, is a neighborhood of Z in U. For i = 0,1, let 
V™ and VN be connections for TM and N on Uj, respectively, and set 
Vi = (VM,V¥). Then the d-th Chern class in H?/(U) of the virtual 
bundle (TM — N)|y is represented by the cocycle (cf. Sections 8.3 and 8.4) 


c4(Vz) = (c4(VG), c*(Vt), e°(V6, Vi))- (13.40) 


Suppose a non-vanishing C'°* vector field v is given on Wp = V\Z. Let 
V be a v-trivial connection for TV... on Wo. We take connections V™ and 
V% for TM|w, and Nw, so that (V,V™, V7) is compatible with the first 
row of (11.26) (cf. Proposition 8.5). Noting that TM|y, ~ rj(TM|w,) and 
N\u, =~ ri(N|w,), we take as V4" and V2’ the connections for TM|y, and 
N\|u, corresponding to r8V™ and réV%, respectively. Then we have the 
vanishing c“(V3) = r§c4(V) = 0 (cf. Proposition 8.7) and the cocycle in 
(13.40) defines a class in H?4(U, Uo), whose image in H?4(V,V\ Z;C) by 
the isomorphism of Theorem 13.4 is the localization c4(ty,v). We recall 
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the Alexander morphism (cf. (13.25)) 
H?4(U,Uy) — Ho(Z;C). 


If Z has a finite number of connected components (Z)), for each A, we have 
the residue Res.a(v, Tv; Z) in H(Z); C). If Z, is a compact component, 
we have Hy(Z,;C) = Ho(Z,;C) ~ C, the isomorphism being given by the 
augmentation, so that we may think of Res.«(v, Ty; Z)) as a number. 


Definition 13.4. For a compact connected component Z, we define the 
virtual index Vir(v, Z)) of v at Z, as the residue Res,a(v, Ty; Z)). 


The virtual index is expressed as (cf. (13.33)) 


Vin(v, 2) = [ avi)+ f cl(V4,V*). (13.41) 


» 


Note that we may replace V with V* = (V“,V¥) (cf. Remark 13.8. 1). 
Proposition 13.11. If Z) is in Vreg, then Vir(v, Z),) = PH(v, Z,). 


Proof. Note that, in this case, the integrations in (13.41) are performed 
on Vyeg and it suffices to define various connections involved on a neigh- 
borhood W of Z) in Vreg. Let V, V™“ and V% be as above and set 
V* =(V™,V). We take a connections V’ for TV;eg on W and connections 
Vi and V’™ for TM and N on W so that (wie. yee) is compatible 
with the first row of (11.26) on W and set V* = (V/",V’%). Then, by 
Proposition 8.7, c4(V’*) = c4(V’) on W and c#(V*, V’*) = c4(V,V’) on 
WZ. 


Let R be a compact manifold of dimension 2n with boundary in M 
containing Sing(V) in its interior such that OR is transverse to V. We set 
Q = RNV. For a non-vanishing vector field v on a neighborhood of 0Q in 
V, we may also define Vir(v, Q) in Hp(Q;C) ~ C. 

If Z is contained in the interior of Q, for a non-vanishing vector field v 
on V\ Z (cf. Theorem 13.6), 


S— Vir(v, Z) = Vir(v, Q). 
Xr 


In particular, we have (cf. Proposition 13.4): 


Proposition 13.12. In the above situation, if V is compact, we have 


ir(v ce c4(ty). 
Svinte. 2a) [eer 
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Now we consider the case Z, consists of an isolated point p. In this 
case, we take as U a neighborhood of 0 in C”, p being identified with 0, 
and set W = UNV (cf. the beginning of Section 13.6). Suppose W is a 
CI defined by (h1,..., hy) : U > C*. Let v be a non-vanishing C® vector 
field on Wy = WX {0}. Then the (& + 1)-tuple 


vt) = (v, S| moe ) 

Oh, Wo Ohx Wo 

of sections of TM|w, form a frame so that we have the residue 
Res,a(v(®@t), TM|v;0). 


Theorem 13.13. In the above situation, 
Vir(v, 0) = Resga(v*t) , TM|y;0). 


Proof. We denote by 0“) the frame (@(0/dh1),...,@(O/Ohx)) of Nlw, 
and by v“*) the frame of Ny extending 0“). We take a v-trivial connection 
V for TVieg on Wo, a v(k+)_trivial connection V™ for TM|yw, and a 0(*)- 
trivial connection V% for Ny, so that (V,V™,V%) is compatible with the 
first row of (11.26) and set V* = (V™,V¥). Also, let V1“ be an arbitrary 
connection for TU and let V{Y be the v)-trivial connection for N and set 

+= (V/V). Let R be a 2n-dimensional manifold in U containing 0 in 
its interior such that OR is transverse to V\ {0} and set Q = RNV. Then 
(cf. (13.33)) 


Res¢a Cae TM|y; 0) ~ / 
Q 


From c*(V*) = c*(V™)/c* (V1) and c*(V) = 1, we have 


cl) 7 cl VY), 
0Q 


(V5) = 2 (V™). (13.42) 


In fact we may take V}” so that it is 0. To find c4(V*, V*), recall that it is 
given by integrating c#(V*) over the 1-simplex [0, 1], where V* = (V“, VY) 
with V¥ = (1-t)V™ +tV™ and V% = (1-t)V" +tV%. Since VY = VN 
on Wo, we have VY = V% and moreover, c*(V%) = 1, as V% is O@)- 
trivial. Thus we have c/(V*) = c1(V™) exactly as above. Therefore we 
have c4(V*, Vi) = c4(V™, V*"), which together with (13.42) implies the 
equality. 


Remark 13.12. 1. Thus it has a topological expression as in Theo- 
rem 13.10. However, even if v is defined and holomorphic in a neighborhood 
of p, we cannot use the algebraic or analytic expression in Theorems 13.12 
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or 13.11, as the vector fields 0/O0h; cannot be extended holomorphically 
through 0. 

2. As is seen in the proof, we could use an arbitrary frame of N on Up 
instead of 0“). In particular, if we take the frame (grad hj,...,grad hx), 
we get essentially what is called the GSV-index of v. 


Now we consider the situation of Theorem 11.18, with f replaced by h. 
Thus suppose we have a holomorphic map h : U — U’ from a neighborhood 
U of 0 in C” onto a neighborhood U’ of 0 in C* with h(0) = 0 such that 
V = h-1(0) is a complete intersection of dimension d = n — k with an 
isolated singularity at 0. In this case we may assume that, for each t € U’, 
V, = h~'(t) is a complete intersection of dimension d in U. Denoting by 
C(h) the set of critical points of h, we have Sing(V;) = C(h) N V;. Let B. 
and Bi, be as in Theorem 11.18. Set S: = OB, and suppose we are given a 
non-vanishing vector field 6 on a neighborhood Up (disjoint from C(h)) of 
S-h71(B) in U, which is tangent to Up NV. Setting ho = h|v,, we have 
the exact sequence of vector bundles 


Othe Stig Sere au; (13.43) 


where Tho is the bundle of vectors tangent to the fibers of ho. Considering 
a C@® splitting of the above, we see that, taking a smaller Up if necessary, 
o defines a non-vanishing C™ section 0’ of Tho. We set v = ’|y and 
uy = v'\v,. Set Q = B. NV and, for each t € BS, Q; = B- 1 Vi. Then we 
have the virtual index Vir(v;, Q;). If t ¢ B,\ D(A), then VY is non-singular 
and Q; = F;, where F; is a Milnor fiber. 


Theorem 13.14. In the above situation, Vir(v;,Qz) does not depend ont. 
In particular, 


Vir(v, Q) = PH(%, F:) for t¢ D(h). 


Proof. We compute Vir(v,Qz) using (the restriction to V; of) connec- 
tions as follows. We take connections Vj, Vo and V6 for Th\y,, TU|u, and 
h*TU'|u,, respectively, so that 


(1) Vi is O'-trivial, 
(2) the triple (V{, Vo, Vo) is compatible with (13.43). 
We set V3 = (Vo, Vo)- 
There is a (trivial) vector bundle N with a frame (1),...,7,%) on U and 
a surjective bundle morphism 


TU ~ N —>0 
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such that, on U\C(h), w(s2-) =y;,i=1,...,k. The restriction of the 
above to Vireg gives the sequence 


0 — TV reg —> TU|Vi cog —> NVirog —? 9, (13.44) 


where Ny,.,., is the normal bundle of Vi reg. Thus ty, = (TU — N)|v,, the 
virtual tangent bundle of V;. The bundle TU’ is also trivial of rank k and 
we may identify hgTU’ with N|y, so that the restriction of (13.43) to Vi 
coincides with the restriction of (13.44) to Up. 

Let V, and V{, be arbitrary connections for TU and N, respectively, on 
U and set Vi = (Vi, V{). Then we have 


Vir(u1. 2) = | yy) - f c4(Vq, Vi); 


t OQ 


which varies continuously on t. For t € B\D(h), this is equal to PH(v:, Fi), 
which is an integer. Therefore Vir(v,, Q;) is constant, as B \ D(h) is con- 
nected and dense in B,. 


Recall that there exists a vector field v on Wo = UpNV pointing outward 
on Q (cf. Remark 11.12). 


Corollary 13.3. For a vector field v as above, we have 


Vir(v, 0) = 1+ (-1)7n(V, 0). 


Euler-Poincaré characteristic of singular varieties 


Let V be a local complete intersection defined by a section of a holomorphic 
vector bundle N of rank k on M and ty = (TM — N)|y as before. 

If V is non-singular, from (3.13) we have c4(7y) = c4(V) and moreover 
if V is compact, by the “Gauss-Bonnet formula” (cf. (5.20)) 


x(V) = i: (ry). 


More generally, we have: 


Theorem 13.15. Let V be an SLCI of dimension d in M. If V is compact 
and has only isolated singularities p,,...,Dr, 


x)= ff elev) + YD aVino. 


Residues of Chern Classes on Singular Varieties 445 


Proof. For each i =1,...,r, we take a closed ball B; in M around p; so 
that they are mutually disjoint. Then V* = V\U}_, Int B; isa C®° manifold 
with boundary. Since OV“ is an odd-dimensional manifold, y(OV*) = 0 and 
we have 


x(V) =x(V*) + » x(Bi NV). 


The space B; 9 V is the cone with vertex p; and base S;M V and is con- 
tractible, where S; = 0B;. Thus y(B; NV) = 1. 

For each 7, we take a neighborhood O; of p; containing B; and a vector 
field 6; on O;\ {p;} as in Remark 11.12. We may assume that the O,’s are 
mutually disjoint. Let uv be the vector field on U;_,(O;\ {pi}) OQ V which 
is the restriction of 0; on (O;\ {pi}) OV. By Propositions 13.12, 


fi c(ty) = Vir(v, V*) + S— Vir(v, pi). 
v i=1 

Since V* is in Vieg, Vir(v,V*) = PH(v,V*) by Proposition 13.11. We 
have PH(v,V*) = x(V%*), since the vector field v is pointing inward on 
OV* and x(OV*) = 0 (cf. Remark 5.16). By Corollary 13.3, Vir(v,p;) = 
1+ (-1)*u(V, pi). 


Note that we need only the compactness of V but not of M. 


Example 13.2. Let V be a complete intersection in M = P” (cf. Exam- 
ple 11.11.3). Then, from (8.16), (9.22) and N = H®?!@.--@ H®?*, where 
H,, denotes the hyperplane bundle, we have 


k 


1 
(ty) =ic"\(TP” — N),  c*(TP" — N) = (1+ hn)?" - [| ——_. 
ya b+ Pv hn 


In the above, i: V © P” denotes the inclusion, h, = c!(H,,) and the 
product is the cup product. On the other hand, V is the Alexander dual of 
a localization of c*(N) (cf. Theorem 12.9), in particular [V] is the Poincaré 
dual of c*(N) and may be written 


iV =[V] =P" Ac(N) — in Aoa(P"). 


We have c*(N) = I pv hE. Since hy is the Poincaré dual of [P”~1], we 
have P” ~ hy, = [P"—1] = j,P"—1, where j : P"-1 © P” is the inclusion. 
Thus, by (B.18) and (B.23), P” ~ h2 = j,P?-! A fy = jx(PP-! A j*Rn). 


Since j*h» = hn—1, the first Chern class of the hyperplane bundle on P”~?, 
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we have P°-! ~ j*h, = jP"~?, where j’ : P"~? — P”~! is the inclusion. 
Hence P” ~ h?, = [P"~?]. Continuing this, we have 


k 
Pp" \c(N) = |] p- P). 
v=1 
Thus we compute, using (B.8) and noting that ([P7],h4) = 1, 


i c'(tv) = (V, i*e4(TP" — N)) = (iV, c*(TP" — N)) 


k ; (13.45) 
-fatage FT _] 
IK + hin) Nigam a 
where [ ]q denotes the coefficient of h@ in [| ]. Thus we may compute x(V) 


from Theorem 13.15. 

Let Vo be a non-singular complete intersection in P” of dimension d 
with the same multi-degree as V. Then we have y(Vo) = Sv c4(Vo), which 
is also given by (13.45). Hence we have the following formula, which is 
readily proved by a direct argument as well: 


x(V) = x(Vo) + (—1)" DT HV, pi). (13.46) 


See Theorem 14.3 below for an application of Theorem 13.15 to the case 
V is a curve in a surface. 


Virtual index of a (1,0)-form 


Let V be a LCI defined by a section of a holomorphic vector bundle N of 
rank k on M as before. This time we consider the virtual cotangent bundle 
Ty = (T*M — N*)|y. Let Z be a closed subset of V containing Sing(V) 
and 6 a C™ non-vanishing (1,0)-form on V\ Z. Then we may define the 
localization c%(7;-,0) of the class c4(7¥) as in the case of vector fields. 

If Z has a finite number of connected components (Z)), for each > we 
have the residue Res,«(60,7;5; Z,) and the residue formula. For a compact 
connected component Z), we define the virtual index Vir(0,Z)) of 6 at Z 
as the residue Res,a(9, Ty; Z)). 

Now we consider the case Z) consists of an isolated point p. In this case, 
we take as U a neighborhood of 0 in C”, p being identified with 0, and set 
W = UNV, asin the case of the virtual index of a vector field. Suppose W is 
a CI defined by (hi,..., he): U 4 C*. For a (1,0)-form @ on Wp = W\{0}, 
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we consider the (k + 1)-tuple 0+) = (6,dhi|w,,---,dhelw,) of sections 
of T*M|w,. It should be emphasized that here we take the restrictions as 
sections and not as differential forms. 

The following is proved as Theorem 13.13: 


Theorem 13.16. In the above situation, 
Vir(0,0) = Res,a(0%t, T* M|y;0). 


Thus it has a topological expression as in Theorem 13.10. Moreover, if 
@ is defined and holomorphic in a neighborhood of p, we have the analytic 
and algebraic expressions in Theorems 13.11 and 13.12. 


Multiplicity of a function on a local complete intersection 


Let V be an LCI defined by a section of N and consider the virtual cotangent 
bundle 7% = (T*M — N*)|y as above. Let f be a holomorphic function 
on M and let f and f’ be its restrictions to V and Vieg, respectively. We 
define the singular set S(f) of f by S(f) = Sing(V) UC(f’). As in the 
case of vector bundles, we may define the localization of the d-th Chern 
class of rj, by df, which in turn defines the residue Res,a(df, 7; Z) at each 
compact connected component Z of S(f). For simplicity we consider the 
case Z consists of a point p. We define the virtual multiplicity m(f, p) of f 
at p by 


m(f,p) = Vir(df, p) = Res.a(df, Ty; p). (13.47) 
The multiplicity of f at p is then defined by 
m(f,p) = m(f,p) — w(V,p). (13.48) 


Note that, if p is in Veg, we have Res,a(df, 71; p) = Res,a(df, T* Vreg; p). 
On the other hand, in this case we have (V, p) = 0 so that m(f, p) coincides 
with the one in Definition 12.4, see also Example 12.3. 

Let ci : M — C be a holomorphic map onto a non-singular complex 
curve C' and set f = fly, f’ = flv, and S(f) = Sing(V) UC(f"). We 
further set Vo = V\ S(f) and fo = f\vj- Thus dfo is a non-vanishing 
section of the bundle T*Vo @ f§T'C, which is of rank d. If we look at c“(e), 
e = T @ f*TC, we see that there is a canonical localization c%(e,df) in 
H*7(V,V~Z;C) of c(é),-Z = S(f). 

Let (Z)), be the connected components of Z. Then c%(e, df) defines, 
for each A, the residue Res,a(df, 7 ® f*T'C; Z)). If Z) is compact, it is 
given by a formula similar to (13.33), see also (13.41). Note that, if Z is 
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in the non-singular part V,.,, it coincides with the one in Section 12.5. If 
V is compact, we have (cf. Proposition 13.12) 


So Res.a(df, 7h @ f°TC; Zy) = ‘i (rt, @ FTC). 
yd Vv 


Now we assume that S(f) consists of a finite number of isolated points 
and examine the both sides more closely. First, we may write, for a point 


pin S(f), 
Res,a(df, Ty ® f*TC;p) = m(f,p) = m(f,p) — uV,p). 
If we set Co = Cv f(S(f)), Vo = V\ f7*Co and fo = flv, then 


fh : Vo + Co is a C™ fiber bundle (cf. Theorem 3.12). Let F denote the 
fiber. 


Lemma 13.5. If V is compact, then we have 


[ efe¥ 9 £re) = 1)" (V) - x) X(0)) + >) eM»). 


peS(f) 


Proof. Using the properties of Chern classes and noting that C is com- 
plex one-dimensional, we have 


cf(y ® FTC) = (-1)(e%(tv) — (ry) - f*el(C)). 


Thus, in view of Theorem 13.15, it suffices to prove 
[ey Pete) = xPX(O). (13.49) 
V 


For this, let f(S(f)) = {ti,...,tx} and, for each t;, take an open disk C; 
around ¢; in C so that they are mutually disjoint and that TC|c, is trivial. 
Set Co = C\ S(f) and consider the covering C = {Co, {C;}*_,} of C. We 
set Vi = V\ f7!(Co) as above. Let U; = (f)~!C; and let Up be a tubular 
neighborhood of Vj in M with a deformation retraction ro : Up + Vg. We 
may take Up small enough so that 7 does not have critical points in Up. Set 
fo = flu,. Let U denote the covering {Up, {U;}*_,} of Up UUU;. In the 
following, we try to prove (13.49) taking connections for various bundles. 
As to the bundles on V, it is sufficient to consider connections on Vj and Uj. 

We take a connection Ve for TC on Co. For each i = 1,...,k, let ve 
be a connection for TC on C; trivial with respect to some frame of TC. 
Noting that c!(V2) = 0, c(C) is represented, in A?(C), by the cocycle 


cl(Ve) = (e'(Vo), 0, (e'(VE, Ver )))- 
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We have an exact sequence of vector bundles on Vj: 


Oa ay a PO a, 


Take connections Me and Vi for Tf, and TVj, respectively, so that 
(vi ,Vb,f*V§) is compatible with the above sequence. Then we have 
eVviy=€ (Vi) - f*c*(V§), in particular, 
et vy ae Ve) ec? 74) fe (V9): (13.50) 
Take connections Vo and Vo for TM|y and Ny; so that (Vj, Vo, Vo) 
is compatible with 


0+ TV) — TM \y: — Ny: — 0 
and set Vj = (Vo, Vo). Then we have 
PH Win) Oy es G35i) 


Also let V; and V}, be connections for TM and N, respectively, on U; 
and set Vi = (V;, V4). Then c¢—!(ry) is represented, in A?“ (Y/), by 
the cocycle 

ct (VE) = (e719), (C87 (V 3) (C7 7 (VG, VF))s).- 


ume 


The class ¢ tv): f*c!(C) is then represented by the cup product 


VOT e We) 
= (8"(VO) + Fret (Wo), 0, (VO) « Fret (Wo Ve ))a)- 
From (13.51) and (13.50) and by the dimension reason, we have 
(V8): fel (VE) =e (VG): fel (VO), 
cA N(VG)- fel(VG, Vr) = e* (V9) - fre'(Vo, VE). 
For each i = 1,...,k, let D; be a closed disk in C; centered at t;, and let 
Do = C\US_, Int D;. Then { Do, {D;}4_,} is a honeycomb system adapted 


to C. If we set Qi = f-" D: and Qoi = f-'Doi: Doi = —OD;, using the 
projection formula, the left-hand side of (13.49) becomes 


k 
| PVE) PTE) + a cf-UVh) - pel(ve, VS) 
Qo : , 


=f foot (08) o'(98) +30 fect (Wh) VE, VP). 


Doi 
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In the above, jt a) denotes the integration along the fibers of f and 
it is equal to the constant y(F’). On the other hand, 


[ LV g) ede f et (VE ,V2) = [ =x), 


which proves (13.49). 


Thus we have: 


Theorem 13.17. In the above situation, we have 


do m(F,p) = (-1)4 (X(V) — x(F)x(C)). 


peS(f) 


The above generalizes the formula in Corollary 12.2 for singular 
varieties. 

The virtual multiplicity m(f,p) = Res,«a(df, 7°; p) is given as follows. 
Let U be a neighborhood of p in M so that the bundle N admits a frame 
(11,...,¥%~) on U. We write o = oy hv; with h; holomorphic functions 
on U. Then V is defined by (hi,...,hx) in U. Consider the (& + 1)-tuple 
of sections 


s+) — (df, dhi,...,dhx) 


of T*U. By assumption we have $(s“*+)) 1 V = {p}. Since the rank of 
T*U is n, we have the residue Respa(s\¥t) ,T*Uly;p), ser) = ght), 
The following is proved as Theorem 13.13: 


i(f,p) = Res.a(s¢*), T*U|y3p). (13.52) 


The virtual multiplicity m(f,p) was defined as the residue of df on the 
virtual bundle 7; (cf. (13.47)) and this definition led us to a global formula 
as in Theorem 13.17. The identity (13.52) shows that it coincides with the 
residue of s**” = (dfly,dhily,...,dh|v) on the vector bundle T*U|y. 
Thus we have various expressions for m(f,p) as given in the previous sec- 
tion; by Theorem 13.10, we have a topological expression, by Theorem 13.11 
we have a way to compute m/(f,p) explicitly and by Theorem 13.12 we may 
express 


m(f,p) = dime On/(J(f, hi,.--, hk), hi,---, he), (13.53) 


where J(f, hy,..., hx) denotes the Jacobian ideal of the map ite hy,..-, he), 
i.e., the ideal generated by the (k+1) x (K+1) minors of the Jacobian matrix 
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The multiplicity m(f,p) is also interpreted as follows. Thus let V; de- 


note the complete intersection defined by , hy,...,h,), assuming f(p) = 
0. Then, from (13.48), (13.53) and the identity 


UV, p) + L(V}, P) = dimc On+e/ (IF, hy, aeaey hx), hi, ately hx), 
which follows from (11.23), we get 


m(f,p) = u(V;, P). 
Dual classes 


We come back to the general situation as in the beginning of Section 13.5. 
Thus let V be a variety of dimension d in M. Here we let Ey be a holo- 
morphic vector bundle of rank | on V. Note that it makes sense to talk 
about holomorphic vector bundles on varieties as we have the notion of 
a holomorphic function on a variety (cf. Section 11.5). Suppose we are 
given a holomorphic r-section 3) of Ey. Let Z be the analytic space in V 
defined by sf” ) i.e., the analytic space locally defined by the ideal generated 
by the r x r minors of the matrix whose entries are the local components 
of the sy,,’s. The support Z of Z is the singular set of sf), We assume 
that Z contains Sing V. If we set g = 1—r-+1, we have the topological 
and differential geometric localizations of c?(Ey) by 3") and the associated 
residues TResea(s(??, Evy; Z) and Resa (3, Ey; Z) as their images by the 
Alexander morphism. 

In the following, we assume that dim Z = d — q (proper case) and let 
(Z;); be the irreducible components of Z. Note that in this case we may 
identify TResea(s’?, By; Z) and Resea(s"), Ey; Z) (cf. (13.36). 

Let p;, FE; and 3”) be as in the paragraph following (13.36). Then we 
have the residues TRes,« (3, Ej; p;) and Resa (3, E;;p;), which may be 
identified. It is a positive integer. 


Definition 13.5. The multiplicity m; of Z; in Z is defined by 
mM, = Resea(s!”, Ej; pi). 
Note that, the multiplicity m; has a topological expression as in Theo- 
rems 13.10. If Ey and 3? are the restrictions of the ones on M, it has an 


analytic expression as in Theorem 13.11. If, moreover, V is a local complete 
intersection, it has an algebraic expression as in Theorem 13.12. 


Definition 13.6. The homology class of Z is defined by [Z] = 5>m; [Z;] 
in Hg(q—q)(V;Z) or by Z = Dm, [4%] in Ho(q_q) (2; Z). 
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From Theorem 13.9, we have: 


Theorem 13.18. Let Z be the complex subspace of dimension d—q of V as 
above. Then the class of Z in Hoa—qy(Z; Z) is equal to TResea (s, By; Z), 
which may be identified with Resea (s, Ey;Z). Thus the class c1(Ey, 3°) 
is sent to the class Z by the Alexander morphism 


H?4(V,V\Z;Z) —+ Hoa_q)(Z;Z). 


In particular, the class [Z] in Hoa—q)(V3Z) is the image of c4(Zp) in 
H?4(V;Z) by the Poincaré morphism. 


Notes 

The presentation of this chapter is mainly based on Sections 5 and 6 of 
[Suwa (2008)]. 

For controlled tube systems and Theorem 13.1, we refer to [Gibson, 
Wirthmiiller, du Plessis and Looijenga (1976); Mather (2012); Shiota 
(1997)]. 

As to the Poincaré, Alexander and Thom morphisms, we followed the 
description of [Brasselet (1981)], except for the orientation convention 
(cf. Notes in Chapter 4). 

In Section 13.6, see [Suwa (2003a)] for the analytic expression and [Suwa 
(2005)] for the algebraic expression with some more examples. As to the 
Grothendieck residue relative to a subvariety, see Ch.IV, 8 in [Suwa (1998)]. 
In Section 13.7, the virtual index is introduced in [Lehmann, Soares and 
Suwa (1995)]. The GSV-index of a vector field at an isolated singularity 
is introduced in [Gémez-Mont, Seade and Verjovsky (1991)] for hypersur- 
faces and in [Seade and Suwa (1996)] for complete intersections. As to the 
material there, we refer to the above literatures as well as [Brasselet, Seade 
and Suwa (2009); Suwa (2014)] and references therein. 

In [Brasselet, Lehmann, Seade and Suwa (2001)], a generalized Milnor 
number i(V,S) is defined for each compact connected component S of the 
singular set of an SLCI V and, if V is compact, a formula as in Theo- 
rem 13.15 is proved. In the case V is a hypersurface, the number and the 
formula coincide with the ones in [Parusiriski (1988)], see also [Parusiriski 
and Pragacz (1995)]. As to the formula (13.46), see also [Dimca (1992)]. 

The index of a 1-form is introduced and the algebraic expression is given 
in [Ebeling and Gusein-Zade (2001)]. For details on the multiplicity of a 
function, we refer to [Izawa and Suwa (2003)]. It is possible to define the 
multiplicity of a function at a non-isolated component of S(f) using the 
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number pu(V,S) above. See [Suwa (2005)] for more examples of related 
local invariants. 

As another topic along the line above, there is the theory of charac- 
teristic classes of singular varieties. For the treatment in the framework 
of this book, we refer to [Brasselet, Lehmann, Seade and Suwa (2001); 
Brasselet, Seade and Suwa (2009); Suwa (1996)] and a survey paper [Suwa 
(2003b)]. We list, as related works, [Aluffi (1999); Brasselet, Schiirmann and 
Yokura (2010); Brasselet and Schwartz (1981); Fulton and Johnson (1980); 
MacPherson (1974); Parusiriski and Pragacz (2001); Schwartz (1965)] and 
survey papers [Schiirmann and Yokura (2007); Yokura (2020)]. We also list 
[Brasselet (2022)] as a survey paper of characterictic classes in general. 
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Chapter 14 


Intersection Product 
of Complex Subspaces 


In this chapter, we discuss intersection products of the homology classes 
of complex spaces in complex manifolds or in singular varieties. The for- 
mulas we prove concerning intersection products are localized at the set of 
intersection. The corresponding global formulas are consequences of these. 

We first generalize the Whitney sum formula for localized Chern classes 
(cf. Corollaries 5.6 and 10.5) so that it fits our purposes (Corollary 14.1). 

In the case of manifolds, the intersection product in homology is defined 
combinatorially in Section 4.4. It is an operation dual to the cup product in 
cohomology. In general, the intersection product of the classes of subspaces 
is different from the class of the intersection of them as complex subspaces. 
The intersection products we consider involve, in some form or another, 
complex spaces defined by a family of sections of a vector bundle. In this 
situation, we have the localization of the Chern class of the bundle by the 
family of sections as well as the associated residue. The class of the complex 
space defined by the family of sections coincides with the residue if it has 
an expected dimension (proper case). We always have expected formulas 
for residues. Thus in the proper case, we have expected formulas for spaces 
as defined above. 

We start by considering the intersection product of subspaces defined 
by a holomorphic section of a vector bundle. The aforementioned Whitney 
sum formula for localized classes and the duality in Theorem 12.9 are key 
ingredients for this. As a special case, we discuss intersection products of 
divisors and give Bézout’s theorem as an example (Example 14.1). Inter- 
section product with the class of a (fixed) subvariety is then studied. It 
leads to the intersection theory of the classes of complex spaces in complex 
manifolds in general. In particular, we consider the intersection product 
of the class of a variety and the class of the complex space defined by a 
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family of holomorphic sections. Here we use the duality as in Theorem 12.8. 
As a related topic, we prove the adjunction formula for singular curves 
(Theorem 14.3). 

As to the intersection product in sigular varieties, we do not have general 
combinatorial ways of defining it. Thus we consider intersection products 
of homology classes that come naturally as the images of the Poincaré or 
Alexander morphism and use the cup product in cohomology. For this, as in 
the case of manifolds, we consider intersection product involving subspaces 
defined by a family of sections and develop the theory in parallel with that 
case. We also discuss intersection products of divisors. Here we need to be a 
little careful, as unlike the case of complex manifolds, we have to distinguish 
between Cartier and Weil divisors. We also discuss the multiplicity of a 
variety at a point, giving its various expressions. 

We then specialize the above considerations to the case of intersection 
products in singular surfaces. In particular, we study the behavior of inter- 
section products under blowing-up, which is applied to define intersection 
product of Weil curves. 

Finally we study the case where a variety and a complex space defined 
by a section intersect in a dimension greater than expected. 


14.1 Refined Whitney sum formula 


We recall the construction of the Euler class of an oriented real vector bun- 
dle and its localization in Sections 5.3, 5.4 and 5.6. Here we do it for bundles 
on simplicial complexes. In the following, a map means a continuous map 
and R" \ {0} is denoted by R" \0. 

Let I’ be an integer with I’ > 1. Recall that there is a canonical isomor- 
phism (cf. Example B.6) 


5: HY1(8"-1) >, A" (B's!) ~ Z. 


There is also a canonical isomorphism H" (R" ,R'\0) ~ H" (B",S""-1). The 
group H"’(R",R"” 0) has the canonical generator Wai, the Thom class, 
which is equal to the l’-fold cross product e” of the canonical generator 
e of H'(R,R\0) (cf. Corollary 4.4.1). The generator of H" (B",S'-!) 
corresponding to Wg is denoted by ul’, which coincides with 5* (Vi5_1) 
(cf. Remark 5.1. 2). 

Thus we may define the degree of a map (B" ,S!-!) > (R",R" \0) as 
well. 
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Proposition 14.1. Giving a homotopy class of a map ¢: Soot RENO 
is equivalent to giving that of a map w: (B",.s""-1) > (RR \0), in fact 
that of a map (B" ,B"” \0) > (R",R" \0). 


Proof. Let y be as above. Consider the product I x S'-! with I = (0, 1], 
the unit interval, and define ¢ : I x S'-! > R" by (t,7) 6 ty(x). The 
ball B" is obtained from I x S!-! by shrinking {0} x S""—! to a point and 
% induces a map 7 : (B",S"—!) > (R",R"” \ {0}). The homotopy class of 
y determines that of 7 as the homotopy class of such a map is uniquely 
determined by its degree. The converse is obvious. 


Let E = R" x B" be the product bundle of rank /’ on a Suppose we 
have a non-vanishing section s of E on S''-1_ We extend it to a section on 
8” non-vanishing section on B! \0. We have a composition as in (5.4): 


aw : (BY, S'-1) 45 (R" RY \0) x BY > (R",R" \0), (14.1) 


where p denotes the projection. Then the index I(s,0) of s at 0 is the 
mapping degree of w: 
I(s,0) = degw. 

Suppose we have two product bundles E; = R% x Bu, i = 1,2. For 
each 7, let s; be a non-vanishing section of FE; on Si-1_ The product 
(B4,S4-1) x (B’2,S2-1) is homeomorphic with (B’,S"~!), / =U, +14. If 
we identify the two pairs of spaces, the product FE = Fy x EF is the product 


i , . . . . 
bundle R! x B’ on B’ and s = s; X sq is a non vanishing section of EF on 
ta 
Sle 


Lemma 14.1. In the above situation, we have 


I(s,0) = I(s1,0) + I(s2,0). 


Proof. Let w; : (BY,S"-1) > (R“,R%\0) be the map as defined in 
(14.1) for s;. Then we have w* : H"(R%,R%\0) > H%(B%,S4-1) and by 
definition, 7 (e!) = deg y;- uli. Also if we let w denote the map for s, we 
have o* : H"(R" RR" \0) > A" (B",S"-!). The lemma follows from the 
commutativity of the diagram 


A4(R4,R4\0) x H4(R2,R2 <0) > A" (RY, RR" \0) 


‘ini |e 


Hh ( 4 S4-1) x H4 (Be, S-1) as H" ( Vv gil) 
and Corollary 4.4. 2. 
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Let X be aspace with a triangulation Ky. We denote by K the barycen- 
tric subdivision of Ko and by K’ that of K, as before. Also let E + X be 
an oriented real vector bundle of rank l’ on X. We endow each simplex of 
kK’ with an orientation and define the Euler class of EF and its localization 
using the triangulation K’. We also fix a simplicial ordering on the vertices 
of K’ (cf. Definition B.14). 

Let Z be a Ko-subcomplex of X and suppose we have a non-vanishing 
section s of & on the //-skeleton of K’ in X \Ox/(Z). Then we have the 
Euler class e(E,s) of E localized by s in H"(X,X\Z). Recall that it is 
represented by the cocycle constructed as follows. First we extend s to a 
non-vanishing section § of E on X"’\{isolated points}, these isolated points 
being the barycenter of some K’-simplices in S'x/(Z). The class e(E, s) is 
represented by the cocycle 7 that assigns to each I'-simplex t of K’ the 
index I(S, bz) of § at the barycenter b¢ of t. 

For i = 1,2, let FE; be an oriented real vector bundle of rank J; on X. 
Also let Z; be a Ko-subcomplex of X and s; a non-vanishing section of F; 
on the l/-skeleton of K’ in X\Ox/(Z;). We set EF = E, @ Ez, =1, +15, 
Z= 24,0 Zo and s = 81 @ sg. Note that Ox (Z) = Ox (Z1) ial Ox: (Za). 
In this situation, s is a non-vanishing section of E on the l’-skeleton of 
K' in X\ Ox: (Z). Indeed, let t = e(vo,--- vv), vo < +++ < vy, be an 
oriented l’-simplex of K’ and set t1 = €1(v0,--- , vy), t2 = €2(vy,--+ , wv), 
where €, €; and €2 are +1, to be determined according to the prescribed 
orientations. If t is in X \Ox/(Z), then either t; is in X \Ox:(Z1) or tg 
is in X \ Ox (Z2). There is a homeomorphism t ~ t; x tg, by which s 
corresponds to s, X sg. Hence s is non-vanishing on f. 

Thus we have the localizations e(F;, 5;) in Hi (X, X\ Z;), i = 1,2, and 
e(E,s) in H" (X,X\Z). We also have the cup product 


HECK SD) CHAU XN Zs) — 9 OKA), 
Theorem 14.1. In the above situation, 
e(E,s) = e(E1, 81) v e( 2a, 82). 


Proof. For i = 1,2, let s; be an extension of s; and y; the cocycle rep- 
resenting the class e(£;,s;) as above. Let ¢ be an oriented l/-simplex 
of K’ and t,, tg be as above. Then 71 ~ ‘2 is the cocycle that as- 
signs I(S1, be,) - [(2, bt.) to t By Lemma 14.1, I(81, be,) - [(S2, bt.) = 
I(51 X S2, be, x bt, ). There is a homeomorphism (€; x ta, be, x be.) & (t, bt), 
by which §1 x S2 corresponds to an extension § of s. The class e(E,s) 
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is represented by the cocycle y that assigns I(5,bz¢), which is equal to 
I(51, be, ) - I(S2, bt.) by the above argument. 


Corollary 14.1. In the above situation, suppose E; is a complex vector 
bundle of rank 1l;, i= 1,2, and setl=1, +ly. Then we have 


c(E,s) = c(E,, 81) v c!? (Ea, 82). 
Remark 14.1. 1. In fact, if we use the cross product 
H(X XS Ze Ho X, XX Zy) HY (XN G1) & (KNB), 
we have 
e( Ey x Eo, 81 X 82) = e(E1, 81) x e( Eo, 82). 


The formula in Theorem 14.1 also follows from this by applying the mor- 
phism d* : H" ((X,X\Z,) x (X,X\Z2)) > H"(X, X\Z) induced by the 
diagonal embedding d: X — X x X. 

2. The advantage of the formula in Corollary 14.1 over that in Corollary 5.6 
or in Corollary 10.5 is in two ways: (1) it can be applied to non-vanishing 
sections that are defined only away from the “singular set”, for example, 
in the case of divisors, and (2) it can be applied to vector bundles on 
triangulable spaces, for example, singular varieties. 


14.2 Intersection product in complex manifolds 


Let M be a complex manifold of dimension n. We have the intersection 
product in H,(M;Z), which is denoted by + (cf. Section 4.4). 

Let E be a holomorphic vector bundle of rank 1 on M. If s is a 
holomorphic r-section of E with singular set S, we have the topological 
localization cf,.,(E, s()) in H?4(M, M\S;Z) and the differential geometric 
localization c4.¢(E, s)) in H?4(M, M\S;C), ¢ =1—r+1. We also have the 
associated residues TResea(s‘"), E; S)) in Ho(n—q) (9;Z) and Rese (s“”, E; S) 
in Hy (n—q)(5;C). Let S be the complex space defined by s(), It has S as 
its support and, in general, dim S > n—gq. In the case dim S = n—gq (proper 
case), we may identify TRes,a(s“”), E; S) and Res,a(s‘”), E; S) (cf. (12.2)). 
Moreover, in this case, we may define the homology class of §; [S$] in 
Ho(n—q)(M;Z) or S in Hon—q)(S:Z) (cf. Definition 12.6). The class $ 
coincides with TRes,a(s), E;S) = Resea(s"), E;.$) (cf. Theorems 12.8 
and 12.9). 
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In the following, through the end of this chapter, the homology and 
cohomology are with Z-coefficient, unless otherwise stated, and the coeffi- 
cient is omitted. 


Intersection product of subspaces defined by a section 


For each j = 1,...,v, let LE; be a holomorphic vector bundle of rank J; on 
M. Let s; be a holomorphic section of E; and S; the complex space in 
M defined by s;. The support S; of S; is the zero set of s;. We have the 
(topological) localization c's (E;,8;) in H?’7(M,M~S,) of ci(E;) by s;. 
We also have the residue TRes., (s;, £j;.Sj) as the image of c!i (Ej, s;) by 
the Alexander isomorphism 

Hs (M, MX Sj) ~+ Hon—1,)(S)). 

Note that dim S; > n—J,; and that the equality holds if and only if 
s; is a regular section. If this is the case (proper case), we may define 
the class of S;, denoted also by Sj, in Ho(n_7,)($;). It coincides with 
TRes,.; (8;,£;;.5;), which may be identified with Res,u;(s;,£j;5;) (cf. 
Theorem 12.9). 

Let E = E, ©---@ E, be the direct sum and s the section of EF given 
by s= 5, @---@s,. Let S be the complex space in M defined by s. Asa 
complex subspace of M, it is the intersection of the S;’s. The support S of 
S is the zero set of s and is given by S = Nar S;. We have the localization 
c'(E,s) in H'(M,M\~S) by s, 1 = }°5_,1;. We also have the residue 
TRes,:(s, E;.S') as the image of c!(E,s) by the Alexander isomorphism 

H?(M, M\S) > Hon_n(S)- 

Note that dimS > n—I/ and that the equality holds if and only if s 
is a regular section. In this case, we may define the class of S, denoted 
also by S, in Hon—1)(S). It coincides with TRes,.(s, £;S), which may be 
identified with Res,:(s, E;S). 

We have the cup product 

H™(M, MNS) x +.» x H?’(M, M\S,) —> H?!(M, M\S) 
and we have (cf. Corollary 14.1) 
ce (E,, 81) ---~ ce’ (E,,s,) =cl(E,s). (14.2) 
From (14.2) and Theorem 4.8, we have: 
(TRes, (si, Fy; Si) Shnecg ee TRes,u, (sv, Ev; Sv))s 


= TRes.(s,E;8) in Hom —p(S). (14.3) 
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Proposition 14.2. In the above situation, we have: 
1. If dim S; =n —1,, for each 9, 
(Sr++ + S,)s =TResu(s,E;3) in Hon—n(S). 


2. Moreover, if dim S =n—1, 
(Sie ---+S,)s=S in Hon_y(S). 


Proof. The proposition follows from Theorem 12.9. 


Remark 14.2. If dim S$; = n—l,, for each j, and if S is compact, we may 
write (cf. Remark 4.5. 3) 


(S,- ye -S,)s =M nc (E,s) in Hoag n(S), 
where M denotes the class of M in Ho,(M,M~S). 


Note that, if ] =n and if S is compact and connected, TRes-» (s, E; S$) 
is in Ho(S) ~ Z and may be regarded as an integer. 

Suppose that dimS; = n—1,, for each j, and that S has only a 
finite number of connected components (.S)),.. Then the » component 
of (S41 Sie eae oe S.i)s is given by (S41 ee erase Sy)s.r = TRes,i(s, £; S$) in 
Hon—1) (Sy) and we have 


SV (in)e(Si e+ Sy)s.a = (Sie +++ Sy)s in Agm—y(S), (14.4) 
» 


where i, : S, <> S denotes the inclusion. 


Passing from the homologies of the S;’s and S to that of M, we have 
from (14.3) (cf. Remark 4.13), 


[TRes,1, ($1, £1; S1)] ° +++ + [TResau. (sv, Ev; Sv)] 
= [TResu(s,£;S)| in Han—y(M). 
Since [TRes,.(s, E; $)] = Py; (ce (E)) = M ~ c'(B), we have: 
Proposition 14.3. In the above situation, we have: 
1. If dim S; =n —1,, for each 9, 
[Si]- +--+ + [S,]=M-oc'(E) in Hon—y(M). 


2. Moreover, if dim S =n—1, 
[Si]---- + [Sv]=[S] in Hany (M). 
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Intersection product of divisors 


The divisors we consider in the following are assumed to be non-zero. 

Recall that, for a divisor D on M, there is the associated line bundle 
Lp together with the natural meromorphic section sp (cf. Section 11.6). 
We have the topological residue TRes,1 (8p, Lp;|D|) in Ho(n—1) (|D|), which 
may be identified with the differential geometric residue Res,1 (sp, Lp; |D|) 
(cf. (12.12)). We have the homology class of D in Hlo(n—1) (|D|), denoted also 
by D, which coincides with TRes,1(sp, Lp;|D|) (cf. Theorem 12.10). The 
results in the previous paragraph hold in this case with a little modification, 
in fact they include the case of effective divisors as a special case. 

Thus, for divisors D,,...,D, on M, we have the intersection product 
(Dy +--+ + Dy)g in Hyn_,)(S), S = N¥_,|Dj| with |D,| the support of 
D;. We set E = Lp, ®:::@Lp, and s = sp, ®-:--@sp,. Then we 
have the localization c’(E, s) in H?”(M, M\S) and the associated residue 
TRes. (s, £; ') in Ho(n—v) (S). Ifthe D,’s are effective, the section s is holo- 
morphic and defines a complex space S whose support is S$. Moreover, if 
dim S = n—v, then the class of S in Hon—v)(8) is equal to TRes.v (s, FE; S). 

We have, as Proposition 14.2, the following: 


Proposition 14.4. In the above situation, 
1. (Dy+ +++ +D,)g =TResw(s,E;S) in Hon_1)(S). 
2. Moreover, if the D;’s are effective and if dim S =n—v, 
(Di+-:*Di)g=S in Homv(S). 
Note that, if S is compact, we may write (cf. Remark 14.2) 
(Di: ++) +Dy)g=M-ce'(E,s) in Hom—v)(S). 


In the case vy = n and S is compact, (D,+ --- + D,)g is in Ho(S) and 
we define the intersection number of the D,;’s by 


{(Di + ee “Ds) = €,((Dy aeeari *Dn)s); (14.5) 


where ¢, : Ho(S) > Z is the augmentation. 

We also have a formula as (14.4). Thus suppose that S$ has only a 
finite number of connected components (5,),.. Then the A component 
of (Di +--+ +D,)s is given by (Di +--+ + Dy)s., = TResev(s, £;.$)) in 
Ho(n—v) (9d) and we have 


SC (ix)e(Die + + Dy)s,n = (Dies + Dy)s in Hany (5). (14.6) 
aN 


Intersection Product of Complex Subspaces 463 


In the global situation, we have (cf. Proposition 14.3. 1) 
[D,] eee Bas [D,] =M- c’ (BE) in Hoin—v)(M), (14.7) 


where c’(E) = cl(Lp,) v +:-~ cl(Lp,). In particular, if v = n and if M 
is compact, we may define the intersection number of the [D,]’s by 


H([Di} +--+ + [Dn]) = €«([Di] + +--+ [Dn]), 
where ¢, : Hp(M) — Z is the augmentation. By (14.7), we have 
H([Di] > --- + [Dn]) = (M,c'(Lp,)  --- ~ e'(LZp,,))- (14.8) 
It coincides with the one in (14.5). 


Let Di,...,Dn be n divisors on M. Suppose that S$ = ()j_, |Dj| con- 
sists of isolated points. For each point p in S’,, we have the localized inter- 
section product (D, + --- + Dn)» in Ho({p}) ~ Z. Thus it may be regarded 
as an integer. 

From (14.6), we have the following: 


Theorem 14.2. Let M be a complex manifold of dimension n. For divisors 
D,,...,Dn on M such that S$ = Nat |D,| consists of a finite number of 
isolated points, we have 


So(Di- +++ © Dn)p = (Di +++ * Dn), 


pes 


which coincides with {([Di] +--+ *[Dn]), if M is compact. 


In the case each D; is defined by a holomorphic function f; near p, the 
local intersection number (D+ --- + D,,)» is simultaneously equal to 


(1) the mapping degree of f = (fi,..., fn), at p, 
(2) the Grothendieck residue 


(14.9) 


Resp] fis---a Fn 


| 


(3) dime @/(fi,.--, fn). 
(cf. Example 12.2, Theorems 12.3-12.5). 


Example 14.1. Let P;(¢o,...,¢,) be homogeneous polynomials of degree 
d;, 7 = 1,...,n. For each j, P; defines an effective divisor D; in the 
projective space P”. If [o,--- , Gn] denote homogeneous coordinates on P”, 
the divisor D, is defined by the holomorphic function P;(Go,...,¢n)/ on on 
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Ua = {Ca # O}. Note that Lp, = He% where H,, denotes the hyperplane 
bundle on P”. 
In this situation, if S = Nar |D,| consists of isolated points, we have 
(Bézout’s theorem): 
So(Di- +++ «© Dn)p = didn. 
pes 
This follows from Theorem 14.2 and (14.8). 


Intersection product with a subvariety 


Let V be a variety of dimension d in M with the embedding i: Vo M. 
Also let Ko be a triangulation of M as in Section 13.2. We may define the 
intersection product with V as in the case of submanifolds (cf. Section 4.4). 

We consider the intersection of V and a homology class in M or in a 
Ko-subcomplex S of M. 


First localization: Letting S$, and Sz be V and M, respectively, in 
(4.34), we have the intersection product localized at V: 
Hoa(V) x Hon—p(M) 4" Hoa p(V). 
For a class a in Hon—p(M), we have the product (V-a)y. It is sent to 
[V] - a by 4, : Hog_p(V) > Hoa—p(M). 
We have the Alexander duality 
Amv : H?*(M, Mx V) => Hoa(V), 


under which the Thom class Wy of V corresponds to the class V (cf. Def- 
inition 13.1 and (13.9)). Letting S; = V and S) = in Theorem 4.8, we 
may write 


(V . a)y _ Amv (Ww — Piy Oe 


Second localization: Let S be a Ko-subcomplex of M and set Z = 
VS. Letting $1 and 52 be V and S, respectively, in (4.34), we have the 
intersection product localized at Z: 

PstV) SS Hag St5) 3 a). (14.10) 


For a class a in Hog (8); we have the product (V+ a)z in Hg 3(Z): 
Letting S; = V and Sj = S in Theorem 4.8, we may write 


(V-a)z = Ayz(Ww ~ Ajj. g ): (14.11) 
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The following proposition follows from Propositions 13.2, 13.3, Theo- 
rems 4.7 and 4.8: 


Proposition 14.5. The following diagrams are commutative: 


H?(M) —> Hon-p(M) H?(M, MX. S) —~> Hon_p(S) 
Pm Am,s 
“| | dv | | - Zz 
H?(V) ——> Hoa_p(V), H?(V,V\ Z) —— > Hoa-p(Z). 
Py Ay,z 


Thus, for a class a in H?(M), we have 
(V+ Pu(a))vy =V ai*(aQ). (14.12) 


Also, if Z is compact, for a class a in H?(M,M~S), we have (cf. Re- 
mark 13.1) 


(V+ Ams(a))z =V (0). (14.13) 


Remark 14.3. 1. The two diagrams in Proposition 14.5 are compatible 
through the diagrams (4.18) and (13.7). 

2. Likewise, for a holomorphic map f : V — M, we may define the inter- 
section product with f as in Definition 4.4 and, if Z = f~1($) has a finite 
number of connected components, we have the product componentwise and 
a formula as (4.35). 


Intersection product of varieties 


Let V and W be varieties of dimensions d and h, respectively, in M. We 
set Z = VOW, which is a variety in M. Letting S = W in (14.10), we 
have the intersection product 


Hol \X AW Gia 


We have the intersection product (V +> W)z in Hoatn—n)(Z)- It is sent to 
[V] - [W] by the canonical morphism Hoatn—n)(Z) => Ho(a4n—n)(M). 
Now we assume that Z is of pure (d + h — n)-dimensional and let (Z;) 
be irreducible components, which is locally finite. In this case, we have an 
explicit expression of the above intersection. Since Hoatn—ny(Z ) is a free 
Abelian group generated by the classes [Z;] in this case, we may write 


(V-W)z =) di (Zi), 
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for some integers d;. For each 7, we take a point p; in the non-singular part 
of Z? = Zi Uji Z, and let D; be a complex slice of Z; at p; (cf. Defi- 
nition 3.24). Thus it is a (2n — d— h)-dimensional complex submanifold 
of M transverse to ZP at p;. Let U be a neighborhood of Z in M that 
contains D; as a closed submanifold and take a triangulation Ko of U as in 
Theorem 12.1, compatible with VNU, WOU and ZUD,, and let K be 
its barycentric subdivision. Let kK’ and K* be as before. We may assume 
that p; is the barycenter bs of a 2(d+h — n)-simplex s in the non-singular 
part of Z? and that the 2(2n — d—h)-cell s* dual to s is in D;. Thus D, is 
also transverse to both V and W so that D; M7 V and D; 1 W are complex 
submanifolds of dimensions (n — h) and (n — d), respectively, of M. Note 
that (D;NV)N(DiNW) =D;NV AW = {p;}. The following shows that 
d; is the “transverse intersection number” of V and W at pj: 


Proposition 14.6. We have 
di = ((DiNV)+ (DiNW))p,- 


Proof. We claim that 
(Di NV) +(DiNW))p, = Dis (V+ W)z)pr- (14.14) 


Since the right-hand side above is d; (cf. Exercise 4.2), the proposition then 
follows. 

To show (14.14), let « : D; <> M denote the inclusion. Then we have 
the following diagram (cf. Proposition 4.13): 


H2(-4) (Mi, M\V) ——~>——> Hoa(V) (14.15) 


Am,v 


“| |o. ° \pyav 


H2-4) (D;,D;\ (D, NV) —> Hoin—n (Di NV). 


Ap; ,D;AV 
Thus (Dj + V)p,av = Ac*A7!V and likewise (D;*W)p,aw = Au*A7!W, 
with A denoting appropriate Alexander isomorphisms. Considering the 
diagram in Theorem 4.8 for the case (M,S,) = (D;,D; NV), (M,S2) = 
(D;,D; W) and using the functoriality of the cup product, we have 
((D; al V) . (D; N W))p: = Ap,,p.8" (A7'V a A'W), 
where 
Ap,,p: : A" (D;,D;~ {p:i}) > Ho({p:}) ~Z 


denotes the Alexander isomorphism with r = 2(2n — d—h). Consider- 
ing again the diagram in Theorem 4.8 for the case (M,5,) = (M,V), 
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(M, 52) = (M,W), we see that the right-hand side above is equal to 
Ap,,p,t"A_'(V + W)z, which in turn equals the right-hand side of (14.14) 
by the commutativity of the diagram obtained by replacing V with Z in 
(14.15). 


Subspaces defined by a family of sections 


Let E be a holomorphic vector bundle of rank | on M. Also, let s“”) be a 
holomorphic r-section of E and § the complex space defined by s“), as in 
the beginning of this section. 


Let V be a variety of dimension d in M and set Ey = Ely and 


3) = sy. Let Z be the complex space in V defined by 3”), It is 


the intersection of V and S as a complex subspace of M and the support 
Z of Z is given by Z = VS. In this situation, we have the (topologi- 
cal) localization c1(Ey, s) in H74(V,V\ Z). Note that it is the image of 
c1(E, s\")) by the pull-back 
i*: H74(M, M.S) — H74(V,V\Z). 
We also have the residue TRes¢a (sv ) Ev; Z) as its images by the Alexander 
morphism 
H?4(V,V\Z) —> Hoag) (Z)- 

Recall that, if dimZ = d—q, then TRes,«(s(””, Ey; Z) may be identi- 
fied with the differential geometric residue Reseu(s?, Ey; Z) (cf. (13.36)). 


Moreover, in this case, we may define the homology class of Z; [Z] in 
Ha(a—q)(V) or Z in Ha(q_q)(Z) (cf. Definition 13.6). The class Z coincides 


with TResoa(s\”), Ey; Z) = Resea(s\”), Ey; Z) (cf. Theorem 13.18). 
By Proposition 14.5, 


(V+ TRes.a(s, E;S))z = TResea(s¥, Ey;Z) in Haa—q(Z). (14.16) 
Proposition 14.7. In the above situation, we have: 
1. IfdimS=n-gq, 
(V+ S)z=TResa(s),Ey;Z) in Hya_q)(Z). 
2. Moreover, if dim Z = d-—q, 
(V-S)z=Z in Hoag (Z). 


Proof. The first statement follows from (14.16) and Theorem 12.8 and 
the second from Theorem 13.18. 
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Remark 14.4. 1. If dimS = n—q and if Z is compact, we may write 
(cf. (14.13)) 


(V:S)z=V-ci(Ey, sy) in Ay(q—q)(Z): 


2. See Section 14.5 below for the case r = 1 (thus g = 1) anddimS > n-I 
or dim Z > d—I. 


Passing from the homology of Z to that of V, we have from (14.16) 
(cf. Remark 14.3.1), 


(V + [TResea(s, E; S)])v = [TResea(s, Ev; Z)]v in -Hoya—q)(V), 
where [ ]y denotes the class in the homology of V. Since 
[TResea (st, Ev; Z)|v = Py(c(By)) =V > c4(Bv), 
we have: 
Proposition 14.8. In the above situation, we have: 
1. IfdimS=n-gq, 
(V-[S]v=Vnc(By) in Haag (V). 


2. Moreover, if dim Z = d-—q, 


(V+ [S])v = [Z]v in Hoa—q)(V). 


Adjunction formula for singular curves 


The classical “adjunction formula” says that, if C is a compact non-singular 
complex curve in a complex surface S' (complex manifold of dimension two), 
then we have 


USOC). (14.17) 


In the above, x(C’) denotes the Euler-Poincaré characteristic of C’, which is 
equal to 2 — 2g with g the genus of C’. Also, Kg is the canonical divisor of 
S and the + means intersection product. In the classical case, it is usually 
assumed that S is compact and the intersection product is in S. In this 
case, the intersection product is in Ho(S) and the right-hand side of (14.17) 
is understood to be the image by the augmentation ¢, : Ho(S) + Z, which 
is an isomorphism, if S is connected. This formula follows from (6.11) using 
various relations among characteristic classes. 
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We prove a generalization of (14.17) as an application of Theorem 13.15 
and the previous considerations. Here S is not assumed to be compact and 
the intersection product is in C. 


Theorem 14.3. Let C be a compact singular curve with singularities 
Pi,---;Pr nm a complex surface S. Then we have 


x(C) = -H(C + (Ks +C)) + >> uC, ps), 


i=l 


where u(C,p;) is the Milnor number of C at pj. 


Proof. First note that CN |Ky + C| = C and, since C is compact, 
t(C' + (kg +C)) makes sense (cf. (14.5)). Noting that C is an SLCI defined 
by the canonical section sc of Lo, it suffices to show that (cf. Theo- 
rem 13.15) 


[ce =-{(C+(Ks+C)), (14.18) 


where tc = i* (T'S — Lc) with i: C © S the inclusion. 

We have (C+ (Kg + C))co = (C= ([Ks] + [C]))c in Ho(C). The classes 
[Ks] and [C] are the images of c!(A\”?T*S) = cl(T*S) = —c\(TS) and 
c!(Lg), respectively, by the Poincaré isomorphism P : H?(S) 4 H(S). 
Thus by (14.12), 


—(C+ ([Ks] + [Clo =C nd (TS — Le) =C c(t). 


Taking the images of the both sides by the augmentation ¢, : Ho(C) > Z, 
we have (14.18). 


In the case C’ is connected, the number $ 4(C + (Ks +C)) +1 is referred 
to as the virtual genus of C. 


14.3. Intersection product in singular varieties 
In this section, we let M denote a complex manifold of dimension n. 


Intersection product in a variety 


Let V be a variety of dimension d in M and take a triangulation of M as 
in Section 13.2. We wish to define the intersection product in V, denoted 
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by -+y , so that the following diagram is commutative: 


H?(V) x H4(V) ——> H?+4(V) 


pxp| . [p 


Hy (WV) XHAV) oe Bea oa) 
where P denotes the Poincaré morphism, p+r = 2d and q+ 5 = 2d. 
However, since P is not an isomorphism in general, we may define the 
product only for classes that come naturally from cohomology. 

The situation is similar for localized intersection product. Let Z, and 
Zz be subcomplexes of V and set Z = Z, MZ. We wish to define the 
intersection product in V localized at Z, denoted by ( -y )z, so that the 
following diagram is commutative: 


H?(V,V\ 21) x H4U(V,V\ Z2) —> HP+4(V,V\Z) 


Axa | [4 


: 5 a) 7 
HAZY SHAG years aes Tig), 


where A, A, and Ag denote the Alexander morphisms for Z, Z, and Zo, 
ptr =2d and q+s = 2d. 


Intersection product of subspaces defined by a section 


Let V be a variety of dimension din M. For each j = 1,...,v, let Ey; be 
a holomorphic vector bundle of rank 1; on V. Let sy,; be a holomorphic 
section of Ey,; and Z; the complex space in V defined by sy,;. We assume 
that the support Z; of Z; contains Sing(V). Then we have the localization 
ci (Eyj, 8v,j) in H?4(V,V\Z;) by sv,j, as in Section 13.4. We also have 
the residue TRes,1; (sv,j,Evj;Zj) as the image of c!’(Eyvj,sv.j) by the 
Alexander morphism 


Aj: H?5(V,V\Zj) — Hya-1,)(Z;). 


If dim Z; = d—1,, then TRes., (sv,j, Ev,j;Z;) may be identified with the 
differential geometric residue Res,.; (sv,j, Ev,j; Z;) (ef. (13.36)). Moreover, 
the class of Z; in Hya-1,)(Z;) is equal to TRes,., (sv,j, Ev,j; Z;) (cf. The- 
orem 13.18). 

Let Ey = Ey ®::-@ Ey, be the direct sum and sy the section of Ey 


given by sy = Sy1 @--::@ sy». Let Z be the complex space in V defined 
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by sy. As a complex subspace of V, it is the intersection of the Z,’s. The 


support Z of Z is the zero set of sy and is given by Z = Nar Z;. We 


have the localization c'(By, sy) in H™"(V,V\ Z) by sy, l= S0¥_,1;. We 
also have the residue TRes,: (sy, Ey; Z) as the image of c!(Ey, sy) by the 
Alexander morphism 


A: H#(V,V\Z) — Hoan) (Z). 


If dim Z = d—1, TRes,: (sy, Evy; Z) may be identified with Res.. (sy, Ey; Z). 
Moreover, the class of Z in Hoa (Z) is equal to TRes,: (sy, Ey; Z). 
In view of (14.3), we give the following: 


Definition 14.1. The intersection product of the TRes,., (sv,j, Ev,j; Z)’s 
in V localized at Z is defined by 


(TRes.u (8v,1, v1; 21) sys: ty TResan (svv, Ev; Zv))z 
= TRes,(sv,Ev;Z) in Hyg »(Z). (14.19) 
We have the cup product 
BPa(VVSN Zi) Xo X& (VV NZ) SS BV, VSNZ) 
and we have (cf. Corollary 14.1) 
c? (By, svi) v +++ e’ (Ey,, svv) = ¢ (Ev, sv). 
Thus (14.19) is compatible with the Alexander morphisms A, and A. 
In the case Hy; and sy; are the restriction of the ones E; and s; on 
M, by (14.16), 
TRes 1; (svj; Ey 5; Z;) = (V : TRes 1; (s;, Ej; S5))z, and 
TRes,: (sy, Ey; Z) => (V : TRes,: (s, E; S))z 
so that (14.19) may be written 
(V ‘ TRes,1, (s1, E1351))z, “Voll ty (V : TRes,u, (Sy, Ey; SL))z,)z 
= (V+ TResa(s,E;S))z in Hoca_y(Z). 
Here we recall the identity (14.3). See Propositions 14.15 and 14.16 
below for related identities. 


Coming back to the situation of the beginning of this paragraph, we 
have: 
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Proposition 14.9. In the above situation, we have: 
1. If dim Z; =d—l,, forj =1,...,v, then the intersection product of the 
Z,;’s in V localized at Z is defined and is given by 

(Ziv ty Zy)z = TRese(sy,Ev;Z) in Axa—y(Z). 


2. Moreover, if dim Z =d-—1, 
(Listy ty Z)z=Z in Hya_y(Z). 


Proof. This follows from Theorem 13.18. 


Remark 14.5. If dim Z; = d—1,, for j = 1,...,v, and if Z is compact, 
we may write 
(Zievers ty Z)z=Voc(Ey,sy) in Hya_p(Z). 

Note that, if 1 = d and if Z is compact and connected, then 
TRes,a(sy, Ey; Z) is in Ho(Z) ~ Z and may be regarded as an integer. 

Suppose that dim Z; = d—1,, for j = 1,...,v, and that Z has only a 
finite number of connected components (Z)),. Then the A component of 
(Ziry ame | 2 Zv)Z is given by (Zy Myer eye Zv)Z,r = TRes. (sy, Ey; Zy) 
in H(q_1)(Z) and we have 

SClin(Zreve tv Bars (Zieveny Zz in Aya_y(Z), 


Xr 
(14.20) 


where i, : Z, ~ Z denotes the inclusion. 
Passing from the homologies of the Z;’s and Z to that of V, we define 
the intersection product of the [TRes,., (sv,j,£v,j; Z;)|v’s in V by 
[TRes.u (8v,1, Ev,13 Zi)]v ty ++ ty [TReseu (sv,v, Ev,v; Zv) |v 
= [TRes. (sv, Ev; Z)\v in Hoa—t) (V). 
Since 
[TRes.u (sv, Ey; Z)\v = Py (c(Ev)) =Vn (Ev), 


we have: 
Proposition 14.10. In the above situation, we have: 


1. If dimZ; =d—1,, forj =1,...,v, then the intersection product of the 
[Z;|v ’s in V is defined and is given by 
Zlveve tv [Aly =Vad(By) in Hyan(V). 


2. Moreover, if dim Z =d—1, 
[Zlveve-: tv [Z]v = [Zlv in Hoa—)(V). 
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Intersection product with a subvariety 


Let V’ be a variety of dimension d’ in V with the embedding 1: V’ G V. 
Also let Z be a subcomplex of V and set Z’ = V'M Z. We wish to define 
the intersection product in V with V’, denoted by (V’+) )y, and the 
intersection product in V with V’ localized at Z’, denoted by (V’+y )z:, 
so that the following diagrams are commutative: 


H?(V) ——> Hoa_p(V) H?(V,V\Z) ——> Hoa_p(Z) 
Py ; Av,z ; 
| : (V’ ‘vy we “| : (Vi ey Jagr 
H?(V') —> Hoa _p(V"), BV VS 2) Bog (7): 
Py Ayr gz! 


Subspaces defined by a family of sections 


Let V be a variety of dimension d in M. Also, let Ey be a holomor- 
phic vector bundle of rank J on V, sf) a holomorphic r-section of Ey and 


Z the complex space in V defined by 3), We assume that the support 


Z of Z contains Sing(V). Then we have the localization c1(Ey, 8) in 
H?4(V,V\Z), q=l—r +1, and the associated residue TRes¢a (s, Ey;Z) 
in Hoa—q)(Z ) as its image by the Alexander morphism 

H?4(V,V\Z) —> Hoa_q)(Z). 

Let V’ be a subvariety of V of dimension d’ and set Ey, = Ey|y and 
s) a sly. Let Z’ be the complex space in V’ defined by sf"). Asa 
complex subspace of V, it is the intersection of V’ and Z and the support 2’ 
of Z’ is given by Z’ = V’NZ. We assume that Z’ contains Sing(V’). Then 
we have the topological localization cl(By:,s")) in H74(V’,V’\ Z’) and 
the topological residue TRes,a (sv) , Evy; Z') as its image by the Alexander 
morphism 

HPV, VN Z!) — Hua) (Z’)- 

In view of (14.16), we give the following: 


Definition 14.2. The intersection pruduct of V’ and TRes¢a (s, Ey;Z) 

in V localized at Z’ is defined by 

(V’ *V TRescea (s?), Ev; Z)) gz = TRes¢a (s), Ew; Z') in Hoa —q)(Z'). 
(14.21) 


Proposition 14.11. Definitions 14.1 and 14.2 are compatible in the case 
the both make sense. 
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Proof. Suppose there exist a holomorphic vector bundle F' of rank k’ = 
d—d' on V and a holomorphic section t of F such that V’ is defined by t. 
We assume V’ contains Sing(V). Then we have the localization c’ (F,t) in 
H?*'(V,V\V’) and V’ = TRes,x(t, F;V’) (cf. Theorem 13.18). Also let 
Ey be a holomorphic vector bundle of rank | on V and sy a holomorphic 
section of Ey. Let Z be the complex space in V defined by sy. We 
assume that its support Z containes the singular set Sing(V) of V. We set 
Ey = Ey|y: and sy: = sy|y-. Let Z’ be the complex space in V’ defined 
by sy. The support Z’ of Z’ is given by Z’ = ZN V’. We assume that Z’ 
contains Sing(V’). 

In this situation, we may define (V’ +, TRes,i (sy, Ev; Z))z in two 
ways, i.e., by Definition 14.1 and by Definition 14.2, and we are to show 
that they are the same. 

On the one hand, by Definition 14.2, 


(V' +) TRes.(sy, By; Z))z = TResa (sy, By; Z’) = Ayr.zi(e (Ev, sv). 
On the other hand, by Definition 14.1, the left-hand side is equal to 
(TRes,« (t, FV") «y TRes.u(sv, Ev; Z))z: = TRes,n4:(t sv, FS Ey; Z’), 
which is equal to, by Corollary 14.1, 

Ay,2(c8 *'(F @ By,t ® sy) = Ay.a((c* (F,t) v (Ev, sv). 


Thus the proposition follows from the commutativity of the diagram 


ck (F,t)~( ) Qk! + 1 
H?(V,V\ Z) Sy HF +P (V, VA Z') 


| [ave 


A id y yu 
HOV VIDS a) 


where  : V’ ~& V is the embedding. For this, let y be a cocycle in 
2k" (V,V \V’) representing c*’ (F,t). Then, for a 2d’-simplex s of K, 
Vv 
s* 1 V is a 2k’-chain of KY, and we have (cf. (13.37)): 
1 if scv’, 
(s*0V,9) = gee 
0 otherwise. 
The commutativity is then proved as Proposition 4.10, see also Proposi- 
tion 13.2. 


If Ey and sf) are the restrictions of E and s‘") on M, we have, by 
(14.16), 


TResea(s”, Ey; Z) = (V+ TResea(s”, B;S))z and 
TResoo(s("), Ey; Z’) = (V" + TResea(s"), E; $)) z0 
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so that (14.21) is written (contraction of V) 

(V' + (V+ TResea(s), B; S))z)z = (V! + TResea(s), E; S))z". 
Proposition 14.12. Suppose that Ey and sf) are the restrictions of E 
and s“) on M. Then, if dimS =n—4q, 

(Viv (V-S)z)z =(V'+S)z in Hoag) (Z’). 
Coming back to the situation of the beginning of this paragraph, we 


have: 


Proposition 14.13. In the above situation, we have: 


1. If dim Z = d—q, then the intersection product (V' +y Z)z: in V localized 
at Z' is defined and is given by 


(V’ *V Z)z! = TRes¢a (s?, Ey; Z') in Hoa —q)(Z’)- 
2. Moreover, if dim Z' = d' — q, 
(V' or Z)z' = Z' in Hoa —q) (ZV 


Proof. The statements follow from Theorem 13.18. 


Remark 14.6. If Z’ is compact and if dim Z = d — q, we may write 
(Vi ey Zz =V! A c4(Ey:, sy-) in Hyw—q(Z’). 
Passing from the homology of Z’ to that of V’, we define the intersection 
pruduct of V’ and [TResea(s°”?, Evy; Z)|v in V localized at V’ by 
(Vi +y [TResea(s\?, By; Z)\v)v" 
=[TResea(s¥7), Ey; Zvi in Hayar—q)(V'). (14.22) 
Since 
[TResea(s\), By; Z')yvr = Pyr(cl(By)) =V! 0 cl(By), (14.23) 
we have: 


Proposition 14.14. In the above situation, we have: 


1. If dimZ = d-—4q, then the intersection product (V' sy [Z]v)y in V 
localized at V’ is defined and is given by 


(Vi +y [Zlv)v = Vn c8(Ev) in Haa—q(V’). 
2. Moreover, if dim Z' = d' — q, 
(Vey [Z]v)v =[Z!]ve in: Haar—q)(V’). 
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Distributive property 


For each j = 1,...,v, let E; be a holomorphic vector bundle of rank 1; 
on M and s,; a holomorphic section of Ej, as in Section 14.2. Also, let 
E=E,®::-@E,, 1 = ja and s = s; ®---@8,. We denote by S; 
and S the complex spaces in M defined by s; and s, as before. 

Let V be a variety of dimension din M and set Ey,; = E;j\|v, sv, = sylv, 
Ey = Ely and sy = s|y. We denote by Z; and Z the complex spaces in 
V defined by sy; and sy. The support Z; of Z; is given by Z; =V OS; 
and that of Z by Z=VOS. We assume that each Z; contains Sing(V). 


Proposition 14.15. In the above situation, we have: 


1. If each s;,7 =1,...,v, ands are regular sections, we have 
(V- (S; eage ce S,)s)z 


=(V:Si)z,eve ty Vs SL)z,)z in Hya-1)(Z), 
where the both sides are well-defined under the condition. 


2. Moreover, if dim Z; =d—l,, for each j, then (V+ S;)z, = Z; so that 
(Vis(Si+-:*SL)s)z=(Liev sy Z)z in Hoa_1)(Z). 


Proof. If s; is a regular section, the product (V+S;)z, is equal to 
TRes,.; (sv,j,£v,j; Z;) by Proposition 14.7.1. If, moreover, s is a reg- 
ular section, then (S,+---+S,)s = S by Proposition 14.2. Thus 
(V+ (S,+--++*Si)s)z = (V+ S)z, which is equal to TRes.i (sy, Ey; Z) 
by Proposition 14.7.1. Hence, by Definition 14.1, we have the identity in 
the first statement. The second statement follows from Proposition 14.7.2 
and the first. 


As noted in the proof, (S,+--- + S,)g = S. Also, if dimZ = d-—1, 
(Ziey-::*y Z)z = Z (cf. Proposition 14.9. 2). 

Let furthermore V’ be a subvariety of V of dimension d’ and set Ey’; = 
Ej\w, syig = 83lv", Ey = Ely and sy: = s|y:. We denote by Z; and Z’ 
the complex spaces in V’ defined by sy’; and sy’. The support Zj of Z/ 
is given by 2; = V'N Z; and that of Z’ by Z’ = V'N Z. We assume that 
each Z’ contains Sing(V"). 


Proposition 14.16. In the above situation we have: 
1. If dim Z; =d—1,, for each j, and dimZ=d-—l, 
(Vi ey (Zity + ty Z)z)z" 
= (Vly Zadar yer tye (VW! sy Zy) zs) 2" in Haa_y(Z’), 
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where the both sides are well-defined under the condition. 


2. Moreover, if dim Z;, = d' —1;, for each j, then (V' sy 25) 2! = Zi, so 
that 


(Vi ey (Lieve ty Zz) a = (Zp eye ty Zia an Hyw—p(Z’'). 


Proof. If dimZ; = d—1,, for each j, the product (V’ +y Zj)z! makes 
sense and is equal to TRes.; (sv’.j, Ev’,j; Z;) by Proposition 14.13.1. If, 
moreover, dim Z = d—l, then (Zi «vy --: *-y Z)z = Z by Proposition 14.9. 
Thus the product (V'*y (Ziey ++: *y Z)z)z = (V' *y Z)z makes sense 
and is equal to TRes,u (sy, Ey’; Z’) by Proposition 14.13. 1. Hence, by Def- 
inition 14.1 for the case V is V’, we have the identity in the first statement. 
The second statement follows from Proposition 14.13. 2 and the first. 


As noted in the proof, (Zi *y--: *y Z)z = Z. Also, if dim Z’ = d’ —1, 
(Zh eyress ty, ZL) zg = Z" (cf. Proposition 14.9. 2). 


Intersection product of divisors 


Meromorphic functions and divisors on singular varieties are defined as in 
the case of complex manifolds with a little modification (cf. Section 11.6). 

First, let V be a non-empty germ of a variety at 0 in C” and V = 
U;_, V(p:) the irreducible decomposition with p; prime ideals in @ = @,,. 
Thus V = V(J), I = (\j_, pi (cf. Section 2.3). The quotient Oy = @/I 
is the ring of germs of holomorphic functions on V (cf. Section 11.5). The 
set S = (\;_,(@\ pi) = O\ Ui, pi is mutiplicative in @ and its im- 
age S” in Gy is multiplicative in Gy (cf. Section A.2). The fraction ring 
My = (S')~1Gy is the ring of germs of meromorphic functions on V. It is 
canonically isomorphic with S~'@/I-S~!@ (cf. Proposition A.21). Thus 
every meromorphic function germ on V is represented by a germ of the 
form f/g with f ¢ G and g € S. Note that S’ does not contain any zero 
divisor in Gy so that @y naturally contains Oy. 

Next, let V be a variety of dimension d in a complex manifold M. If we 
let Ay be the ideal sheaf of V, Gy = i-'(@/-4%) is the sheaf of germs of 
holomorphic functions on V, where @ = Gy andi: V © M is the inclusion 
(cf. Section 11.5). Note that, for an open set W in V and an open set U 
in M with W Cc U, there is a canonical morphism ['(U; @) > I'(W; Gv). 
For f in I'(U; @), we denote by [f] its image in [(W;@y). We define 
the sheaf @y of germs of meromorphic functions on V as in the case of 
complex manifolds, relpacing @ with Oy. For each point z in V, “yz 
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is isomorphic with the ring of germs of meromorphic functions defined as 
above, i.e., if we define S, in @, and S! in Oy, = @,/4%y,, as above, then 
My x ~ (9), = S.C.) (Pus . 6, Ox) 

A meromorphic function y on an open set W in V is a section of Ay on 
W. Taking a suitable open set U in M with W = UNV, such a function is 
represented by a system {(Uq, f%,g%)}, where {U,} is a covering of U and 
f®, g® are holomorphic functions on U, such that the germ g$ at z is in S, 
for all z in Wa = U,NV, the germs f$ and g are relatively prime for all z 
in U, and that [f]- [g?] = [f°] - [g*] in Wan We. We write w = [f°]/[g%] 
on Wy. A pole of yp is a zero of [g°] for some a. 

Denoting by 07, and MM, the sets of invertible elements in Gy and 
My, respectively, we define the sheaf ivy of Cartier divisors on V by a 
sequence as (11.17). A Cartier divisor on V is then defined to be a section 
of Zivy on V. A Cartier divisor D is represented by a system {(Wa, v%)}, 
where {W,} is an open covering of V, 7#® is in '(W.;-4@;), for each a, 
and W/W? is in D(Wa M Wg; 6%), for each pair (a, 8). Associated with D 
is a line bundle Lp on V together with a natural meromorphic section sp. 
The bundle Lp is defined by the system of transition functions {y°/w*} 
and the section sp is represented by the collection {7°}. 

A Weil divisor on V is a locally finite formal sum 57 mV’ of varieties 
V/ of codimension one in V with integral coefficients m;. For a Weil divisor 
DW = > miV/, we define its support by |DW| = UV/. 


Definition 14.3. For a non-zero Weil divisor DW = )> m;V/, we define its 
homology class by [DW] = S> m,[V/] in Hoa—2(V;Z) or by DW = S>m,[V,] 
in Hog_2(|D™ |, Z). 


We would like to show that a Cartier divisor naturally defines a Weil 
divisor. Since the notion of the order of a meromorphic function along 
a subvariety of codimension one is not defined as easily as in the case of 
complex manifolds, we proceed as follows. Thus let D be a non-zero Cartier 
divisor. The set of zeros and poles of sp is a variety of codimension one in 
V (cf. Theorem 2.11), which we denote by |D| and call the support of D. 

In the following we always asssume that |D]| contains Sing(V). Then 
we have the topological and differential geometric localizations of c!(Lp) 
by sp and the associated residues TRes,1(sp, Lp;|D|) in Hoa—1)(|D|;Z) 
and Res,1(sp, Lp;|D]) in Ho a1) (|DI; C) as their images by the Alexander 
morphism 


H?(V,V\|D|) > Hy4-1)(|D))- 
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If we let |D| = UV; be the irreducible decomposition, each V; defines a 
class [V;’] in Hoa—1)(|D}) and it is the free Abelian group generated by 
the [V;]’s. Thus we may identify the two residues; TRes,1(sp, Lp;|D]) = 
Res,1 (Sp, Lp; |D]). 

Let p; be a non-singular point of V/ U; Hi V; and D; a complex 
slice of V/ in M at p;, as in Section 13.5. The intersection D; NV is a 
one-dimensional variety in D;. The section s; = sp|p,av of Lj = Lp 


D;NV 
is non-vanishing away from p; so that we have the residues TRes,1 (s;, L;; p;) 
and Res,1(s;, £;;p;), both of which may be thought of as the same integer. 


Definition 14.4. The order of sp along Vj is defined by 
ordy(sp) = TResei (si, Li; pi). 


Note that the definition does not depend on the choice of the point p; 
as above. We then make the following: 


Definition 14.5. We define the Weil divisor associated with D to be the 
locally finite formal sum >? ordy;(sp) - V/. 


The support of the Weil divisor defined by a Cartier divisor D coincides 
with |D|. Unlike the case of complex manifolds, a Weil divisor does not 
define a Cartier divisor in general (cf. Example 14.4 below). 

For a non-zero Cartier divisor D, the statement as in Theorem 13.9 
holds as well: 


TRes.i(sp,Lp;|D|) = }_ TResei(si,Lispi)-(V/] im) Ha(a—1)(|D)). 


Thus we have: 


Theorem 14.4. Let D be a Cartier divisor on V. Then the class in 
Hoa-1)(|D|;Z) of the Weil divisor DW associated with D is equal to 
TRes.1(sp, Lp;|D|), which may be identified with Res.1(sp, Lp;|D|). Thus 
the class c!(Lp, sp) is sent to the class D“ by the Alexander morphism 


HOLY, V\|D|;Z) — Ho (a1) (|D|;Z). 


In particular, the class [DW] in Hoa (V3 Z) is the image of c!(Lp) in 
H?(V;Z) by the Poincaré morphism. 

We say that a Weil divisor DW = > m;Vj is effective if m; > 0 for 
all i. Also, a Cartier divisor D is effective if its associated Weil divisor is 
effective. This is equivalent to saying that the natural section sp of the 
associated bundle Lp is holomorphic. 
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If D is a non-zero effective Cartier divisor, sp defines a complex space 
of dimension d — 1 in V whose support is |D|. In this case, the order 
ordy/(sp) in Definition 14.4 of sp along V/ coincides with the multipicity 
m, in Definiton 13.5 of V/ in the complex space. Thus the homology class 
of the associated Weil divisor DW coincides with that of the complex space 
(cf. Definitions 13.6, 14.3 and 14.5) so that Theorem 14.4 is a special case 
of Theorem 13.18, where r= 1 andq=/=1. 


The divisors we consider in the following are assumed to be non-zero. 
For a Cartier divisor D, we denote the associated Weil divisor also by D to 
avoid heavy notation. 

Let D,,...,D, be Cartier divisors on V and set Ey = Lp, ®-::-@Lp,, 
sy = 8p, ®--: ® sp, and Z = [)j_,|D,|. We assume that each |Dj| 
contains Sing(V). As sy is a non-vanishing holomorphic section of Ey away 
from Z, we have the topological localization c’(Ey,sy) in H?”’(V,V\ Z) 
and the associated residue TRes.. (sy, Ey; Z) in Hoa—v)(Z). In view of 
Definition 14.1 and Theorem 14.4, we make the following 


Definition 14.6. The intersection product of (the classes of the Weil di- 
visors associated with) the D,’s in V localized at Z is defined by 


(Diy +++ ty Dy)z = TResev(sv,Ev;Z) in Hea_r)(Z). 


In the case the D,’s are effective, the above is compatible with Proposi- 
tion 14.9.1. If dim Z = d— v, then TRes.. (sy, Ev; Z) is equal to the class 
of the complex space Z defined by sy in V (cf. Theorem 13.18). 

If Z is compact, we may write (cf. Remark 14.5) 


(Disy:+ ty Dy)z=Voe'(Evy,sv) in Haa_yy(Z). 


In particular, if vy = d and if Z is compact, (Di -y--: -y Dy)z is in 
Ho(Z) and we define the intersection number of the D,’s by 


i(Disry +++ ty Da) = &s((Diry-+> sy Da)z), (14.24) 
where ¢, : Ho(Z) > Z is the augmentation. 
In the global situation, we have (cf. Proposition 14.10. 1) 
[Dilveve- ty [Div =V oc’ (Ev) in Hoa_v)(V), 


where c’(Ey) = cl(Lp,) v ---~ cl(Lp,). In particular, if v = d and if V is 
compact, we may define the intersection number {([Di]v -y--- ¢v [Dalv), 
which coincides with the one in (14.24). 
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Note that the above product makes sense, if one of the divisors is only 
Weil. Indeed, suppose D; = 5>m;V/ is Weil and the others are Cartier. 
We set Ey = Lp, ® ---@Lp,, sy = SDz B---® SD, and Z* = Nj=2 |D,|. 
Then the product (Dg +y--: +y D,)z« is defined and is given by (cf. Defi- 
nition 14.6) 


(Dz+y +++ *y Dy)z» = TRese-1(st, BY; Z") in Haya _v41)(Z*). 


Thus (V/ +) (Doey +++ *y Dy) z*)vinzs is defined in Hyg_,)(V/ 9 Z*) and 
is equal to TReswv-1 (sly), Ey lys; Vi 9 Z*) by Definition 14.2, for each 7. 


Definition 14.7. Let D; = S> mV; be a Weil divisor and D2,...,D, 
Cartier divisors on V. The intersection product of D,,...,D, in V localized 
at Z =();_, |D;| is defined by 


(Diese De arse SAD 
= Som: (i)e(Vi vv (Daeve ty Dy)zx)vinge in Heavy (Z), 
where Z* = (];_9|D;| and 7: : VM Z* — Z is the inclusion. 


Remark 14.7. In the case D, is Cartier and m,V; is the associated 
Weil divisor, the above definition coincides with the one in Definition 14.6 
(cf. Proposition 14.11). 


In particular, if vy = d and if Z is compact, we may define the intersection 
number {(Di *y ++: *y Da) as in (14.24). 
Letting D,, Do,...,D., Z, Z*, Ey, and sj}, be as above, we have: 


Proposition 14.17. If Z is compact and if dim Z* =d—v+1, we may 
write 


(Diey Dory ty Dy)g = Dine’ (Evin, 8vlipy) in Aaya) (Z), 
where D, denotes the relative class of Dy in Hxq—1)(\D1|,|Dil\ Z). 


Proof. Since V/M Z* is compact and dim Z* = d—v +41, we may write 
(cf. Remark 14.6) 


(Vi ty (Daty-+: ty Di) a )vings = Vii 3 (Ev lve sylvy)- 


Denoting by 4% : V/ > |Dj| the inclusion, we have c’~"(E¥|v, sylv/) = 
(1:)*e”* (B¥|\p,1, 8 l|D,|)- Thus 


(gi)a(Vi ty (Dory oy Dy) z+ )ving* = (21)eVj. oR (Ev lvy, svlvy): 
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Passing from the homology of Z to that of |D,|, from (14.22) with Z* 
as Z and (14.23), 


(D, °V [D2 as comme 1 Dy|v)\p,| 
=D, nc \(EFlp,)) in Haavy(|Dil). (14.25) 


In the above situation, we have a formula as (14.20) and we have: 


Theorem 14.5. Let V be a variety of dimension d and let Dy,...,Da be 
divisors, that are Cartier (possibly except for one) on V. If Z = em |D,| 
consists of a finite number of isolated points, we have 


So(Di tyctt ty Da)p = HDi ty +++ ty Da), 
pEZ 


where (Di *y-+-- *y Da)p is the intersection number at p. 


In some cases we may express the intersection number at a point 
explicitly. 

Thus let V be a variety of pure dimension d in a neighborhood U of 
0 in C” possibly with an isolated singularity at 0. Let D,,...,Dq be ef 
fective Cartier divisors on V. Suppose (4 |D;| = {0} so that we have 
the intersection product (Di +y--: *y Da)o in Ho({0}) ~ Z. If U is suffi- 
ciently small, each D; is defined by the restriction of a holomorphic func- 
tion f; on U. Note that V(fi,..., fa) QV = {0}. By Definition 14.6, 
(D1 +y--+ *y Da)o has various expressions as given in Section 13.6. Namely, 
we have a topological expression as in Theorem 13.10. Also, by Theo- 
rem 13.11, we have 


(Dy ey vy Dao = Reso [VU Me) a4.) 
Vv 


fis--+3 fa 


Moreover, if V is a complete intersection defined by hy,...,h, in U, by 
Theorem 13.12, we have 


(Dy bea V gees *v Da)o = dim @,,/(fi,.--, fa, hi,..-, he). 


In the case Dy = )> m;V/ is a Weil divisor, we have expressions as above 
on the V,’s. For example, 


(D, ies | as Da)o = Sm; Reso | 


dfg\-++Adfa 
Faae |. (14.27) 
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Multiplicity at a point 


Let U be a neighborhood of 0 in C” and V a variety of dimension d in U 
which contains 0. 

The tangent cone Co(V) of V at 0 is the complex space in U defined 
by the ideal sheaf generated by the leading homogeneous polynomials of 
germs in the ideal of V at 0. It is known that its support Co(V) has the 
same dimension as V. 


Example 14.2. 1. Let V be the variety in C? = {(z1,22)} defined by 
2? — 23 = 0 (cf. Example 2.3.2). Then Co(V) is the complex space defined 
by the ideal (z3) (a “double line”). 


2. Let V be the variety in C? = {(21, 22, 23)} defined by 2122 — 2? = 0 
(cf. Exercise 11.11). Then Co(V) is V itself. 


3. Let V be the variety in C? = {(z1, 22, 23)} defined by 2123 — 23? = 0 
(cf. Example 2.3.3). Then Co(V) is the complex space defined by the ideal 
(z3) (a “double plane”). 


A hyperplane H through 0 is a variety of dimension n — 1 in U defined 
by a linear function @. We may think of H as the complex space defined 
by a section sz of the (trivial) line bundle Ly and ¢ the component of sz 
with respect to some frame of Ly. Note that sz is a regular section. 

Let {M,,...,H;} be a collection of hyperplanes, 1 < i < d. We say 
that it is excellent for V if dimCo(V)N Hi N---N H; = d-—i. In this case, 
SH, ®-::@ SH, is a regular section of Ly, 6--- @ Ly,. 

If {M,..., Ha} is excellent for V, then VN. AiN---NHa = {0}. Thus we 
have the localized intersection product (V +H, + --- + Ha)o in Ho({0};Z) = 
Z, the identification being made by the augmentation, and we may think 
of it as a positive integer. 


Definition 14.8. The multiplicity of V at 0 is defined by 
m(V,0) =(V* H+ --» + Ha)o, 
where {H,..., Ha} is a collection of d hyperplanes excellent for V. 


In the above situation, we set FE = Ly, ®::-@OLyH,, 8 = SH, O-:: OSH, 
and S = H,M---M Hg. Then s is a regular section of & with zero set 
S. We set Ey = Ely and sy = sly. Let Z be the complex space in V 
defined by sy. The support of Z is {0} and Z defines a class (a number) 
in Ho({0};Z) = Ho({0}; Z) = Z, which is also denoted by Z. 
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Proposition 14.18. We have 
m(V,0) = TRes,«(sv, Ev;0), 
which is equal to Z. 
Proof. We have 
m(V,0) = (V+ (+--+ + Ha)s)o- 


Noting that the complex space defined by s is reduced, we have, from 
Proposition 14.2.2, (H,+---+Ha)g = S. The proposition follows from 
Proposition 14.7. 


From Theorems 13.11 and 13.12, we have: 


Corollary 14.2. In the above situation, suppose 0 is an isolated singularity 
of V. Let £; be a defining linear function of H;,i=1,...,d. Then we have 


m(V,0) = Reso fe ee | ' 
V 


ee © 


Moreover, if V is a CI defined by hy,..., hey, k =n—d, it may also be 
expressed as 


m(V, 0) = dime @n/(hi,..., he, £15-+-, la): 


Example 14.3. Let V be a hypersurface in U defined by f. Let m be the 
order of f at 0 (cf. Definition 1.10). By a suitable change of coordinates, 
we may assume that the order of f in z, is m (cf. Lemma 1.2). If we let H; 
be the hyperplane defined by z;, 1 = 1,...,n—1, then {H1,...,H,_1} is 
excellent for V and we see that (V+ H, +--+ + Hy_1)o is the m-fold point 
in the z,-plane (cf. Example 11.7). Thus m(V,0) =m. 

For example, if V is as in 1, 2 or 3 of Example 14.2, m(V,0) = 2. 


Here is another expression of the multiplicity at a point. 

The projective cone PCo(V) of V at 0 is the complex space in P”~+ 
defined by the homogeneous polynomials defining Co(V). Let s : U > U be 
the blowing up of U at 0 and D the exceptional divisor, which is biholomor- 
phic with P”~!. Let V denote the proper transform of V (cf. Section 11.6). 


Lemma 14.2. The intersection E of V and D as a complex subspace of U 
is the projective cone PCo(V). 
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Proof. Let U, be the coordinate neighborhood in U with coordinates 


(Za41,6¢,---,€2_,) as in the construction of the blowing-up in Section 11.6. 
Let f be a defining function of V. Let p be the order of f at 0 and 
write f(z) = Js, f(z), where f,(z) is homogeneous of degree v in 


z= (21,...,2n). The function f appearing in (11.20) is written 


f asivel vim se a) Ful ss Re sige a) ea 


v>p 


The intersection of V and D is defined by the ideal generated by the - ’s 
and 241. Thus it is generated by the fp(Efy5..5€0, 1.62074 001568 -4)'8 
and Zq41- 


In general, let X be a complex space of dimension d in P”. If we denote 
by Ly the hyperplane bundle on P”, the class [X] ~ c!(L7,)¢ is in Ho(P"). 


Definition 14.9. The degree of X is defined by 
deg X = e,([X] ~c'(Lu)*), 
where ¢, : Ho(P") > Z denotes the augmentation. 


Let {H1,...,Ha} be a collection of d hyperplanes in P”. We say that 
it is in general position, or general for short, with respect to X if Z = 
XMH,M---N Ha consits of (a finite number of) isolated points. In this 
case, we have the intersection product (X *H,:+--- + Ha)z in Ho(Z). 


Proposition 14.19. If (Hi,...,Ha) is general with respect to X, 
deg X = e,((X+Hy+ +++ + Ha)z), 
where €, : Ho(Z) > Z denotes the augmentation. 
Proof. By a repeated use of (4.32), we have 
[X] ~ ol(Lay)* = [X] + [Hl] <= [, 


which is equal to [X]+[Hi]---- + [Ha] in Ho(P”). If we let 1: Zo P” 
be the inclusion, we have v,((X *H1+ -:- *Ha)z) = [X]°[Hi]> --- * [Ha 
(cf. Proposition 4.12). The proposition follows from the fact that tha aug- 


mentations are compatible with v,. 


Proposition 14.20. We have: 
m(V,0) = deg PCo(V). 
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Proof. Let 7: U + U be the blowing up of U at 0 and D the excep- 
tional divisor, which is biholomorphic with P”~! (cf. Section 11.6). Let 
{Hi,...,Ha} be a collection of d hyperplanes through 0 excellent for V. 
Let V denote the proper transform of V and Hi; that of H; for each 7. The 
intersection E of V and D as a complex subspace of U is the projective 
cone PC,(V) (cf. Lemma 14.2). By Proposition 14.7, (V+ D)g = E. Also 
the intersection H; of H; and Dasa complex subspace of U isa hyperplane 
in D=P"~! and (D> Hi)y, = Hi. 

Noting that Z = VN, N---0Ag_1A(HgUD) = ENH,N---nAg_1 
consists of a finite number of points, we consider the intersection product 
(Vs Hy+ +++ + Ha-1+ (Ha + D))z in Ho(Z). . : ‘ 

On the one hand, it is equal to the product (V+ D+ H+ --- » Ha-1)z = 
(E+ H+ +--+ Ha_1)z, which is equal to (E+p Hi+p-:: *pHa-1)z by a 
repeated use of Proposition 14.13 or Proposition 14.15. It is mapped to 
deg E by the augmentation ¢, : Hp(Z) — Z. 

On the other hand, W = (V+ Ay: ::: > Ha) y is the proper trans- 
form of W = (V+ AHy-+--- + Ha_-i)w. We have, since Z is compact (cf. 
Remark 14.4. 1), 


(W + (Hat D))z =We' (La, pnlw*slw)) 
=W-o*e'(Ly,|w,slw); 


which is sent to W ~c!(Ly,|w,slw) =(V° A+ +++ + Ha-1* Ha)o by mx, 
where aw is the restriction of 7 to W. 


Remark 14.8. The independence of m(V,0) of the choice of a collection 
of hyperplanes excellent for V in Definition 14.8 can also be seen from the 
above proposition. 


We finish this section by giving some remarks on the multiplicity at a 
point. Let U and V be as above. 


Lemma 14.3. Let P be a non-singular hypersurface (through 0) inU. Sup- 
pose P intersects transversely with Vreg near 0 and set V’ =V MP, then 


m(V’,0) = m(V, 0). 


Proof. Since P is non-singular, by a suitable change of coordinates, we 
may assume that P is a hyperplane. Note that dimV’ = d— 1 (cf. Theo- 
rem 2.11). If {Ho,..., Hu} is a collection of hyperplanes excellent for V’, 
then {P, H2,..., Ha} is a collection of hyperplanes excellent for V. We have 


m(V",0) = (V’ ° Ay Pa7eiee se Ha)o. 
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On the other hand, from the assuptions we have V’ = (V + P)y- (cf. Propo- 
sition 14.7). 


Let V be a variety of dimension d in a neighborhood U of 0 in C” 
containing 0. Let {H,,..., Hq} be a collection of hyperplanes in U excellent 
for V. Let EH = Ly, ®-:-PLy, and s = sy, ®---G syx,. For each i, let 
G; denote the intersection of V and H; as a complex space in U. We may 
think of it as the complex space in V defined by the section s77,|v of Ly, 
If we denote by G; the support of G;, by Proposition 14.15. 1, 


m(V,0) =((V+ Mija, tvs ty V+ Ha)aa)o- 
Since dimG; =d—-1, (V- H;)g, = G; so that (cf. Proposition 14.15. 2) 
m(V,0) = (Gi ty ++ ty Ga)o. 


Let V’ be a subvariety of V containing 0. Let {Ho,..., Ha} be a collec- 
tion of hyperplanes excellent for V’ and V and let G', be the intersection of 
V’ and H; as a complex space. Denoting by G’, the support of G/,, we have 


m(V",0) = ((V' + Ha)ay tyr +++ ty (V+ Ha)ar,)o- 
We have (V'+ Hi)g, = Gi = (V' +y Gi)c,. Thus by Proposition 14.16, 
m(V’,0) = (V' +y Gary: ty Ga)o- 


Vv: 


Lemma 14.3 can also be seen from the above arguments. 


14.4 Intersection product in singular surfaces 


In this section, we apply the considerations in the previous sections to the 
case of singular surfaces. A curve or a surface means a variety of pure 
dimension one or two, respectively. 

Let V be a (possibly singular) surface in a complex manifold M. Let 
D be a Cartier divisor on V and denote by Lp the associated line bundle 
on V. The bundle Lp admits a natural meromorphic section sp and its 
first Chern class c!(Lp) is localized at the support |D| of D by sp. The 
localized class c'(Lp,sp) is in H?(V,V~\|D|). We have the associated 
residue TRes,1(sp,Lp;|D|) as the image of c!(Lp,sp) by the Alexander 
morphism 


H?(V,V\|D|) — Ha(|D)). 


By Theorem 14.4, the class of the Weil divisor associated with D is equal 
to TRes.1 (sp, Lp;|D|), which may be identified with Res. (sp, Lp; |D)). 
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Let D, and Dz be divisors on V. As we have seen in the previous 
section, we may define the intersection product (D;+y D2)z in Ho(Z), 
Z = |D\|N|Dol, if at least one of them is Cartier. If Dp is Cartier, the 
image of (D, + D2)z by the canonical morphism Ho(Z) — Ho(|Dj]) is 
given by (cf. (14.25)) 


(Di +y [Dalv)\p,| = Di ~ ¢* (Lp.I)0,))- (14.28) 
It is further sent to [Di]y -y [Daly = [Dijv -~ c!(Lp,) by Ho(|D1|) > 
H(V). 
If Z is compact, we have (cf. Proposition 14.17) 
(Dity D2)z =Di~c'(Lp,|\p,;8Del|p:|) im Ho(Z), (14.29) 


where D, is the class of D; in Ho(|D;|,|Di|\.Z). In this case, we have the 
intersection number {(D, +y Dz) as defined in (14.24). In particular, if Z 
consists of a finite number of isolated points, we have (Theorem 14.5) 


So (Div D2)p = H(Di +v D2). 
pEZ 
If V has an isolated singularity at p and if D, and D» are Cartier the 
intersection number at p is given, for example (cf. (14.26)), by 
df, | 
fi fo V 
If Di = > mV; is Weil, we have (cf. (14.27)) 


(D, °V D2)p = Som; Res, a . 
2 Vv; 


If D is a Cartier divisor with compact support in V, then Z = |D| and 
(cf. (14.28)) 


(Di *y D2)p = Resp | 


t(D sy D) =e.(D ~e(Lp|jp))), (14.30) 


where ¢€, : Ho(|D|) > Z denotes the augmentation. It is referred to as the 
self-intersection number of D. 


Effect of blowing-up 


Let U be a neighborhood of 0 in C” and V a surface in U containing 0. 
Let 7: U + U be the blowing-up of U at 0, D = 1~1(0) the exceptional 
divisor, which may be thought of as P"~!, V the proper transform of V. 
The intersection E of V and D as a complex subspace of U is the projective 
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cone PCo(V) (cf. Lemma 14.2). By Proposition 14.7, (V+ D)z = E. The 
complex space E is considered as a Cartier divisor on V. 

Let C be a curve through 0 in V. The proper transform C of Cisa 
curve in V and Z = C/N E consists of a finite number of points so that we 


have (C +, E)z in Ho(Z). 


Lemma 14.4. We have 
m(C,0) = #(C ‘> E). 


Proof. Let H be a hyperplane through 0, excellent for C and V, and H 
the proper transform of H. Noting that Z = CN(HUD) =CND=CNnE 
consists of a finite number of points, we consider the intersection product 
(C+(H+D))z in Ho(Z). On the one hand, by Proposition 14.12, it is 
equal to (C+ D)z = (C +; E)z. On the other hand we have, since Z is 
compact (cf. Remark 14.4.1), 
(C-(H+D))z (Laypvle.™’sle)) 

*c'(Luulc,sle), 

which is sent to C ~ cl(Ly|c,sl|c) = (C+ H)o by m., where w is the 
restriction of 7 to C. 


=Crc! 
=Cnq 


Let p: V > V denote the restriction of 7. For a curve C in V through 
0, the analytic inverse image p*C' may be thought of as a divisor on V. In 
particular, if C' is Cartier, so is p*C. 


Lemma 14.5. If C is Cartier, the multiplicity m(C,0) is divisible by 
m(V,0) and if we set m(C,V;0) = m(C,0)/m(V,0), we have 
pC =C4+m(C,V;0)E. 


Proof. Since C is Cartier, we may write p*C = C +kE for some integer 
k. Let H be a hyperplane through 0, excellent for C' and V. Let G be the 
intersection of V and H as complex subspace of M. We have (V+ H)g =G. 
Also let G be the intersection of V and H as complex subspace of M. We 
have (V+ H)g = G. We set Z = Gn|p*C|, which consists of a finite number 


of points and compute (G+; p*C)z in two ways. On the one hand, since 
GNC =, we have 


On the other hand, 

(G+y p*C)z =G~ p*c'(Le,8), 
which is sent to G ~ cl(Lo,s) = (Gey C)o = m(C,0) 
proof of Proposition 14.20, m(V,0) = t(# + H) =t(E 


px. As in the 
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Theorem 14.6. Let p: V > V be the restriction of m as above. Let Cy 
and Cy be curves in V. Suppose Cy M C2 = {0} and C2 is Cartier. Then 


(CievC2)o= So (Cr ey C2)q +m(C1,0) - m(C2, V;0). 
qep—*(0) 


Proof. Noting that Z = CN |p*Co| consists of a finite number of points, 
we consider the product (C; +; p*C2)z. On the one hand, by Lemmas 14.4 
and 14.5, it is equal to 


(C, °Y (Cy + m(Co, V;p)E))z => (CG, ‘Vv C2)z + m(C2,V;0)(Cy “Vy E)z, 


where (C; +; E)z is mapped to m(C,0) by e,. On the other hand, it 
is equal to Cy ~ p*c!(Loy|c,,8cz|c,) (ef. (14.29)), which is mapped to 
CL oS c! (Legler; 8c2/C1) i (Ci °vV C2)o by Px- 


We give the following expression for the multiplicity: 
Proposition 14.21. 
m(V,0) = —$(B +; BE). 


Proof. We have f(E +; E) =¢,.(E ~ c'(Le|z)) (cf. (14.30)). Consider 
the commutative diagram of inclusions 


B3p 


‘| 
VU. 
We have Le|z = 7*(1)*Lp = (j)*t*Lp. Recall o*Lp = —Ly, negative of 
the hyperplane bundle on D = P”~!. Since we may write Ly = o*La, 
Lele = —(j)**Lg = —7*(i)*L_ = —7*Le, we have E ~ c'(Lglz) = 
—E ~c'(Le|z). 


If C, and Cy are two Cartier curves such that C; 7 Cz = {0}, then 
|p*C1| O |p*C2| = E, which is compact. We compute, using Lemmas 14.4 
and 14.5 and Proposition 14.21, 


(Ci sy C2)o = H(p" C1 +y p* C2). (14.31) 
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Intersection product of Weil curves 


Let V be a surface in a complex manifold M. Let C, and Cy be two 
(distinct) curves in V. If at least one of them is Cartier, We have the local 
and global intersection numbers of C, and C3. If C; and Cg are only Weil 
curves, we proceed as follows. 

Let p be a point in V. Let z, : M — M be the blowing-up at p and 
Pp: V — V the restriction of Tp, Where V is the proper transform of V 
under 7,. Let C' be a curve on V through p and C the proper transform of 
C under 7p. 


Definition 14.10. The total transform of C under p, is defined by 


* Ay m(C, p) 
If C is Cartier, this coincides with the inverse image p;,C' by Lemma 14.5. 
In general m(C, p)/m(V, p) is a rational number and ;C is different from 
ppc. 
Let Ci and C2 be curves on V through p such that they intersect only 
at p near p. If either C, or C2 is Cartier, we may define the intersection 
number by 


m(C1,p) -m(C2,p) 


(Cy +y Co)p = ye (Cy avg C2)q mae) ; 


qep—'(p) 


(14.32) 


which reduces to the formula in Theorem 14.6, if either C, or C2 is Cartier. 
By Lemma 14.4 and Proposition 14.21, we may write 


(Ci +y Ca)p = H(05C1 +7 pC2), 


which reduces to (14.31), if both Cy and C2 are Cartier. 

If both Gi and Cs are not Cartier, we define the intersection number 
by recursion of (14.32). 

Note that, if either one of C, and C2 is not Cartier at p, (Ci +y C2)» is 
only a rational number, in general, for m(V,p) might not divide m(C, p) - 
m(C, p). 


In the global situation, if CM C> consists of a finite number of isolated 
points, we define by recursion 


H(CrsvC2)= SY) (CiryCr)p. 


pECiNCe2 
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More generally, if Z = C, 1 C2 is compact, we define 
H(C1 +y C2) = A(p5C1 mig PyC2)- 


In particular, the self-intersection number of a compact curve C’ in V is 
given by 


I(C +y C) = Hope +7 pC). 


Remark 14.9. 1. In the above, we need not to resolve the singularities 
of V, we only need to take blowing-ups sufficiently many times so that the 
curve becomes Cartier. 


2. Intersections of Weil divisors are defined by extending the above linearly. 


Example 14.4. Let V be defined by 2122 — 23 = 0 in C® = {(21, 22, z3)} 
(cf. Exercise 11.11). Let C, and C2 be curves in V defined by 2; = z3 = 0 
and z2 = z3 = 0, respectively. Then Cy and C2 are Weil curves (only 
C, UCs is Cartier). Since m(V,0) = 2, m(C1,0) = m(C2,0) = 1, and C, 
and C are disjoint, we compute 


Ci Ciro eee ee =o4 tad 


14.5 Excess intersections 


Let M be a complex manifold of dimension n and EF a holomorphic vector 
bundle of rank | on M. Also let s be a holomorphic section of EF and S$ 
the zero set of s. In this situation, we have the residues TRes,:(s, E; S) 
in Ho(n—1)(S;Z) and Res, (s, £; S') in Hon—1)(S; C). The complex space S$ 
defined by s has S$ as its support. Recall that dim S > n— 1, where the 
equality holds if and only if s is a regular section. In the case dim S = n—1, 
we may define the homology class of S, denoted also by S, in Hon (S :Z) 
(cf. Definition 12.6) and we have (cf. Theorem 12.9) 


S = TRes,.(s, £; S), 


which may also be identified with Res,.(s, E; S). 

Now we consider the case dim S > n—1l. Suppose there exists a subbun- 
dle E’ of rank l’ = n—dim S of E such that s is asection of EL’. Then we may 
define the class of S' in Hon) (S; Z) and we have S = TRes, (s, E’; S). 
Let E” denote the quotient bundle E/E’, which is of rank I’ =1—-I'. 
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From Proposition 5.10 (see also Corollary 10.2), we have: 
Theorem 14.7. In the above situation, we have: 
TRes.i(s,£;S)=S ic (E") in Hon_y(S), 
where i: S << M denotes the inclusion. 


Let EF, s and S be as in the beginning of this section. Let V be a variety 
of dimension din M and set Ey = Ely and sy = sly. Let Z be the complex 
space in V defined by sy. Its support Z is given by Z = VMS. Suppose s 
is a regular section so that dim S = n— J. Then, by Proposition 14.7.1, 


(V+ S)z=TResa(sy,Ev;:Z) in Hoa (Z). (14.33) 


In general, dimZ > d—I by Theorem 2.11. If dimZ = d—1l, we 
may define the homology class of Z (cf. Definition 13.6) and we have Z = 
TRes.i (sy, Ey; Z) so that (cf. Proposition 14.7. 2) 


es) ez 


Now we consider the case dim Z > d—I, which means that s vanishes on 
V “more than expected” so that V and S intersect in a dimension higher 
than expected. Suppose there exists a subbundle E1, of rank I’ = d—dim Z 
of Ey such that sy is a section of E{,. Then we may define the class of Z 
in Hoa_1)(Z;Z) and we have Z = TRes.v (sv, E;; Z). Let Ey denote the 
quotient bundle Ey /E‘,, which is of rank 1” =1—U'. From Corollary 14.1, 
we have 


c'(Ey, sy) = (Ey, sv)v c (Ey). 


We also have a statement as in Proposition 4.3 in this situation and we 
have (cf. the proof of Proposition 5.10): 


TRes. (sy, Ev; Z) = TReswv (sv, Ey;Z) 0 j*c (EY) in Haa_y(Z), 


where j : Z — V denotes the inclusion. The left-hand side of the above is 
equal to (V+ S)z by (14.33). Thus we have: 


Theorem 14.8 (Excess intersection formula). In the above situation, 
we have: 


(V-S)z=Znj5*e (EY) in Hoa_y(Z). 
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Notes 
The adjunction formula (14.17) was generalized in [Kodaira (1960)] for 
a possibly singular curve C' in a complex surface S' as: 


x(C) = -(Ks + C)-C+)° e(C,m), 


i=l 


where C is a non-singular model of C and c(C,p;) is an invariant of C at 
the singular point p;, which is related to the Milnor number pu(C,p;) by 
c(C, pis) = w(C, pi) + s; — 1 with s; the number of (local) branches of C at 
pi. Since y(C) — y7y_1 (si — 1) = x(C), the above formula is equivalent to 
the one in Theorem 14.3. 

For details on tangent cones and the multiplicity of a variety at a point, 
we refer to Chapter 7 of [Whitney (1972)]. The terminology “excellent” 
appears there. The multiplicity in Definition 14.8 above coincides with 
the one in there. It also coincides with the one in p.79 of [Fulton (1984)| 
(cf. Proposition 14.20). 

The intersection theory on normal singular surfaces is teated in [Mum- 
ford (1961)], see also [Sakai (1984)]. Our approach to the intersection theory 
on singular surfaces is based on residue theory. It is consistent with the one 
in the references above and, moreover, allows us to relate the intersection 
theory to the residue theories of holomorphic foliations and maps on sin- 
gular varieties. The description follows (and make them more precise) that 
in [Bracci and Suwa (2004)], for which we also refer to for an application. 

The intersection theory in algebraic category is comprehensively pre- 
sented in [Fulton (1984)]. The content of this chapter corresponds to some 
parts in there, in fact it is inspired by them. For example, the basic 
intersection product construction there is done intersecting the cormal cone 
by the zero section. In our framework, it appears as a residue (see, e.g., 
Propositions 14.7 and 14.13 in the text). The notion of the order there is 
defined in terms of the length of a module. It is replaced with some residue 
in our setting (cf. Definition 14.4). The excess intersection formula is also 
discussed in generality there. The formula in Theorem 14.8 corresponds to 
the one in Example 6.1.7 in there. 


Chapter 15 


Riemann-Roch Theorem 


The Riemann-Roch problem originates in finding the dimension of the space 
of meromorphic functions, on a compact Riemann surface, with prescribed 
order of zeros and poles. After the work of K. Kodaira for compact complex 
surfaces, it was formulated and proved for projective algebraic manifolds by 
F. Hirzebruch as the equality between the alternating sum of the dimen- 
sions of cohomology groups with coefficients in the sheaf of holomorphic 
sections of a holomorphic vector bundle and a certain topological invariant. 
It was then generalized in two directions; one as a functorial equality by 
A. Grothendieck and the other as the index theorem of elliptic operators 
by M.F. Atiyah and I.M. Singer. 

In this chapter, we mostly discuss the former, i.e., the Grothendieck- 
Riemann-Roch theorem (cf. Theorem 15.11). The proof for this is divided 
into two parts; for embeddings and for projections. We examin the 
embedding case in detail, applying our localization approach, and prove 
a prototype of the localized Riemann-Roch theorem for embeddings on the 
level of Cech-de Rham cocycles (Corollary 15.1). It immediately yields 
a theorem in the universal situation (Theorem 15.4). We then present 
three variations of the localized Riemann-Roch theorem for embeddings 
(Theorems 15.5-15.7). For the projection part, we outline the proof quot- 
ing relevant materials. The relation with the Atiyah-Singer index theorem 
is briefly mentioned in Notes at the end of the chapter. 

In the following, we sometimes omit the symbol A for the exterior prod- 
uct of forms and the symbol ~ for the cup product of cohomology classes 
and simply denote them as products. 
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15.1 Riemann-Roch problem for curves 


Let C' be a compact Riemann surface. The original Riemann-Roch problem 
consists in finding the dimension of the space of meromorphic functions on 
C with prescribed orders of zeros and poles. To be more precise, let .@(C) 
be the space of meromorphic functions on C and D = )*> mp; a divisor on 
C. If we set 


LD) ={pe @(C)|(v)+ D2}, 
then a meromorphic function ¢ is in L(D) if and only if, for 7 with m; > 0, 
it has a pole of order at most m; at p;, and, for 7 with m; < 0, it has a zero 
of order at least —m,; at p;. In terms of bundles and sheaves, we have an 
isomorphism 
L(D) ~ H°(C; 6(Lp)). 

The isomorphism is given by assigning to each meromorphic function in 
L(D) the section which is locally represented by the holomorphic function 
obtained by multiplying y by a (local) defining function of D. 

We denote by .@1(C) the space of meromorphic 1-forms on C. For a 
meromorphic 1-form w, we may define the associated divisor (w) as in the 
case of meromorphic functions. We set 

I(D)={we a (C)|(w)-D>0}. 
Then we have an isomorphism 
I(D) = HG; Q(LS)). 

We denote by [(D) and i(D) the dimensions of L(D) and I(D), respec- 
tively. We also let d = }> m,, the degree of D, and g the genus of C, i.e., 
dim H°(C; 92') (cf. the paragraph after Corollary 9.6). Then the classical 
Riemann-Roch theorem says that 

WD) =d—g+i(D) +1. (15.1) 
We see later that this is a special case of the Hirzebruch-Riemann-Roch 
theorem (Theorem 15.12). 


15.2 Characteristic classes of virtual bundles 


K-groups 


Let X be a paracompact topological space and let At(X) denote the free 
Abelian group generated by the isomorphism classes of continuous complex 
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vector bundles on X. For simplicity, we denote the isomorphism class of 
a vector bundle FE also by E. The K-group of continuous vector bundles 
on X, denoted by K'(X), is the Abelian group obtained as the quotient of 
A‘(X) by the subgroup generated by the elements of the form E —(E’ +E”) 
for which there is an exact sequence 


0— EF’ > E> BE” — 0. 


In the following, we consider characteristic classes of elements in K*(X) 
and, for this purpose, it is not necessary to distinguish the class [FE] in 
K*(X) of an element E in A*(X) from E, so that we also denote [E] by E. 
Thus E+ F = EGF in K'(X), as every short exact sequence of continuous 
vector bundles on a paracompact space splits (cf. Proposition 3.3). Note 
that every element in K‘(X) is expressed as E — F’, which is referred as a 
virtual bundle (cf. Section 8.3). In fact K*(X) has the structure of a ring 
with multiplication coming from the tensor products of vector bundles with 
the identity the class of the product bundle C x X. 

If f : X' > X is a continuous map, there is a natural ring morphism 
f* : K*(X) > K*(X’) coming from the pull-back of vector bundles. 

If M isa C™® manifold we can also construct the K-group K4(M) of C® 
vector bundles on M. There is a caninical morphism K¢(M) + K‘(M), 
which is in fact an isomorphism (cf. Remark 3.3). 


Chern character and Todd class 


Let X be a regular cell complex. For a complex vector bundle FE of rank / 
on X, we have the (total) Chern class c*(E) = Sx\_, c!(E) in H*(X;Z), 
c°(E) = 1 (cf. Section 5.2). We consider a formal factorization 


l l 
c(E)t = [[ +t). (15.2) 
i=0 j=l 
Thus c’(E£) is the i-th elementary symmetric function in the y;’s. 


Definition 15.1. The Chern character ch* (E) of E is the class in H*(X; Q) 
given by 


Note that the right-hand side above is a symmetric series in the y;’s 
so that it is expressed in terms of Chern classes. More explicitly, if we set 
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s'(E) = >,_1 7}, then 


ch* (EF 
i> 
The classes c’ = c'(E) and s’ = s'(E) are related by Newton’s formula: 
s'—cis' ' +75) 7 — 4+ (-1)te = 0, i>1. (15.3) 
While c* is multiplicative, ch* is additive, i.e., if 
0 — E' + E— E” —0 (15.4) 


is an exact sequence of complex vector bundles, 
(EB) = c(E")- h(E") and ch*(F) = ch*(E’) + ch*(E”). 
From the latter, we have a morphism 
ch* : K*(X) — H*(X;Q). (15.5) 
If we have two complex vector bundles F and F, 
ch*(E @ F) = ch*(E) - ch*(F) 
so that ch* in (15.5) is in fact a ring morphism, the product in the right-hand 
side being the cup product. 
In particular, for a virtual bundle of the form € = )>;_,(—1)'E; with 


1=0 
FE, complex vector bundles, i = 0,...,7r, 
fe) =[[e)O and ch*(€) = S0(-1)' ch" (EB), (15.6) 
i=0 i=1 


where ¢(i) = (—1)'. 


Definition 15.2. Using the factorization (15.2), we define the Todd class 
of F in H*(X;Q) by 


l 
Nites l-e V0 


Note that it can be also expressed in terms of Chern classes of E. It is 

multipicative, i.e., for an exact sequence as (15.4), 
td(E) = td(E’) - td(E”). 

Note that the series in the right-hand side starts with 1 so that td(£) is 
invertible in H*(X;Q). 

For a complex vector bundle EF of rank J, we set \g = yi o(—1)’ A’ E 
in K*(X) so that ch*(Ag) = 0!_,(—1)' ch*(A\‘' E), where we set A\° E = 
C x X. With these we have the following fundamental formula: 


Theorem 15.1. For a complex vector bundle E of rank l, 


ch* (Ag+) =c(E)-td(E)~1 sin -H*(X;Q). 
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This can be proved using the expression of ch*(/A\' E*) in terms of the 
7;’s. We prove this on the level of differential forms below (cf. Theo- 
rem 15.2). We then prove a “localized version” of this, which is one of 
the essential ingredients in the proof of the localized Riemann-Roch theo- 
rem for embeddings (cf. Corollary 15.1). 


15.3. Chern-Weil theory for virtual bundles 


In this section, we let M denote a C® manifold. 


A fundamental relation in linear algebra 


Let A be an |! x | complex matrix. We set 
: j 
MA=SCIA AAA AI, MAST 
j=l 


Note that (J — e~4)/A makes sense, even if A is not invertible. 


Lemma 15.1. We have 
l —A 


S(-1)! tre’) = det A- act ( = } 


i=0 


Proof. We have 


l 


det(I — e~4) = S“(-1)' tr(A‘e74) 


i=1 
and, if A is in GL(I,C), the identity follows from 
Nie4 = eA,” 


Since GL(I,C) is dense in M(I,C),we have the lemma. 


Chern character form and Todd form 


Let E be a C® complex vector bundle on M. For a connection V for 
E, let K denote its curvature and set A = (/—1/27)K. We represent K 
locally by a curvature matrix. Recall that the total Chern form is defined 
by (cf. Section 8.2) 


c*(V) = det(I + A). 
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Definition 15.3. Using the following particular invariant series, the Chern 
character form and the Todd form of V are defined by 


A 
Proposition 15.1. The images of ch*(E) and td(E) by the canonical 
monomorphism H*(M;Q) — H*(M;C) ~ Hi(M) are represented by 
ch*(V) and td(V), respectively. 
The properties of determinant and trace imply that c* and td are mul- 
tiplicative, while ch” is additive on the form level as well, ie., if (V’, V, V”) 


is a triple of connections compatible with the exact sequence (15.4), we 
have 


CMS Vee (v"), td(V) = td(V’) - td(Vv”), 
ch*(V) = ch*(V‘) + ch*(V”). 
Note that I — e~4 is divisible by A and the result is invertible so that 


(15.7) 


_ —A 
td(V)-} = det ( ) 
also makes sense. 
If we set s’(V) = tr(A’), then it is a closed 2i-form on M. Denoting by 
1 the rank of EF, we have 


l i 
(Vy =140¢(V) and (vy =14+ 502 = 
i=1 i>1 

The forms c’ = c’(V) and s’ = s*(V) are again related by Newton’s for- 
mula (15.3). 

Note that the constant term in td(V) is 1 and that td(V) can be ex- 
pressed as a series (in fact a polynomial) in c’(V). 

We have also the following formula on the form level (cf. Theorem 15.1), 
which is a direct consequence of Lemma 15.1: 


Theorem 15.2. Let E be a C™® complex vector bundle of rank | and V a 
connection for E. Then we have 
l 

oH ch" (AV) = (V7) -ta(¥) +4, 

i=0 
where V* denotes the connection for E*™ dual to V and Ns V* the connection 
for \' E* induced by V*. Here we set \° E* =C x M and Ao V* =d, the 
exterior differential. 
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Characteristic forms of virtual bundles 


If we have a C'™ complex vector bundle E; on M, for each 7 = 0,...,7, 
we may consider the virtual bundle € = )>;_,(—1)’E; as an element in 
K*(M). Letting V be a connection for E;, we denote by V* the family 
of connections (V“”,..., V)) and define its total Chern form c*(V*) by 


cr (V*) = II ct (VO) O, 
i=0 


where ¢«(i) = (—1)'. The g-th Chern form c%(V*) is the component of 
c*(V*) of degree 2g. More generally, for an invariant series y, we write 
y = P(c',c?,-:-) as before and set y(V*) = P(c!(V*),c?(V*),...). In 
particular, we have 


ch*(V*) = 5° (-1)* ch*(V™). 
i=0 
As in the case of vector bundles we have difference forms for families of 
connections (cf. Proposition 8.3): 


Proposition 15.2. Suppose we have p+ 1 families of connections V% = 
(Vi, ee Vv), vy=0,...,p. Then we have a form (V6G,---, Vp) alter- 
nating in the p+ 1 entries and satisfying 

P 


S\(-1)" (VG, ..., V5... VE) + (-1)Pdp(V5, ...,VZ) = 0. 
v=0 


Proof. This is proved as Proposition 8.3. Thus, consider the product 
R? x M with projection p: R? x M—- M. For each i = 0,...,r, let vo 
be the connection for p* E; given by 
Pp P 
VO =(1- Va )ervP + aervl. 
v=1 v=1 
We set V* = (V“),..., V) and define y(V%,..., Vp) = p.(y(V*)), where 
p’: A? x M > M is the restriction of p. 


For two families of connections Vj and V7, we have 
9(Vi) — o(Vo) = de(Vo, Vi)- 
Hence we reprove that the class [y(V*)]| of the closed form y(V*), which is 
in fact y(€), depends only on € and not on the choice of V*. In particular, 
the total Chern class c*(&) is the class of c*(V*) and is also given by the 
first identity in (15.6). The g-th Chern class c7(&) is the component of c*(&) 
in H74(M) and is the class of c4(V*). 
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Virtual bundle associated with a sequence 


Let 


Cpe ae np SN ie ok (15.8) 


be a sequence of C® complex vector bundles on M and, for each i, let V 
be a connection for E;. We say that the family (V“,...,V) is compatible 
with the sequence if, for each 7, the following diagram is commutative: 


A°(M, E;) ++ A°(M, Biss) 


Vo [oem 
1 TOW E, -Ad 
A (M, E;) —> A (M, Ei41). 
The following two propositions generalize Propositions 8.5 and 8.6: 


Proposition 15.3. Suppose the sequence (15.8) is exact. Given a connec- 
tion VO) for Eo, then there exist connections V for E;,i=1,...,7, such 
that the family (V™,...,V) is compatible with (15.8). 


Proof. We proceed by induction on r. It holds obviously if r = 1. Sup- 
pose it holds for r = k > 1 and prove that it also holds for r = k +1. 
Identifying E,41 with a subbundle of Ey, by p41, we have the exact se- 
quences: 


CS Fey eS Ba 0 (15.9) 


and 


0 — Ex/ Epi. — Ep-1 ++: 3 Ey — Ey — 0 (15.10) 


By induction hypothesis, there exist connections V for Ey,./E,41 and 
V for E;,i=1,...,k—1, such that (V, V@-),...,V©) is compatible 
with (15.10). By Proposition 8.5, there exist connections V‘"t) and V“™ 
for Exi, and Ey such that (V+), V,V) is compatible with (15.9). 
Then (V%+),...,V©) is compatible with (15.8). 


Proposition 15.4. Suppose the sequence (15.8) is exact. For a family 
(VO, ...,V) of connections compatible with (15.8), 

[[ew®)@ = 1, 

i=0 


where €(i) = (—1)’. 


Riemann-Roch Theorem 503 


Proof. We prove by induction on r. If r = 1, the statement is true, as 
(VY) = c(V). Now suppose the statement is true for r = k and show 
for the case r = k +1. Again, the sequence (15.8) splits into (15.9) and 
(15.10). Since V+) and V“) are compatible with v4, V“) induces 
a connection V for Ex/E,41 so that (V@+), V7), V7) is compatible with 
(15.9). By Proposition 8.6, we have 


(Vv) =c (ViRtD) -C(V). 
On the other hand, as (V, V“—-,...,V) is compatible with (15.10), 
by the induction hypothesis, we have the proposition. 


From this we have the following: 


Proposition 15.5. Suppose the sequence (15.8) is exact. Let yp be an in- 
variant polynomial and VE = (vo, Me VO), k = 0,...,p, families of 
connections compatible with (15.8). Then 

y(Vi, ae Ws) = o(VO, ai VO) in particular y(€) = »(Eo), 


where vi denotes the family of connections (vo, lus Vv) for the virtual 
bundle € = S0;_,(-—1)''£;. Similarly for the other “partitions” of the 
virtual bundle €. 


15.4 Local Chern classes and characters 


In this section also, we let M denote a C® manifold. 


Characteristic cocycles in the Cech-de Rham complex 


Using difference forms we may define characteristic classes of virtual bun- 
dles in the Cech-de Rham cohomology H#(U) for an arbitrary covering U 
of M (cf. Section 8.4). For simplicity we consider coverings U consisting 
of two open sets Up and U;. In fact this is the case we consider in the 
following. 

If € = )>;_,(—1)'£; is a virtual bundle, we take a family of connections 
Ve (Vv, ..., VW) for € on each U,, v = 0,1. For the collection V* = 
(V%, Vj) and a symmetric series y, we define a cochain y(V*) in A*(U) by 

o(V2) = (Y(V8), eV), (V5, VD). 
It is in fact a cocycle and defines a class [p(V%)] in H}(U). It does not 


depend on the choice of the collection of families of connections V* and 
corresponds to the class y(€) under the isomorphism H7(U) ~ H7(M). 
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Now we prove a formula which describes explicitly the difference 
between the cocycle for the product of two symmetries series and the prod- 
uct of cocycles for these series. Although it is stated for connections of 
a single vector bundle, the same formula holds for families of connections 
of a virtual bundle. Thus let EF be a complex vector bundle on M. Note 
that yw(V) = y(V)-v(V), for symmetric series y and w and a connec- 
tion V for E. Let V; be a connection for E on U;, i = 0,1. We set 
V = (1—t)p*Vo + tp*Vi with p : R x Up, > Uo1, as in the proof of 
Proposition 15.2. 


Lemma 15.2. For two symmetric series p and w, we have 
g¥(Vo, V1) = 9(Vo) - ¥(Vo, V1) + (Vo, V1) - ¥(V1) — d 701, 


where 71 is a form on Uo1 given by 


Tor = 0» (Y(p* Vo, V) - deb(p* V1, V)). 


Proof. By definition, the left-hand side is equal to p!,(y(V) -u(V)) and 
the sum of the first two terms in the right-hand side is equal to 


P=(P(p"Vo) - Y(V) + (VY): o(0"V1))- 
We have 
e(V) (VY) — (p(p*Vo) - ¥(V) + 9(V) - ¥(p*V1)) 
= dp(p*Vo,V) - db(piV, V) — p*(e(Vo) - ¥(V1)). 
If we denote by 7 the inclusion of the boundary {0,1} of [0,1] into [0, 1] and 


by Op’ the restriction of p’ to {0,1}, the lemma follows from the identity 
po p* = 0, Proposition 6.3 and 
(Op'). 07* (y(p*Vo, V) - db(p*Vi, V)) 
= 9(Vo, V1): d(V1, Vi) — Y(Vo, Vo) : d(V1, Vo) 


=0. 


From Lemma 15.2, we have the following: 


Proposition 15.6. For two symmetric series p and w, we have, in A*(U), 
p(Vs) = 9(V«) » (Vs) + Dr, 


where T = (0,0, 701) with 791 a form on Up, as given in Lemma 15.2. 


Remark 15.1. In the situation of Proposition 15.6, if y(V.) is in 
A* (U, Uo), Le., if y(Vo) = 0, so is py(Vs), since py(Vo) an y(Vo) : W(Vo). 
The proposition shows that the class y¢(E) coincides with y(E) ~ 7)(£) 
in H5(U, Uo), since 7 is also in A*(U, Up). 
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Localization by exactness 


We discuss the localization theory of characteristic classes of virtual bundles 
by exactness. 

Let S' be aclosed set in M. Letting Up = M~S and U, a neighborhood 
of S in M, we consider the covering U = {Up, U,} of M. Note that the cup 
product of a cochain in A*(U, Uo) and a cochain in A*(Y) is in A*(U, Uo) 
and it induces a right H*(M;C)-module structure on H*(M,M~S;C). 

Let 

0—- FE, +++ + E, > Ey 0 (15.11) 
be a complex of C' complex vector bundles on M which is exact on Uo. 
Then we will see below that, for each gq > 0, there is a canonical localization 
c£(€) in H74(M,M\~ S;C) of the Chern class c#(€) in H74(M;C) of the 
virtual bundle € = $*;_)(—1)'E;. The basic fact is the following “vanishing 
theorem”, which follows from Proposition 15.4: 


Lemma 15.3. If Vj is a family of connections on Up compatible with 
(15.11), then, for each q > 0, 


cl(Vt) =0. 


In fact, the above holds for the difference form of a finite number of 
families of connections compatible with (15.11) on Up. For a symmetric 
series yy without constant term, we also have a similar vanishing y(V%) = 0. 

Let Vé be a family of connections compatible with (15.11) on Up and 
Vi an arbitrary family of connections for € = S>;_,(—1)'H; on U;. Then 
the class c?(€) is represented by the cocycle 

eM(VE) = (C4(Vo), C(I), (V0, Vi) 
in A74(YU). By Lemma 15.3, we have c7(V$) = 0 and thus the cocycle is in 
A*4(U, Up) and it defines a class c4(€) in H74(M,M~S;C). It is sent to 
c1(€) by the canonical morphism j* : H74(M, M~S;C) > H74(M;C). It 
is not difficult to see that the class c£(€) does not depend on the choice of 
the family of connections Vj compatible with (15.11) or on the choice of 
the family of connections V7. 

If y is a symmetric series without constant term, we may also define 
the localized class ys(&) of y(€). In particular, noting that the alternating 
sum of the ranks of E; is zero, if M.S #4 0, we have the localized Chern 
character chg(€) in the relative cohomology H*(M,M~S;C), which is sent 
to ch*(€) by the morphism j*. It is the class of the cocycle 


ch* (V2) = (0, ch" (V7), ch"(V9, V7) 
in A*(U, Uo). 
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Let F be a C° complex vector bundle on M and V a connection for F’. 
Then its Chern character ch*(F’) is the class of the cocycle 


ch*(V) = (ch"(V)u9, ch"(V)|u, ; 9) 
in A*(U). The complex 
0 > F@E,—:-:-- SFE Fe Eo O0 


is exact on Up and the family V ®@ Vj = (V ® vi), ...,V® vo) of 
connections is compatible with the above sequence on Up. We set F ® € = 


y7"_o(-1)'F @E; and let V@V%¥ denote the family (V@V{”,..., VaV). 


Then ch*(F' @ €) is the class of the cocycle 
ch*(V @ Vx) = (0, ch*(V @ V7), ch*(V ® V9, V ® V7)). 

We have 

ch*(V @ V}) = ch*(V) -ch*(Vf), 

ch*(V ® V5, V @ V{) = ch*(V) - ch* (V5, V3). 
Hence, recalling the definition of the cup product, we have 

ch*(V @ V%) = ch*(V) ~ ch*(V%) in A*(U,Uo), 
thus 
chg(F' @ €) = ch*(F) - chg() in H*(M,M\~S;C). (15.12) 


15.5 Universal localized Riemann-Roch theorem 


In this section, we let M be a C® manifold and E a C® complex vector 
bundle of rank J on M. 


Koszul complex 


Let s be a C™ section of E. The Koszul complex associated with (E, s) is 
the sequence 
et ES on See cB Aer Pee 23 Ee OG, 
(15.13) 
where A\° E* = C x M and d, = di: A’ E* > (\'* E* is defined by 


d.(y1 A+++ Agi) = S7(-1)9"9;(8(a) pr Av AGA AG: 
j=l 
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for y),...,y; in EX, x € M. It is not difficult to see that it forms a complex 
of vector bundles, i.e., di o dit! = 0. Let S$ denote the zero set of s. 


Proposition 15.7. The sequence (15.13) is exact on MNS. 


Proof. Let x be a point in M\S and take a neighborhood U of x in 
Mw~S where F is trivial. Since we may take s as a part of a frame of EF 
on U, there exists a frame (e],...,e7) of E* on U such that ej(s) = 1 and 
e;(s) =0, for j > 2. Then we see that both Imd{~" and Ker dj, are spanned 
by the elements e}, A---Ae}.,2< ji <+++< jp <1. 


From definitions of dual and exterior product of connections (Sec- 
tion 8.3), we have: 


Lemma 15.4. Let V be a connection for E on MNS. If V is s-trivial, 
then the family (A! V*,...,A\° V*) is compatible with (15.13) on MNS. 


Exercise 15.1. Show the above lemma. 


In the above situation, we consider two localized classes. Thus let Up = 
M\XS and U, a neighborhood of S and consider the covering U = {Uo, U1}. 
Let Vo be an s-trivial connection for EF on Up and V an arbitrary connction 
for EF on Uj. 


Localized top Chern class of E: Since c'(Vo) = 0, we have the local- 
ization cy(E,s) in H?!(M,M\S;C), which is represented by the cocycle 


(V«) = (0,2(Vi),2(Vo,Vi)) in AU, Up). 


Note that the class c4(E,s) is in the image of H7(M,M~S;Z) > 
H?'(M,M~ S;C), provided that S$ is a subcomplex of real codimension 
greater than or equal to 2 with respect to some triangulation of M (cf. The- 
orem 10.13). 


Localized Chern character of Ag~«: We set Ag = perc E*. 
Since ch* (/\* Vé) = 0 by Lemma 15.4, we have the localization ch$(\p~, 8) 
in H*(M,M~S;C), which is represented by the cocycle 

ch"(A*V5) = (0,ch"(A*Vj), ch" (A*V6,A\*Vi)) in A*(U, Uo), 


where /(\* V* denote the family of connections (A\' V*,...,A\° V*) on Uy, 
for vy = 0,1. 
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Inverse Todd class of E: We also have the inverse Todd class td~'(E), 
which is represented by the cocycle 

td-'(V.) = (td71(Vo), td7*(Vi), td "(Vo, Vi)) in A*(@). 


Note that the class td~'(£) is in the image of the canonical monomorphism 
H*(M;Q) > H*(M;C). 


In order to apply Proposition 15.6, let p : R x Up; — Uo be the 
projection and we consider the connection V = (1 — t)p*Vo + tp*V1 for 
p*E. Let A\* V* denote the family of connections (A! V*,...,A\° V*). Let 
p’ : [0,1] x Uor — Uoi be the restriction of p. We also have the cup product 


A*(U,Uo) x A*(U) —> A*(U, Ud). 
Theorem 15.3. In the above situation, we have 
ch*(A* V2) =cl(Vs)v td 1(V.) + Dr in A*(U,U), 
where T = (0,0, 701), 701 = p.(e!(p*Vo, V) -d td *(p*V1, V)). 
Proof. We claim that (c! - td~')(V,) is in A*(U, Uo) and that 
ch* (A*V%) = (ec! - td7")(Vx) in A*(U, Up). (15.14) 


Then the theorem follows from Proposition 15.6 (see also Remark 15.1). 
First, we have 


(ce! -td-4)(V.) = ((et  ta-#) (Vo), (et « td 74) (V1), (ce! - td) (Vo, V1). 


We have (c! - td7')(Vo) = (Vo) - td-'(Vo) = 0. By Theorem 15.2 and 
definition of difference forms, we have 
(c! -td™")(V1) = (V1) - td *(V1) = ch*(A*V}), 
(c! - td~")(Vo, Vi) = pi (e'(V) - td-*(V)) 
p, ch*(A\*V*) =r (Vi Vil: 


Hence we have (15.14) and the theorem. 


Corollary 15.1 (Prototype of localized RR for embeddings). We 
have 


ch$ (Ag+, 8) = ch(E,s)-td(E)7. 
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This is an essential ingredient for the localized Riemann-Roch theorem 
for embeddings. 


Remark 15.2.1. The equality in Corollary 15.1 holds a priori in 
H*(M, M\S;C). However, since the right-hand side is in H*(M, M\S; Q), 
so is the left-hand side and the equality is in H*(M, M~ S;Q). 

2. If we take the image of the above equality by the canonical morphism 
g* : H*(M, MNS; Q) > H*(M; Q), it becomes the formula of Theorem 15.1. 


Universal situation 


Let 7: EF + M be a C™ complex vector bundle of rank I, as above. We 
denote by &’' the image of the zero section. Then we have the Thom class 
Wp in H?'(E,E\ 2) and the Thom isomorphism 


T: H*(M) — HH" (E,EX 2), 


which may be expressed as T(a) = Wg-7* a (cf. Sections 4.3 and 7.9). Since 
We = c(n*E, sa) (cf. Theorem 10.9), applying Corollary 15.1 to 7*E and 
SA, we have: 


Theorem 15.4 (Universal localized RR for embeddings). In the 
above situation, we have 


ch (Aq« EB», 8A) =Wp- td(x*E)~' 
=Ttd(2y-*) in H*(E,E\Z;Q). 


Once we have a section s : M — E, we recover the equality in Corol- 
lary 15.1 by pulling back the above by s (cf. Theorem 10.10). 

As mentioned before the equality in Corollary 15.1 is an essential step 
in the proof of the Riemann-Roch theorem for embeddings. The next step 
is to identify c4(E£,s) with the Thom class of a certain vector bundle. 

We may interpret Theorem 15.4 as the Riemann-Roch theorem for the 
embedding © — E with td(£) the Todd class of the normal bundle E of 
Sin £. 


15.6 Riemann-Roch theorem for embeddings 


Let M bea C® manifold and N a C® complex vector bundle of rank k on 
M. Also let s be a C™ section of N and V the zero set of s. Then we have 
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the localized top Chern class cf,(N, s) in H?*(M,M\V) and the localized 
Chern character chi,(Aw+,s) in H*(M, M\V), Ans = 78g (-L)i AU N*. 

If we apply Theorem 15.3 in this situation, it already gives a prototype 
of the Riemann-Roch theorem for embeddings on the level of Cech-de Rham 
cocycles. On the cohomology level, it reads (cf. Corollary 15.1) 


cht, (Ay~,s) =ch(N,s)-td(N)~+ in H*(M,MXV). (15.15) 


In the following, we examine the above equality more closely in the 
following three cases: 


(a) M is a complex manifold, X = (X, @x) a complex space in M defined 
by a regular section (cf. Definition 11.32) and V = X the underlying 
variety. 

(b) M is a C® manifold and V a closed submanifold of M such that its 
normal bundle Ny admits the structure of a complex vector bundle. 

(c) M is a complex manifold and V a closed complex submanifold of M. 


We will see that, in each of these cases, c¥.(N,s) may be interpreted 
as the Thom class of a subspace or a submanifold and that the right-hand 
side of (15.15) is the image of the inverse Todd class of some bundle by the 
Thom morphism. We also give an interpretation of the left-hand side in 
each case. These constitute a Riemann-Roch theorem for embeddings. 


I. Case (a) 


Let M be acomplex manifold of dimension n and X = (X, @x) the complex 
space in M defined by a regular section s of a holomorphic vector bundle N 
of rank k on M. Thus X is of dimension d = n—k. In view of Theorem 12.9, 
we give the following: 


Definition 15.4. The Thom class Wx of X is defined by 
Ux =c&(N,s) in H**(M,M\X). 


Let U be a neighborhood of X in M with a deformation retraction 
r:U — X, for example, taking a triangulation Ko of M compatible with 
X, we may take the open star Ox (X) in the second barycentric subdivision 
K' of Ko as U. Note that H?*+?(M, MX) ~ H?*+P(U, UX) by excision. 
We define the Thom morphism 


Tx : H?(X) —> H7**?(M,M<X) by ab Vx Vv r*(a). 
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Then we have the following commutative diagram: 


) =, H2+P(M, MX) 


il wee 


Hoa_p(X), 


where Px is the Poincaré morphism, given by the cap product with X 
(cf. Section 13.2). 

Denoting by 7: X ~ M the embedding, we define the Gysin morphism 
i, : H?(X) + H?**+?(M) as the composition (cf. Section 13.2) 


H?(X) 2S H?*+P(M, M\.X) 2 H?*+?(M). 


Remark 15.3. If X is reduced, the above Thom class and Thom isomor- 
phism coincide with those for V = X (cf. Theorem 12.9, Definition 13.1, 
(13.9) and (13.10)). 


If we set Nx = N|x, the bundle r*Nx admits a C™ structure and is 
isomorphic with N|y as C® bundle (cf. Remark 3.3). Thus the right-hand 
side of (15.15) is written 


Tx (td(Nx)7'). 


As for the left-hand side, from the Koszul complex for (NV, s), we have 
a sequence 


0 —> On(A®N*) 22> Ou( APO NT) 2.» 8s Oue(N*) 2 Ov. 
The following is proved using the fact that s is a regular section: 
Lemma 15.5. The above sequence is exact. 


Since the image of d, : @y(N*) > Gy, is the ideal sheaf % of Oy, 
generated by the local components of s and Gx = i-'(@\,/4%), where 
i: X — M is the embedding, we have the exact sequence of @);-modules 


0 — Ou(AEN*) — --» 3 Ou(N*) 3 Om — ix Ox —> 0. (15.16) 
In view of the above, we define (cf. (15.21) below) 


chy (ix 0x) = ch (An, 8). 
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Then from (15.15), we have: 


Theorem 15.5 (RR for embeddings I). In the case (a), we have: 
chy (16x) =Tx(td(Nx)~') in H*(M,MXxX), 
ch* (i)@x) = i,(td(Nx)~*) in H*(M). 
Remark 15.4. 1. For a complex vector bundle F' on X, the complex 
0 r*F@ A'N* —--- > r* F@N* 4 r'F 0. 
is exact on U\ X. Thus if we set 
(F) =r*F ® Ane, 
then we have the localized Chern character chy(y(F')) and by (15.12), 
ch, (y(F)) = ch*(r*F) - chy (An«, 8). Thus we have: 
ch (y(F)) = Tx (ch*(F) - td(Nx)~*) in H*(M,M~X), 
ch*(7(F)) = i, (ch*(F) - td(Nx)~*) in H*(M). 
2. The above equalities hold a priori in the cohomology with C coefficients, 


however, since the right-hand sides of the both are in the cohomology with 
Q coeffitients, they hold in the cohomology with Q coeffitients. 


II. Case (b) 


Let M be a C® manifold of dimension m and V a closed C™ submanifold 
of dimension d’ of M. We assume that the normal bundle p: Ney — V 
admits the structure of a complex vector bundle of rank k, 2k = m—d’. 
Thus we denote it by Ny. Recall that (cf. Section 4.3) we have the Thom 
isomorphism 

Ty : H?(V) > H?**?(M, M\V). (15.17) 
The Thom class Wy of V is the image of [1] € H°(V) by Ty. Let Z denote 
the image of the zero section of Ny. By the tubular neighborhood theorem 
(Theorem 3.10), there exist a neighborhood U of V in M, a neighborhood 


W of Z in Ny and a C™ diffeomorphism + : U > W such that 7(V) = Z 
and that (po T)|y = ly. We have isomorphisms 


H*(M, M\V) ~ H*(U,U\V) <— H*(W,W\Z) ~ H* (Nv, Nv Z). 
The Thom class Wy of V corresponds to the Thom class Wy,, of the bundle 


Ny under the above isomorphism and the Thom isomorphism (15.17) cor- 
responds to the Thom isomorphism Ty, : H?(Z) > H?**+?(Ny,Ny\Z). 
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Note that, if we denote by s, the diagonal section of the bundle p* Ny on 
Ny, its zero set is Z and we have Wy,, = c&(p* Nv, sa) (cf. Theorem 10.9). 
If we set N=r*Ny,r=pot:U—YV, it is isomorphic with r*(p* Nv |w) 
(cf. Proposition 3.2.2) and we have the commutative diagram 


N —> p* Ny lw 
| (15.18) 
U ——> W. 


If we let s be the section of N corresponding to sa, its zero set is V and 
we have 


Wy = ch(N,s). 
Thus in this cases, (15.15) may be written 
chi, (Anw~,8) =Ty(td(Ny)7') in H*(M,M\XV). (15.19) 


For a complex vector bundle F’ on V, if we set y(F) = r*F ® Ayn~, as 
in the case (a) (cf. Remark 15.4.1), we have the localized Chern charac- 
ter chy,(7(F)), which is equal to ch*(r*F) - chy,(An~, 8). Combined with 
(15.19), we have: 


Theorem 15.6 (RR for embeddings ITI). In the case (b), for a com- 
plex vector bundle F on V, we have: 


chy, (7(F)) = Ty (ch* (F) - td(Ny)~*) in H*(M,M\V), 
ch*(y(F)) = ix(ch*(F)-td(Ny)~') in H*(M). 


Remark 15.5. 1. A remark similar to the one in Remark 15.4.2 applies 
to this case as well. 


2. Taking a connection of F’, we may write down the formula on the cocycle 
level. 


Case (c) is a special case of (b) and Theorem 15.6 holds as it is. To say 
more about the left-hand side, we prepare some materials. 


Real analytic functions 


Let M be a real analytic manifold. It is known that the sheaf x; of rings 
of real analytic functions on M is coherent. 
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If M is a complex manifold, the sheaf @{ contains the sheaf @yy, of 
holomorphic functions as a subsheaf of rings. In the following, we omit the 
subscript M in the sheaf notation, if there is no fear of confusion. It is 
known that, if W is a coherent G-module, then @” ®g-@ is a coherent 
G”-module and that the assignment WH ©” ®@ -@ is an exact functor 
from the category of coherent G-modules to that of coherent @”-modules. 

Let M be a complex manifold and V a closed complex submanifold of 
M. We denote by -%y the ideal sheaf of V in M and by .%z the ideal sheaf 
of Z in Ny, where Z is the image of the zero section of Ny. 

We quote the following “complex tubular neighborhood theorem” , which 
is a refinement of Theorem 3.10 in this situation: 


Proposition 15.8. There exist a neighborhood U of V in M, a neighbor- 
hood W of Z in Ny and a real analytic isomorphism tT: U + W such that 
T(V) = Z, (por)|v =1v and that t~!|ny..nw is holomorphic for each z 
inV. 

Moreover, a map T as above induces an isomorphism 


(7,7*) : (U, 68 @e, Pv)  (W, CR @oy, Zz). 


See Definition 11.5 and the subsequent paragraph for what is meant by 
(7,7*) being an isomorphism. 


Characteristic classes of coherent sheaves 
Let M be a complex manifold and .@ a coherent @j,y-module. Suppose 
there exist, on WM, a complex 

0— BE, +: > Ey — Ey — 0 (15.20) 


of real analytic vector bundles and an epimorphism @“ (Eo) > ©” @@ @ 
such that the sequence 


0 — 6° (E,) — ++: > 6°(E\) — €° (Eo) — © ®6 H — 0 


is exact. We reffer to a sequence as above a locally free resolution of M by 


real analytic vector bundles. 
In this situation, we define the Chern character of .@ in H*(M) by 


eh G4) = ch°(e), f= ye, (15.21) 
i=0 


If S is the support of -Z@, it is an analytic variety in M and the complex 
(15.20) is exact on M.S. Thus we may define the localized class ch¢(.@) 
in H*(M,M\S). 
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The definition above does not depend on the choice of the locally free 
resolution. 


Remark 15.6. If .@ is a coherent @)j-module, .W admits a locally free 
resolution by real analytic vector bundles on any compact set in M. 


III. Case (c) 


Let M be a complex manifold and V a closed complex submanifold of 
codimension k of M. In this case, the normal bundle p : Ny — V is 
holomorphic and there exists a tubular neighborhood U with a deformation 
retraction r= pot: U — V as in Proposition 15.8. Leti: VG UCM 
and 7: Z~W CN denote the embeddings. 

As in the case (b), we have the Thom isomorphism (15.17) and the 
Thom class is given by Wy = ct.(N,s). Here N is the bundle on U given 
by N=r*Ny. Since r= port, N is areal analytic vector bundle which is 
isomorphic with p* Ny |w, and s is the (real analytic) section corresponding 
to the diagonal section s4 (cf. (15.18)). 

Since s, is a regular section of p* Ny, as in the case (a) (let MW, N and 
s be Ny, p*N and sa, respectively, in (15.16)), we have the exact sequence 


O— O(\*p* NS) — --- 3 O(p" Nt) 6 — 6/92 — 0, 
where G = Ow. By Proposition 15.8, after tensoring the above sequence 
with @”, we have a resolution of i)@y by the Kozsul complex for (N, s). 

Thus (15.15) may be written 
ch}, (i;6y) =Ty(td(Ny)~') = in H*(M,M\V). 


By Proposition 15.8, we may replace Ay* with i;@y and for a holo- 
morphic vector bundle F' on V, we may replace y(F’) with 1.4%. Thus we 
have: 


Theorem 15.7 (RR for embeddings III). Jn the case (c), for a holo- 
morphic vector bundle F on V, we have: 

ch}, (iF) = Ty (ch*(F) - td(Ny)~") in H*(M,M\V), 

ch* (i).F) = i,(ch*(F) - td(Ny)7') in H*(M). 
Remark 15.7. 1. A remark similar to the one in Remark 15.4.2 applies 
to this case as well. 


2. If V is compact, we may take a coherent @y-module as ¥ (cf. 
Remark 15.6). 
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From the exact sequence 
0—-> TV — TM|y — Nv — 0, 
we have 
td7'(Ny) = i* td71(M) - td(V) 


so that we have: 


Corollary 15.2. In the situation of Theorem 15.7, it holds 
ch* (i). F) - td(M) = i..(ch*(F) - td(V)). 


15.7 Grothendieck-Riemann-Roch Theorem 


The original Grothendieck-Riemann-Roch theorem is stated and proved 
for proper morphisms of non-singular quasi-projective varieties (over an 
arbitrary algebraically closed field K). Here we make interpretations in our 
context (in the case K = C). The key point in this is what is called the 
“GAGA principle”. 


GAGA principle 


Let M be a quasi-projective manifold. It is equipped with the sheaf @%, 
of rings of algebraic functions, which is a subsheaf of the sheaf Qj), of 
holomorphic functions. Recall that (cf. Sections 2.2 and 11.1), if we denote 
by Mz and 6", respectively, the manifold M with Zarisky topology and 
the sheaf of rings of regular functions on Mz, then G* = 1~'G", where 
1: M — Mz is the identity. 
For a coherent G'-module ¥, we set F* =17!¥ and 
F = C0 &o- F* 
which is a coherent G-module, as taking tensor product is right exact. 


Theorem 15.8. Let M be a projective algebraic manifold. 
1. For a coherent G*-module ¥, there is a canonical isomorphism 


H? (Mz; F) ~> H?(M; #"). 
2. Let F and@Y be coherent G*-modules. Then every morphism .¥» + G» 
comes from a unique morphism F > G. 


3. For every coherent C-module @, there is a coherent O*-module F such 
that ¥ is isomorphic with .@. Moreover such a sheaf F is determined 


uniquely by 4 up to isomorphisms. 
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k-group of projective algebraic manifolds 


Let M be a projective algebraic manifold of dimension n. We denote by 
K*(M) and Kj,(M) the K-groups of holomorphic vector bundles and of 
coherent @-modules on M, respectively. There is a natural morphism 
K*(M) > K,(M), which is induced by F + O(F). 


Theorem 15.9. The above morphism is an isomorphism: 
K*(M) > Ky,(M). 


This is proved using the fact that every coherent @'-module on Mz 
admits a locally free resolution by vector bundles and the GAGA principle. 
Thus we may define the Chern character 


ch* : K,(M) ~ K®(M) —> K4(M) ~ K*(M) —> H*(M;Q). 


Let f : M —> M' be a holomorphic map of projective algebraic man- 
ifolds. We have a morphism f* : K®(M’) > K*(M), which is induced 
from E + f*E for any holomorphic vector bundle EF on M’. In view of 
Theorem 15.9, we also have a morphism f* : Ky(M’) > Ky(M). 

Let f : M > M’ be as above. If ¥ is a coherent @,y-module, then 
R?f,.F are coherent @jy/-modules and R? f,. FA = 0 for p > dim M (cf. The- 
orem 11.14 and Remark 11.8 (1)). We have a morphism 


fi: Kn(M) — Ky (M"), 


which is induced from ¥ ++ )7,,(—1)?R? fF (cf. (11.16)). Note that this 
can also be described using coherent @'-modules and the GAGA principle. 
If we have two such maps f : M— M’ and g: M' > M", we have 


(gof)=goft. (15.22) 
This is proved by applying the spectral sequence (£37, H") with 
EP4 = RPg.RIf,% and H™=R (go fF 


(cf. Proposition 11.22). 
Suppose we have two maps fi : M; ~ M/, i= 1,2. Then there is a 
morphism 


Kn(M1) ® Ky (Mp2) ——- Ku(M, x Mb), 


given by £1 @ £2 +> &1 x 2 = pi&1 @ ps€g. For the map (fi, fo) : Mi x Mz > 
Mi x Mé, we have 


(fi, fo)(Er x €2) = (fi)iér (fe) 12. (15.23) 
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For the projective space P’, we set O(n) = Opn (Hy®"). 
We quote: 


Theorem 15.10. 
1. K,(P%) is generated by the classes of O(n),0<n< N. We also have 


P%0(0)) = ("”): 


2. For any projective algebraic manifold M, the morphism 
Ky (PX) @ Ky(M) — Ky (PX x M) 


is surjective. 
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Theorem 15.11. Let f : M — M' be a holomorphic map of projective 
algebraic manifolds. Then, for every € in Ky(M), 


ch" (fig) td(M") = f.(ch"(€)-td(M)) in’ H*(M’;Q). 
Proof. The proof goes as follows: 


Step I. Suppose we have maps f : M — M’ and g: M’ > M" as above. 
If the formula holds for f and g, then it also holds for go f. Indeed, this 
follows from (go f), =g © fx and (15.22). 


Step II. Let f : M— M’ be as in the statement of the theorem. Denoting 

by i: M <> P% an embedding, we may express f as the composition 
MPN x M! 2 M’, 

where f(z) = (i(z), f(z)) and pe is the projection onto the second factor. 


Note that f is a closed embedding. 


We have already proved the formula for f (cf. Corollary 15.2), so we 
are left to prove it for the projection po. 


Step III. Suppose we have two maps f; : M; > Mj, 1 = 1,2. If the 
formula hold for (fi, €;), then it hold for (fi x fo, €1 x €2). This follows from 
(15.23). 
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Since we may write pp : PN x M’ > M' as px ly : PN x M’ > 
{pt} x M’, we are left to prove the formula for the case p: PN — {pt} and 
€ = O(n), i.e., to prove 

ch*(p1@(n)) - td({pt}) = px(ch*(@(n))-td(P™)) in A*({pt};Q). 


Step IV. Note that H*({pt};Q) = H°({pt};Q) + Q, the isomorphism is 
being given by the composition ¢,Pr,;} of the Poincaré isomorphism for 
the point and the augmentation ¢, : Ho({pt};Q) — Q. We compute the 
images of the both sides by €.P,pz1. In the left-hand side, td({pt}) = 1 and 
R'p,@(n) is the locally free sheaf on {pt} of rank dim H*(P%; @(n)). Thus 
€4Ptpt}(LHS) = x(P%; @(n)). On the other hand, 
€x Pip} (RHS) = expsPpw ([ch*(@(n)) - td(P J) 
= €,.Ppw ({ch*(O(n)) - ta(P%)]v) 
= (P¥, [ch*(@(n)) - td(P™)]y), 
where the first equality is by definition of p,, the second by (B.2) and the 
third by (B.19). 
Hence it amounts to prove 
(PN, [ch*(@(n)) -ta(P™)]w) = x(P%; O(n). 
From (9.22), we have c*(PY) = (1+ 7)%t1, y =c!(Hy). Thus 
) N+1 


sae”) 7 G ae 


On the other hand, ch*(@(n)) = e”7 and the equality follows from Theo- 
rem 15.10. 1. 


If we let M’ = {pt} in Theorem 15.11, by a similar computation as in 
Step IV above, we have: 


Theorem 15.12 (Hirzebruch-Riemann-Roch theorem). Let M be a 
projective algebraic manifold of dimension n. For a holomorphic vector 
bundle E on M, we have 


x(M; @(E)) = (M, [ch"(E) - td(M))n), 
where [ |, denotes the component in H?"(M). 

In particular, let M = C be a compact Riemann surface and EF = 
Lp the line bundle determined by a divisor D on C. Then, in the 
left-hand side, dim H°(C;@(Lp)) = ID) and dimH'(C;@(Lp)) = 
dim H°(C; 2'(Lp*)) = i(D), by the Kodaira-Serre duality (cf. (9.13)). 
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On the other hand, we have ch*(Lp) = 1+c!(Lp) and td(C) = 1+ $c!(C). 
Thus the right-hand side is given by (C,c\(Lp) + $¢1(C)) 
to d—g+1so that we recover the classical formula (15.1) 


, which is equal 


Notes 

As to Kodaira’s work on the Riemann-Roch theorem for compact com- 
plex surfaces, we refer to [Kodaira (1951)]. 

We list [Atiyah (1967); Hirzebruch (1966)] as references for Section 15.2. 
Theorem 15.1 is proved in [Hirzebruch (1966)] and its expression on the 
form level (Theorem 15.2) in [Harvey and Lawson (1993)]. Theorem 15.3 
is a localized version of that in terms of Cech-de Rham cocycles and is an 
essential ingredient for the localized Riemann-Roch theorem for embeddings 
in our framework, as noted in the text. 

The notion of local Chern character and class appears in [Atiyah and 
Hirzebruch (1961, 1962)] as the authors introduce “generalized difference 
bundles”. It is then formulated explicitly in [Baum, Fulton and MacPherson 
(1975); Iversen (1976)]. We deal with the problem, in Section 15.4, using 
families of connections compatible with sequences of vector bundles and 
defining the classes in the relative Cech-de Rham cohomology. The classes 
we define have all the necessary properties and should coincide with the ones 
in the literatures above. Hence they are in the cohomology H*(M, M\S; Q) 
with Q coefficient. Theorem 15.4 is proved in [Iversen (1976)] by different 
approaches. Our treatment of local Chern character and class as well as the 
proof of Theorem 15.3 are taken from [Suwa (2000b)]. Also the Chern-Weil 
theory for virtual bundles that are necessary for these is taken from [Suwa 
(1998)]. 

See (18.D) Corollary in [Matsumura (1980)] as to Lemma 15.5 and 
(15.16). 

For details of the paragraphs “Real analytic functions” and “Character- 
istic classes of coherent sheaves”, we refer to [Atiyah and Hirzebruch (1961, 
1962)]. 

Theorems 15.6 and 15.7 are proved in [Atiyah and Hirzebruch (1962)]. 
Although it is not stated explicitly, they are proved in localized form. In the 
algebraic category, the formulas are proved for a locally free @y-module on 
an LCI by analyzing the graph construction in [Baum, Fulton and MacPher- 
son (1975)]. These formulas are also proved at the level of differential forms 
and currents in [Harvey and Lawson (1993)], See also [Bismut (1998)]. 

The Riemann-Roch theorem for embeddings in localized form is used 
to compute residues of singular holomorphic distributions or foliations, see 
[Suwa (2012)]. 
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For the paragraph “GAGA principle”, we refer to [Serre (1956)] and 
for “K-group of projective algebraic manifolds” to [Borel et Serre (1958)], 
where the Grothendieck-Riemann-Roch theorem is proved. 

The Hirzebruch-Riemann-Roch theorem (Theorem 15.12) is due to 
[Hirzebruch (1966)]. 

As to the Riemann-Roch theorem for singular spaces, it is proved for 
quasi-projective varieties in [Baum, Fulton and MacPherson (1975)] and 
for complex spaces in [Levy (1987)]. 

Theorem 15.12 may be proved for an arbitrary compact complex man- 
ifold as a special case of the Atiyah-Singer index theorem (cf. [Atiyah and 
Singer (1963)] and subsequent papers). The theorem asserts that, for an 
elliptic differential operator on a compact manifold, the “analytic index” is 
equal to the “toplogical index”. 

For example, let M/ be an oriented C® manifold of dimension m. Then 
we have the operator d : A"(M) > A’t!(M). If we endow M with a 
Riemannian metric, we have the adjoint d* : A"(M) > A™~1(M) (cf. Sec- 
tion 9.1). The operator 

D=d+d": @ A'(M) > @ a'(M) 
r:even r:odd 
is shown to be elliptic. Suppose that M is compact. Then, on the one hand, 
the analytic index of D, which is dim Ker D — dim Coker D by definition, is 
equal to dim Ker D — dim Ker D*, where D* = d* +d: @,.oaq A” (MZ) > 
@,-even A” (M). Thus it is equal to 
dim GQ H"(M) — dim @ x"(M) = x(M), 
r:even r:odd 

the Euler-Poincaré characteristic of M (cf. Proposition 9.5). On the other 
hand, if m is even, it is shown that, using (5.6) and Theorem 15.1, the 
topological index is (M,e(M)) with e(M) the Euler class of M. Thus we 
have the equality (5.18) for the case m is even. Note that, if m is odd, the 
both indices are zero. 

Likewise let M be a complex manifold of dimension n and E a holomor- 
phic vector bundle on M. Then we have 0: A?4(M; E) + A?-+1(M; E). 
If we endow M and E with Hermitian metrics, we have the adjoint operator 
Ox : AP:4(M; E) + A?-4-1(M; E) with h the metric on E (cf. (9.11)). The 
operator 

D=0+0,: @ AM; BE) — @ A°(M; E) 
q:even q:odd 
is shown to be elliptic. If M is compact, the analytic index is the Euler- 
Poincaré characteristic y(M; @(£)) and the topological index is given by 
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(M, [ch*(£) - td(M)]n). Thus the equality in Theorem 15.12 holds for an 
arbitrary compact complex manifold. 

We list [Freed (2021)] as a survey article on the Atiyah-Singer index 
theorem. 


Appendix A 


Commutative Algebra 


In this appendix, we review some materials on commutative algebra nec- 
essary for our purpose. In Section A.1, we recall homological algebra 
and related topics and, in Section A.2, we discuss structures of rings and 
modules. 

In the following, we let R denote a commutative ring with unity 1, 
which may possibly be equal to 0, and deal with R-modules. In particular, 
if R = Z, the ring of integers, they are Abelian groups and if R = C, they 
are complex vector spaces. A morphism of R-modules is a map y: M + 
M’ of R-modules compatible with the R-module structures. An injective 
morphism is called a monomorphism and a surjective one an epimorphism. 
An isomorphism is a bijective morphism y. In this case, its inverse y~! 
is also an isomorphism. If there is an isomorphism between M and M’, 
we write M ~ M’. Sometimes a morphism is called a homomorphism. In 
general, for a set X, 1x denotes the identity map of X. 


A.1 Homological algebra 


In the following, i, k, p, gq and r will denote integers. 


Homology 


Definition A.5. A chain complex of R-modules is a collection {(Kp, d,)}, 
where for each p, Ky is an R-module and d, : Kp — Kp_, is an R- morphism 
with the property dy o dp41 = 0. 
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Thus a chain complex is expressed by a sequence of R-morphisms 


dp+41 d 
> Kyu —> Ky —> Kyi: 


with Imd,,; C Kerd,. A chain complex as above is written (K,,d), or 
simply AK,. The morphisms d, are called boundary operators. We set 
Zp(K.) = Kerd, and B,(K.) = Imd,4;. An element in K,, Z,(K.) 
or B,(K,) is called, respectively, a p-chain, a p-cycle or a p-boundary. The 
p-th homology of K, is defined by 


Hy(Ke) = Zp(Ke)/Bp(Ke), 


which inherits naturally an R-module structure. For a p-cycle c, we denote 
by [c] its class in H,(k.). If [c] = [c’], we write c ~ c’ and say that they 
are homologous. 

Note that the above notions and namings came originally from topology 
(cf. Appendix B below). 


Chain morphisms: Let (K.,d.) and (L.,d.) be two chain complexes. 
A chain morphism y. : K. — L, is a collection {y,} of morphisms y, : 
Ky — Lp such that 


Pp—1 0 dp = dy O Gp. 
In this case y. induces a morphism for each p: 
yp» : H,(K.) — H,(Le). 


The composition of two chain morphisms is defined in an obvious man- 
ner and its induced morphism on the homology is the composition of the 
induced morphisms. 

A sequence of morphisms 


re Ie OT 


is said to be exact if Jp us Ky a Ly is exact, i.e., Im, = Ker Yp, for all p. 
The complex (K.,d.) with K, = 0 and d, = 0 for all p is called the zero 
complex and is denoted by 0. 


Proposition A.9. If the sequence 


0 IJ 


is exact, it induces a long exact sequence 


as HI) Hh) a a) SO 
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In the above, d,, which is referred to as the connecting morphism, 
assigns to a class {c] in H,(L,) the class [a] in Hp_1(J.) such that c = y,(b) 
and d,(b) = ~p-1(a) with b in Ky. 

Let (K.,d) be a chain complex. A subcomplez of K, is a collection {Kj} 
such that Kj, is a sub-R-module of kK, and that d,(kj,) C Kj_, for all p. 
In this case, {(Aj,,dp)} is a chain complex. We set Kk? = K,/Kj,. Since dp 
induces a morphism Ky’ > Ky, 
a chain complex, called the quotient complex of K, by K{. In this case we 


which we also denote by d,, KZ’ is also 


have a short exact sequence of complexes 


0+ Ki Kk. — KY — 0. 


Note that, in a sequence as in Proposition A.9, J, is isomorphic with a 
subcomplex of K, and L, with a quotient complex. 


Chain homotopy: Let (K,,d) and (L,,d) be two complexes and y, and 
y, two chain morphisms of K, to L,. A chain homotopy between y, and 
yy is a collection {h,} of morphisms h, : K, + L,+1 such that 


dp+1 e) Ap + Ap-1 ie) dy — Po = Yo: 


If there is a chain homotopy between y, and ~), we write y. ~ y,. From 
the definition we have: 


Proposition A.10. If y. ~ yy, they induce the same morphism on the 
homology: 


gs = 9, : H,(K.) — H,(L.). 


A chain morphism y. : Kk, — L, is said to be a chain equivalence if 
there is a chain morphism yw : L. — K. such that Yeo ye ~ 1x, and 
pe ove ~ 1z,. As a consequence of Proposition A.10, we have: 


Corollary A.3. Ify.: Ke > Le is a chain equivalence, the induced mor- 
phism is an isomorphism: 


y» : H,(K.) —> H,(L.). 


Cohomology 


As a notion dual to chain complex, we have a cochain complex of R-modules. 
It is a collection {(K?,d?)}, where for each p, K? is an R-module and 
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d? : KP -+ K*" is a morphism with the property d? od?-! = 0. Thus it is 
expressed by a sequence of morphisms 


SvdPet dP 
» Keo, KP KPT... 


with Imd?~! c Kerd?. It is also written (K*,d), or simply K*. The mor- 
phisms d? are called coboundary operators. We set Z?(k*) = Kerd? and 
B?(K*) = Imd?-!. An element in K?, Z?(K*) or BP(K®) is called, re- 
spectively, a p-cochain, a p-cocycle or a p-coboubdary. The p-th cohomology 
of K® is defined by 


H?(K*) = Z?(K*)/B?(K°). 


It will be also denoted by H'(K°*), if we wish to make the coboudary 
operator d explicit. For a p-cocycle u, we denote by [wu] its class in H?(K°). 
If [u] = [w’], we write u ~ wu’ and say that they are cohomologous. 

Morphisms of cochain complexes are defined similarly as for morphisms 
of chain complexes and we also have: 


Proposition A.11. If the sequence 


0— J° eK ane he a0) 


is exact, it induces a long exact sequence 
tee FPS) Oi) 5 FP (ey 2 Py = Sno, 


In the above, d* assigns to a class [u] in H?(L*) the class [w] in H?*!(J°) 
such that u = y?(v) and d?(v) = ~?*!(w) with v in K?. 

A subcomplex of K®* is a collection K’* = {K’?} such that K’? is a 
sub-R-module of K? and that d?(K’?) c K’?*1. In this case, (K'?,d?) is 
a complex. We set Kk”? = K?/K'?. Since d? induces a morphism kK”? > 
K''?-!. which we also denote by d?, K’* is also a complex, called the 
quotient complex. In this case we have a short exact sequence of complexes 


0— K’* —> K° —> Kk’ —> 0. 


The notion of homotopy between two cochain morphisms is also defined 
as in the case of homology. Thus let (K*,d) and (L*,d) be two complexes 
and y® and (y’)® two cochain morphisms of K° to L*. A cochain homotopy 
between y® and (¢y’)® is a collection {h?} of morphisms h? : K? + L?~+ 
such that 


dP) oh? + At od? = yP — (yy. 
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If there is a cochain homotopy between y® and (y’)*, we write y® ~ (y’)®. 
In this case, they induce the same morphism on the cohomology: 


p* = (y')" : H?(K*) — HP(L*). 

A cochain morphism y* : K* > L® is said to be a cochain equivalence 
if there is a cochain morphism wW*® : L* —+ K® such that W® o y® ~ lKe and 
yp? ow® ~ Ire. In this case, the induced morphism is an isomorphism: 

p* : H?(K*) —> H®(L°). 
Dual complex: If K, is a chain complex, we may construct an associated 
cochain complex. Thus we set K? = Hom(K,,R), the R-module of mor- 


phisms of K, to R. We define the Kronecker product ( , ) as an R-bilinear 
form 


K, x KP? —+R given by (c,u) + (c,u) = u(c). 
The coboundary operator d? : K? + K?*" is defined as the transpose of dp: 
(esd?) S (dpe 3%) for u€ KP? and c’ € Ky41. (A.1) 
Then we see that d? od?~! = 0 so that (K°,d) is a cochain complex, called 
the complex dual to K,. Note that the Kronecker product descends to 
homology and cohomology, i.e., the R-bilinear form 
Hy(Ke) x H?(K*) —+R given by ([c], [u]) - ([e], ul) = (ce, u) 


is well-defined. 

If gy. : Ke > L, is a chain morphism, we have the transpose cochain 
morphism p® : L® — K°*, which is defined by y?(v) = vo gp, in other 
words, 


(c, y?(v)) = (Pp(e), v) for ce K, and ve L?. 


Note that the above relation descends to homology and cohomology. 
For two morphisms y, and vy}, a homotopy between y, and vy), induces 
a homotopy between y® and (y’)®. 


Acyclicity: Let K°® be a complexe with K? = 0 for p < 0. We say that 
K°® is acyclic if H?(K*) =0 for p > 1. The following is not difficult to see: 


Proposition A.12. [f there is a collection {h?} of morphisms h? : KP > 
K?-1 such that 


at ohP + hPtlodP=1xe for p>1, 


then K® is acyclic. 
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Spectral sequences 


Filtration: Let M be an R-module. A (decreasing) filtration on M is a 
family (F?M), of sub-R-modules of M with F?M > F?t'M. We set 
GM =@Qeon, G?M = FPM/F?t'M 
p 
and call it the graded module associated with (F?M). For a € F?M, we 
denote by [a]? its class in G?M. 


Let ko be a non-negative integer. 


Definition A.6. A spectral sequence is a system (EP, H") as follows: 


1) for each p, g and k > ko, EP” is an R-module such that E?’? = 0 if 
k ko 
p<Oorg<QO, 
(2) there is a morphism d?? : EP? + EPth4-k+1 satisfying 
; —k,qtk—-1 _ 
ao = 0, 


(3) there is an isomorphism 


Ddony Psd p—k,q+k—-1 
Ext, & Ker di? / Im dy, 2 


thus, if k > max{p,q+1}, then Ef? ~ Ep’), ~ ---, which is denoted 
by BR, 

(4) for each r, H” is a filtered R-module such that H” = 0 for r < 0 and 
that the filtration satisfies F?H” = H” for p < 0 and F?H” = 0 for 
port+l,ie., 


At = F°H" > F1H’ 5... > FH =0, 


(5) there is an isomorphism E?:4 ~ GP H?*4, 


Note that from (3), if Ef" = 0, then Ey#, = --- = ER@ = 0, in 
particular if p <0 or q < 0, ER? = 0 for all k > ko. 

Considering the case q = 0, if ky > max{2,ko}, there is a sequence of 
epimorphisms 


Also considering the case p = 0, if ki > max{1, ko}, there is a sequence of 
monomorphisms 


H4/F\H4 ~ E84 +... —> Bet, —> Bet. (A.3) 


These are called edge morphisms. 
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Suppose E7’* = 0 for g > 0. Then it can be easily checked that the 
morphisms in (A.2) are isomorphisms and that F?H? = H?. Likewise if 
Ex! = 0 for p > 0, the morphisms in (A.3) are isomorphisms and F'! H4 = 
0. Thus we have: 

Proposition A.13. 1. Let k; > max{2,ko}. If E27 = 0 for q > 0, then 
Be ~ H” for every r. 
2. Let ky > max{1,ko}. If Ef? =0 for p > 0, then Ey” ~ H” for every r. 


Definition A.7. We say that a spectral sequence (E?’", H”) degenerates 
at E,, if d??? = 0 for every (p,q) and k > ky. 


Thus in this case, we have Ej’? ~ --. ~ ER;4 ~ GPH?*4. For example, 
in the situations of Proposition A.13, the spectral sequence degenerates at 
Ex,. 


Filtered complexes: Let (/°,d) be a complex of R-modules with kK” = 
0 for r < 0. A filtration on the complex K°® is a family (F? K°*) of subcom- 
plexes with F?K* > F?+'K*. Thus for each r, (F?K") is a filtration on 
K" and d(F?K") c F? K™*+. We assume that 


F°R"=K", forp<0O and F?K"=0, forp>rt+l. (A.4) 
We have the quotient complex 
GP? K* = FP K*/FPtK®, 
For each r, by (A.4), G?K" = 0 for p< Oorp>r. 

The filtration (F? K°) induces a filtration on the cohomology H"(K°): 
FP? H"(K*) = Z"(K*) 0 FP K"/B?(K*) 0 FPR. 
Proposition A.14. For a filtered complerx K°*, there is a spectral sequence 

(E?", H") with ko = 0, 
ERT — GPKP+a, ERT ~ HP+H(GPK*) and H" = H"(K°). 
Proof. For each triple (p,q, &) of non-negative integers, we set 
ZP4 = {Lae FPK?*4| dace FPthKPtat}y 
Bed = (d(FP-*t1 KP td) 4 RPT] KP +a) yy ZP4 and 
Hee Tee Be 


We verify the conditions in Definition A.6 successively. In the following, 
the class of a € ZP? in EP’? will be denoted by [a]x. 
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(1) We have 2)? = FP K?+4 and Bh! = Ft! K? +4 so that 
ERT — GP KP, [alo = [a]?, (A.5) 
and by (A.4), we have the condition (1) in Definition A.6. 
(2) Since dZP4 c ZPth4—*+! and dB? c BPte4-*+ the morphism 
det: EDT_, pptha-kth a), + (dali, 
is well-defined and satisfies dP o dP-"4t*~! — 9, 


(3) Since 2217, C Ze’%, we have a morphism 27), > ER, a + [alg. 
As a € Z2", we have d?'“[a], = 0 and this is a morphism into Ker d?’. 


kel 
; —k,qtk-1 
Moreover, if a € BP'#,, we see that [a], € Imd?-""* 


well-defined morphism 


ER —> Kerd?*/Imdp *9t* alg © [lala], (A.6) 


. Thus we have a 


which is an isomorphism. Indeed, for the surjectivity, take [a], € Ker d?’’, 
ie. a € Z?4 and da € BPt**-**1, Then we may write 


da = da; + b, ay € Perl ygets, be petktlygp+ati | 


We have a — a, € Viki and [a — ai]x = [ale as a; is in fact in BP’. 
Thus [a — aiJx41 + [[a]x]. For the injectivity, take [a],y1 € ER, such 


that [a], € Imd?-*4+*"! Then there exists a’ € Z?~*4t*~ such that 
a—da' € BR’. From this we see that a € Bp"). 


(4) We set H” = H"(K°) for the condition (4). 

(5) If k > max{p,q +1}, then Z?? = ZP+a(K*) 9 FPKP+, BP — 
(BPta(K*) + FPt1 KP +a) 9 ZP4, ERT = ZP9/BP4 and d, = 0. Thus 
Ee = Epa =--- = EP and it is straightforward to see that there is an 
isomorphism 


EP ~ GP H?t4(K*), [aloo © [[a]]?, (A.7) 


where [a] is the class of a € 22: = Z?+4(K*) 0 FPKP+4 in FPH?+4(K). 
Therefore, (E?’", H”) as defined above is a spectral sequence. 

Finally, we try to find E?’’. Any element in Ker d’? may be written 
[a]o, where a € Z*4 with [da]o = 0, ie, da € BR4t* — FP+lKPta+1, The 
last condition means a € Z?’? and in the step (3) above, we may set a, = 0. 
In the identity (A.5), db"[a]o = [da]o = [da]? = d[a]?, where the last d is 
the one induced on G? K?*4. Thus we have 


EP? ~ Ker do/Imdp = H?T4(G?K°), [a], < [[a]?]. 
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Proposition A.15. Let (E?’", H") be the spectral sequence as constructed 
in Proposition A.14. If there exists ky, such that dy! = 0 for every (p,q), 
then it degenerates at ky, t.e., dy? =0 for every (p,q) and k > ky. 


Proof. From (A.6) and the assumption, we have an isomorphism 


ta ea a [a}e+i +> [ale 


for every (p,q). By this isomorphism, for (p+ki+1,q—1), dp, 41[@]e,41 = 
[da],,41 corresponds to [da],, = dx,[@]x,, which is 0 by the assumption. 
Thus dy4,, = 0 for every (p,q). Continuing this argument, we have the 
proposition. 


Double complexes: <A double complex of R-modules is a collection 
Ke = (K-41, d’, d") such that 


(1) for each fixed g, K°4 = (K?-4,d’) is a complex, 
(2) for each fixed p, K?’* = (K-47, d") is a complex and 
(3) dod’ +d" od' =0. 


If we set K" = ®,, =, K?4 and define d: K" + K™** by d=d' +d", we 
get a complex (K°, d), called the associated single complex. In the following 
we assume that K?4 = 0 if p< 0 or g < 0. On the complex K°, there are 
two natural filtrations: 


FPK°=QKi* and "FIK* =G Ke. 


i>p J24 
For these filtrations we have 
'G?K*° ~ KP*P and "GIK* ~ K*-%4, 

Theorem A.13. For a double complex K***, there are two spectral se- 
quences (‘EP?, H") and ("EP*, H") with 

(ERY = KP, IEP = HL, (KP*), (ER ~ HE (HY, (K*)), 

beg ee EOP ee EOP. BS Se (Ae) ong. 

HH" = H'(K°®). 
Moreover, the both sequences degenerate at E2 so that 
HHS, (KO) eG? Hay and. Heya (Ko) er Genet (Re). 


Explicit correspondences in the above isomorphisms are given in the proof. 
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Proof. The theorem basically follows from Proposition A.14, except for 
the last statement. We look at the first sequence, the second one being 
similar. For a € 'F?K?*4, we write a = ae abPta—* with avPti—? ¢E 
Kipta?, = 
We have 'Z}! =/F? K?+4, (Bhd = 'FPt! kP+d and 
‘ERT = 'GP KP ~ KP, [alo © a4, 

In the last isomorphism, d5 corresponds to d on K?*4 so that 

Ker di / Im d34~* = H?+9((G? K*) ~ H4,(K?*). (A.8) 


We may write ‘7? = {a € ‘FP KPT | d’a?4 = 0} and, by (A.6) and 
(A.8), we have 
Detainee « bere: Gages [aja © [a4]. (A.9) 
We may also write 
ZP4 = Lac 'FP Kt | da?4 =0 and d'aP4 4 d’aPtt 4-1 = 0}. 
Recall that d?? : 'E?4 — 'EPt!4 is given by [a]; + [da], and in the 
isomorphism ‘EPt'4 ~ HY,(KPt+1*), [daly o [d’a?? + d/aPtt4-1] = 
[d’a?*4] = d'[a?-4|, where the last d’ is the one induced by d’ on H4,,(K?:*); 
d’: H4,(K*) + H4,(K?t)*). Thus, by (A.6) and (A.9), we have 
‘EX ~ Hy (Hy (Ke*)), [ala + [[a?"*]].- (A.10) 
As to the last statement, recall that do’: ED’ — ER+*4~" is given by 
[a]2 ++ [da]z. By the isomorphism ‘E8t*?~! ~ H®*?(HI,'(K**)), [dale 
is sent to [[(da)?*2¢-1]] = [ld'artho-! 4 dvah+24-2]) = [[darte—l}) = 
[d’[a?*1-4-1}] = 0. Hence di" = 0 for every (p,q) and the sequence degen- 


erates at Ey by Proposition A.15. Thus 'E?:4 ~ +. ~ /ER", [aloo +> [ale, 
where a € 'Z2:4 = ZP+4(K*) Q/FP K+, By (A.7) and (A.10), we have 


'G? H?*4(K°) ~ He, (Hi, (K**)), [al]? rs [[a?""]]. 


Direct limit 


Let X be a set. An order relation, or an ordering, in X is a relation < in 
X with the following properties: 


(1) For every x in X,x <a. 
(2) Ifa <yandy< z, then az < z. 
(3) Ifa <y and y <a, then x = y. 
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An ordered set is a set together with an order relation. If Y is a subset 
of an ordered set X, then Y is naturally an ordered set. We say that Y is 
cofinal, if for each x in X, there exists y in Y such that x < y. 

An order relation is total, if it also has the following property: 


(4) For every x and y in X, either x < yory< az. 


A directed set is an ordered set A such that for every \ and y in A, there 
exists vy in A with A<vanduw<v. 


Definition A.8. A direct system of R-modules on A is a system (My, f,,y), 
where for each \ in A, My is an R-module and for each pair (A, ) with 
A <p, fux:M) — M, is a morphism such that 


(1) fax = Imig, 
(2) fu? Fux = for for A< p<. 


We introduce a relation ~ in the disjoint union ||, My by saying that 
x, ~ «, if there exists v with A, u <v such that f,,(v,) = frp (#,). Then 
it is an equivalent relation and the direct limit of the system is defined by: 

M = lim My = | | My/~. 
AEA AEA 

For each x), we denote by [2] its equivalence class. We may define the 
addition in M by [x ] + [,] = [foa(av) + fry (a, )], taking v with A, p< v. 
Multiplication of R on M is naturally defined and M becomes an R-module. 
For each A, we have a canonical morphism f, : M, > M, which assigns [2] 
to x). If AX < p, we have fy = fo fur. 

If each M) is an R-algebra and f,,, is an R-algebra morphism, the direct 
limit M also admits the structure of an R-algebra. 

If A’ is a cofinal subset of a directed set A, then A’ is a directed set. 
Moreover, a direct system (My, fy.) on A defines a direct system on A’. 
There is a canonical isomorphism 

M’ = lim M, ~ M = lim My. 


AEA! AEA 
Taking direct limits is an exact functor (cf. the item “Abelian categories” 


below). 


Five lemma 


The proof of the following is rather straightforward: 
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Lemma A.6. Let R be a commutative ring with unity and let 


M, M> M3 My Ms 


jee de 


Ny >No >Ngs >Ng >Ns5 


be a commutative diagram of R-modules with exact rows. 


1. If fi is an epimorphism and fz and f4 are monomorphisms, then fz is 
a monomorphism. 

2. If fs is a monomorphism and fz and f, are epimorphisms, then f3 is 
an epimorphism. 


Modules 


Here we collect some basics on R-modules. 

An R-module M is finitely generated if there exists a finite number of 
elements %1,...,2, in M that generate M, i.e., every element of M is written 
SP, aix;, a; € R. This is equivalent to saying that there is an epimorphism 


R? —>M —> 0, 


where R? denotes the direct sum of p copies of R. We think of the zero 
module as being finitely generated. 

An R-module M is free if it is isomorphic with a direct sum of copies of 
R. If M is a finitely generated free module, i.e., M ~ R” for some 1, it is 
shown that r is uiquely determined by M. It is called the rank of M over 
R. In the case R is a field, it is the dimension of the vector space M over R. 

An R-module P is projective if for every epimorphism y : M > N and 
every morphism f : P + N of R-modules, there exists a morphism g : P > 
M such that f = yog: 


e Ss 


M-—» N. 
Y 


This is equivalent to saying that the functor Hom(P, -) is exact (cf. Exam- 
ple A.1.1 below). Free modules are projective. An R-module is projective 
if and only if it is a direct summand of a free module. For every R-module 
M, there exist a projective module P and an exact sequence P ~ M > 0. 
An R-module | is injective if for every monomorphism y : N > M and 
every morphism f : N > | of R-emodules, there exists a morphism g : M > | 
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such that f=goy: 


N»">M 


ca g 


This is equivalent to saying that the functor Hom(- 1) is exact. It is shown 
that, for every R-module M, there exist an injective module | and an exact 
sequence 0 > M -> I. We quote: 


Proposition A.16. A Z-module, i.e., an Abelian group, M is injective if 
and only if it is divisible in the sense that, for every x € M and n € Z, 
n #0, there exists x’ € M such that na’ = x. 


An R-module F is flat if for every monomorphism M’ - M of R-modules, 
F @r M’ + F @rM is a monomorphism. This is equivalent to saying that 
the functor F @r - is exact. Projective modules are flat. 

An R-module M is torsion-free if ax = 0 (a € R, « € M) implies that 
either a is a zero divisor in R or « = 0. If R is an integral domain, this is 
equivalent to saying that ax = 0 implies a = 0 or x = 0. Flat modules are 
torsion-free. If R is a principal ideal domain (cf. Section A.2), the converse 
is also true. 


Abelian categories 


Here we recall some basics on Abelian categories, without going too much 
in details. 


Categories and functors: A category is a non-empty collection C of 
objects such that, for every pair of objects (A, B) in C, associated is a set 
Hom(A, B), called the set of morphisms of A to B, and, for every triplet 
(A, B,C), there is a map Hom(A, B) x Hom(B,C) > Hom(A,C), called 
the composition of morphisms, with the following properties: 


(1) The composition of morphisms is associative. 
(2) For every object A, Hom(A, A) contains an element 14, called the iden- 
tity morphism, which is a left and right unity for the composition. 


An isomorphism is a morphism that admits an inverse. For u € Hom(A, B) 

and v € Hom(B,C), we denote the composition by vo u € Hom(A, C). 
Let C and C’ be categories. A covariant functor F :C > C’ is a “func- 

tion” that assigns to each object A € C an object F(A) € C’ and to each 
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morphism u € Hom(A, B) a morphism Fu) € Hom(F(A), F'(B)) so that 
F(la) = lps) and F(vou) = F(v) ° F(u). Likewise a contravariant 
functor F : C — C’ is defined by letting F(u) € Hom(F(B), F(A)) and 
F(vou) = F(u) o F(v). For a sequence C *.c’ & C" of functors, the 
composition G'o F is defined in an obvious way. 


Abelian categories: A category C is additive if, for every pair of objects 
(A, B), Hom(A, B) has the structure of an Abelian group and the composi- 
tion is bilinear. We also assume that, for every pair (A, B), the “direct sum” 
A® B exists and that there exists an object A (“zero” of C) with 14 = 0. 
For a morphism wu in C, the notions of “kernel” Keru, “cokernel” Coker u, 
“image” Imwu and “coimage” Coim wu may be defined (they may not exist). 
There is a canonical morphism Coimu — Imu. A functor F': C > C’ of 
an additive category to another is additive if F(u+v) = F(u) + F(v) for 
every u,v € Hom(A, B). 

An Abelian category is an additive category C with the following 
properties: 


(1) For every morphism wu in C, Keru and Coker u exist. 
(2) For every morphism wu in C, the canonical morphism Coim u > Im u is 
an isomorphism. 


Note that (1) implies the existence of coimage and image for every 
morphism. 

Let C be an Abelian category. A sequence of morphisms A + B 4 C 
in C is exact if Kerv = Imu. Let F : C > C’ be an additive covariant 
functor of an Abelian category to another. The functor F is left exact if, 
for every exact sequence of the form 0 + A’ — A — A”, the sequence 
0 > F(A’) > F(A) - F(A") is exact. It is right exact if, for every exact 
sequence A’ + A — A” — 0, the sequence F(A’) > F(A) > F(A’) > 0 
is exact. It is exact if it is both left and right exact. This is equivalent to 
saying that, for every exact sequence A > B —- C, F(A) > F(B) > F(C) 
is exact. Likewise we may define exactness of contravariant functors. For 
example a contravariant additive functor F is left exact if, for every exact 
sequence A’ + A — A” — 0, the sequence 0 > F(A”) > F(A) > F(A’) 
is exact. 


Example A.1. 1. Let R be a commutative ring with unity. We have the 
category Mod(R), whose objects are R-modules and whose morphisms are 
R-morphisms. For any R-module M, Homr(M,-) : Mod(R) > Mod(R) 
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is a covariant left exact functor and, for any R-module N, Home(-,N) : 
Mod(R) > Mod(R) is a contravariant left exact functor. Also, M@r-: : 
Mod(R) + Mod(R) and - @rN : Mod(R) + Mod(R) are right exact 
covariant functors. 


2. Let X be a topological space. We have the category Sh(X), whose 
objects are sheaves of Abelian groups on X and whose morphisms are sheaf 
morphisms. Taking the sections [(X; -): Sh(X) > Mod(Z) is a left exact 
covariant functor. See Remark 11.1 for more examples. 


Derived functors: Let C be an Abelian category. If there is an exact 
sequence of the form 0 + A’ + A — A” — 0, we say that A’ is a sub-object 
of A and A” a quotient of A. In this case we write A” = A/A’. Projective 
and injective objects in C are defined as in the case of R-modules. We 
say that C has enough projective or injective objects if every object in C 
is a quotient of a projective object or a sub-object of an injective object, 
respectively. 
A (cochain) complex in C is a sequence of morphisms 


—4 ap} dP 
» KPIS KP Ay Ket 


such that d? o d?-! = 0 for all p. In this case Imd?~! is a sub-object of 
Ker d? and H?(K*) = Kerd?/Imd?~! is the p-th cohomology of K°. 

Let F.:C + C’ be a covariant additive functor of an Abelian category 
to another. Suppose C has enough injective objects. Then, for each non- 
negative integer p, we may define the p-th right derived functor RPF :C > 
C’ as follows. For any object A € C, take an injective resolution, i.e., an 
exact sequence of the form 0 > A > I° + J' > ---, with I? injective 
objects, p > 0, and set RP F(A) = H?(F(I*)). It is uniquely determined 
modulo isomorphisms. Moreover, if F' is left exact, R°F(A) = F(A) and 
an exact sequence 0 + A’ > A — A” + 0 yields an exact sequence 


0 > F(A’) > F(A) > F(A") > R'F(A’) 5 R'F(A) 3 R'F(A") > --- 
+ R? F(A’) = R?F(A) > RP F(A") 3 R?F(A) 5. 


If F is a contravariant functor, we may define the left derived functor LpF’. 
That is, for an object A, take an injective resolution as above. Then F'(I*) is 
a chain complex and we set L,F (A) = H,(F(I°)). The left derived functor 
of a covariant functor or the right derived functor of a contravariant functor 
is defined by taking projective resolutions. Namely, let P? — A — 0 bea 
projective resolution. If F is covariant, L,F (A) = H,(F(P°®)) and if F is 
contravariant, R? F(A) = H?(F(P°)). 
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Example A.2. 1. For a commutative ring R with unity, the category 
Mod(R) of R-modules has enough projective and injective objects. For 
an R-module M, the p-th right derived functor of Homp»(M, -) is denoted 
by Ext®(M, -) and, for an R-module N, the p-th right derived functor of 
Homp(-,N) is denoted by ExtR(-,N). For any pair (M,N), there is a canon- 
ical isomorphism between the Ext®(M,N)’s defined in two ways. 

For example, for a fixed N, Ext®(M,N) is defined by taking a projective 
resolution of M. We have 


(1) Extg(M,N) = Home(M,N). 

(2) Extg(M,N) =0 for p > 1, if M is projective. 

(3) A short exact sequence 0 + M’ + M -+ M” -+ 0 yields a long exact 
sequence 


0 —> Homr(M”,N) —>+ Homr(M, N) —> Homer(M’,N) —> 
Extp(M”,N) —> Exta(M,N) —> Extg(M’,N) —> --- 


Also, the p-th left derived functors of M@®r- and - rN are denoted 
by Torp(M, -) and Tory ( -,N), respectively. For any pair (M,N), there is a 
canonical isomorphism between the Tork (M, N)’s defined in two ways. 


2. For a topological spaceX, the category Sh(X) of sheaves of Abelian 
groups on X has enough injective objects. The p-th derived functor of 
I'(X; -) is denoted by H?(X; -). This is one way of defining the cohomology 
H?(X;.S) of a sheaf Y on X. 


Grothendieck spectral sequence: The theory of spectral sequences 
may also be developed in Abelian categories. In particular, we quote the 
following: 


Theorem A.14. LetC,C’ andC” be Abelian categories and let F':C — C' 
and G:C’ + C" be additive covariant functors. Suppose that C and C’ have 
enough injective objects, G is left exact and F transforms injective objects 
to G-acyclic objects, i.e., if I is injective, RI1G(F(I)) =0 for gq >0. Then, 
for any object A in C, there is a spectral sequence (ER’",H") in C” with 


BE?’ = RPG(RIF(A)) and H" = R"(Go F)(A). 


For an example, see Proposition 11.22. 
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A.2 Commutative rings 


In the following a ring means a commutative ring with unity 1, which may 
possibly be equal to 0. On the other hand, for a field we assume that 1 4 0. 

Let a and 6 elements in a ring R. We say that 6 divides a and write b | a 
if a = bc for some c in R. 


Integral domains: A zero divisor in a ring R is an element a in R such 
that there is an element b 4 0 in R with ab = 0. An integral domain is 
a ring R 4 0 without non-zero zero divisors, i.e., if ab = 0, for a,b in R, 
then a = 0 or b= 0. If R is an integral domain, we may form the fraction 
field F(R) of R as follows. We introduce a relation ~ in R x (R\ {0}) by 
(a,b) ~ (a’, b’) if and only if ab’ = a’b. It is an equivalence relation and the 
equivalence class of (a,b) is denoted by a/b. Then F(R) = Rx (R\{0})/ ~ 
becomes a field with the addition a/b+c/d = (ad+bc)/bd and multiplication 
a/b-c/d = ac/bd. Identifying a with a/1, we may think of R as a subring 
of F(R). 


Unique factorization domains: We say that an element u in a ring R 
is a unit if there is an element v in R such that wv = 1. Let R be an integral 
domain. An element a in R is irreducible if a is not a unit and if the identity 
a = bc for elements b and c in R implies that either b or c is a unit. Note 
that 0 is not irreducible. We say that R is a unique factorization domain, 
or a UFD for short, if every element a in R which is not 0 or a unit can be 
expressed as a product of irreducible elements in R and the expression is 
unique up to the order and multiplications by units. Thus an element a as 
above may be expressed as 


a= uph ph, (A.11) 


where u is a unit, the m,’s are positive integers and the p;’s are irreducible 
elements such that if i A j, p; is not a product of a unit and p;. An 
expression as above, which is unique up to the order and multiplications by 
units, is called the irreducible decomposition of a 

For example, the ring Z of integers is a UFD. Also a field is a UFD, 
since any of its elements is either 0 or a unit. Then ring @, of germs of 
holomorphic functions at 0 in C” is a UFD (cf. Theorem 1.11). 

Let R be an integral domain. An element a in R is prime if a is not 0 
or a unit and if a| bc, for elements b and c in R, then either a| b or a| c. 
If a is prime, it is irreducible. If R is a UFD, every irreducible element is 
prime. 
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Theorem A.15 (Gauss’ lemma). /f R is a UFD, so is the polynomial 
ring R[X] in the variable X. 


Let R be a UFD. For non-zero elements a and 6 there is always the 
greatest common divisor gcd(a, b), which is unique up to multiplication by 
units. We say that a and 6 are relatively prime if gcd(a, b) is a unit. Note 
that if either a or b is a unit, then a and D are relatively prime. 


Resultant: Let R be an integral domain. For two polynomials P(X) = 
0 aX? and Q(X) = Yj =0 bj XI, dmbn # 0, in R[X], their resultant 
R(P,Q) is an element in R defined by 


Am sae ao 
Am eae (OF 
RPQ=|, 
bn «++ Bo 


The discriminant D(P) of P(X) is defined by 


D(P) = (-1)" + RP, P’, (A.12) 


am 


where P'(X) =Harteorrt MOm—-1X™ 1. 


Theorem A.16. 1. For P(X) and Q(X) as above, there exist A(X) and 
B(X) in R[X] such that 


A(X) P(X) + B(X)Q(X) = R(P, Q). 


2. Suppose R is a UFD. Then P(X) and Q(X) are relatively prime if and 
only if R(P,Q) 4 0. 


Integral extensions: Let R be a subring of a ring S. An element a of 
S is algebraic over R if there is a non-zero polynomial P(X) in R[X] with 
P(a) = 0. It is integral over R if we may take a monic polynomial as P(X) 
in the above. The ring S is integral over R if every element of S is integral 
over R. If S is finitely generated as an R-module, S is integral over R. 

Let K be a subfield of a field L. In this case an element a in L is algebraic 
over K if and only if it is integral over K and among the monic polynomials 
in K[X] as above, there is a unique polynomial with least degree, which is 
called the minimal polynomial of a. 
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Let R be an integral domain and F(R) its fraction field. We say that 
R is normal if every element in F(R) which is integral over R is in R. For 
example, a UFD is normal. 


Proposition A.17. Let R be a normal integral domain and K = F(R) 
its fraction field. Let K C L be a field extension and a an element in L. 
Suppose a is integral over R, thus in particular a is algebraic over K. In 
this situation the minimal polynomial of a is in R[X]. 


Principal ideal domains: A principal ideal domain, a PID for short, 
is an integral domain R such that every ideal J is principal, i.e., J = (a) 
for some a in R. For example, Z and an arbitrary field are PID. Also the 
polynomial ring K[X] of one variable over a field K is a PID. A PID is a 
UFD. 


Proposition A.18. If M is a free module over a PID, every submodule of 
M is free. 


Noetherian rings: We say that a ring R is Noetherian if every ideal 
in R is finitely generated, i.e., if J is an ideal in R, there exist a finite 
number of elements 71,...,2, in J such that every element x in J is written 
z= >>, a2; with a; € R. 


Proposition A.19. For a ring R, the following are equivalent: 


(1) R is Noetherian. 
(2) Every ascending sequence 


I, Clg C++ CIn Cees 


of ideals in R is stationary, t.e., I, = Ini, =-+-, for some k. 
(3) Every non-empty set of ideals in R has a maximal element. 


For example, the ring Z is Noetherian. Also a field is Noetherian, since 
any of its ideals is either 0 or itself. The ring @,, is Noetherian (cf. Theo- 
rem 1.12). 


Theorem A.17 (Hilbert basis theorem). If R is Noetherian, so is 
R[X]. 


Maximal ideals: In the following we say that an ideal J in a ring R is 
proper if TAR. 
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We say that an ideal m in R is mazimal if m is proper and if there are 
no ideals J with mG J SR. This is equivalent to saying that the quotient 
R/m is a field. A ring with a unique maximal ideal is called a local ring. 

For example the ring @,, is a local ring with the ideal m of non-units in 
@,, as its unique maximal ideal (cf. Proposition 1.7). There is a canonical 
isomorphism @,,/m ~ C. 

We quote: 


Theorem A.18 (Nakayama’s lemma). Let (R,m) be a local ring andM 
a finitely generated R-module. If mM =M, then M=0. 


There is a canonical isomorphism M/mM ~ R/m @p M and it is an 
R/m-vector space. As a consequence of the above, we have: 


Proposition A.20. Let (R,m) and M be as above and let x1,...,2, be 
elements in M. If the classes of x1,...,X,~ span the vector space M/mM, 
then x1,...,2,~ generate M as an R-module. 


Prime and primary ideals: For an ideal J in a ring R, its radical is 
defined by 

VI ={a€R|a* €I for some positive integer k }, 
which is an ideal in R containing J. 

An ideal p in R is said to be prime if R/p is an integral domain, i.e., p 
is proper and ab € p implies a € p or b € p. If p is prime, then \/p = p. 
Every maximal ideal is prime. The ideal {0} is prime if and only if R is an 
integral domain. 

If R is an integral domain, for an element p 4 0 in R, p is prime if and 
only if (p) is prime. Thus, if R is a UFD, p is irreducible if and only if (p) 
is prime. 

We say that an element a in R is nilpotent if a* = 0 for some positive 
integer k. 

A proper ideal q in R is said to be primary if every zero divisor in R/q 
is nilpotent, i.e., ab € q implies a € q or b € \/q. This is also equivalent to 
saying that ab € q implies a € q or b€ q or a,bE /q. 

If q is primary, then ,/q is prime. 

We quote the following: 


Theorem A.19 (Primary decomposition theorem). If R is Noethe- 
rian, for every proper ideal I in R, there exist a finite number of primary 
ideals qi, ..., dr such that 


P=q1N---:Nqp. 
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Moreover, if I cannot be expressed as the intersection of ideals in a proper 


subset of {q1,...,4r}, then the prime ideals \/q1,...,./qr are uniquely 
determined by I. 


In the above we call \/q1,...,./dr the associated primes of I. 


Fraction rings: A subset S of a ring R is said to be multiplicative if 1 € S$ 
and if s,s’ € S implies ss’ € S. For such a set S, we construct the fraction 
ring, denoted by S~1R, of R with respect to S$ as follows. We introduce 
a relation ~ in R x S by (a,s) ~ (a’,s’) if and only if s”(as’ — a's) = 0 
for some s” € S. It is an equivalence relation and the equivalence class of 
(a, s) is denoted by a/s. Then S~'R = Rx S/ ~ becomes a ring with the 
usual addition and multiplication of fractions. There is a natural morphism 
R — S7!R given by a + a/1. It is injective if and only if S does not 
contain any zero divisor in R. The above morphism gives S~+R an R-module 
structure and it is a flat R-module (cf. Section A.1). 

If R is an integral domain, S = R\ {0} is multiplicative and S~'R is the 
fraction field F(R) of R. 

In general, for an R-module M and a multiplicative set S in R, we may 
define S~'M = {2/s | « € M, s € S'} the same way as S7!R. It is an 
S~'R-module and the assignment x/s +> (1/s) @ x induces a well-defined 
S—!R-module isomorphism S~!M + S~!R @p M. 

Let y : R > R’ be a ring morphism. If S is a multiplicative set 
in R, S’ = y(S) is a multiplicative set in R’. The morphism y gives R’ 
an R-module structure and the assignment a’/s +> a’/p(s) induces a 
well-defined ring isomorphism S~!R’ 7 $’~'R’. 

Proposition A.21. Let I be an ideal in R. For a multiplicative set S 
in R, we denote by S’ its image in R/I. Then there is a canonical ring 
isomorphism 


SR/I-SIR~S'"'(R/I) given by [a/s] © [a]/[s]. 
Proof. We have 
S' (R/T) ~ S71(R/D) © ST!R @p (R/T) ~ S7!R/T- STR, 


where the last isomorphism is a consequence of the fact that S~!R is a flat 
R-module. 


If p is a prime ideal in R, then S = Rxp is multiplicative. In this case, 
S—!R is denoted by Ry. It is a local ring with pR, as its maximal ideal. By 
Proposition A.21, there is a canonical field isomorphism R,/pR, ~ F(R/p). 
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More generally, let p1,...,p, be prime ideals in R. Then the set S = 
M;-1(R\ pi) = RN Uj_, ps is multiplicative in R. We set I = (),_, p;. In 
this situation, we have an isomorphism as in Proposition A.21. Note that 
S” does not contain any zero divisor in R/T in this case. 

In the case R = @,, R/I and (S’)~1(R/J) are the rings of germs of 
holomorphic and meromorphic functions, respectively, on the germ of the 
varaity V(I) =U}_, V(pi)- 


Height of an ideal: Let R bearing with R40. A prime chain of length 
n is a sequence of n+ 1 prime ideals in R: 
bos brs <2 Pm 


The height of a prime ideal p, denoted by htp, is the supremum of the 
lengths of the prime chains with po = p. The height ht J of a proper ideal 
I is the minimum of the heights of the prime ideals containing J. 


Krull dimension: The dimension of a ring R £ 0, denoted by dimR, is 
the supremum of the heights of the prime ideals in R. It is also referred to 
as the Krull dimension of R. From definition, for every proper ideal J, 


dim R/I + ht I < dimR. 


Example A.3. Let @, be the ring of germs of holomorphic functions at 0 
in C” = {(21,.-.,2n)}. Then 


(Zien Zn) 2 (2istens2a7) 2 ed (21) 2 0 
is a prime chain of length n. In fact it can be shown that dim @,, = n. 


The annihilator of an R-module M is the ideal in R defined by Ann(M) = 
{aeR|aM=0O}. If M40, we define the (Krull) dimension of M by 


dim M = dim(R/ Ann(M)). 
If M = 0, we set dimM = —1. It is also denoted by dimr M. 
Regular sequences: Let R be a ring and M an R-module. An element 
a in R is a zero divisor on M if there is an element x # 0 in M such that 


ax = 0. 
A sequence a1,...,@, of elements of R is M-regular if 


(1) a1 is not a zero divisor on M, 
(2) for each i = 2,...,7, a; is not a zero divisor on M/(a1,...,@;-1)M, 
(3) M # (a1, shes ,y)M. 
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If the a;’s belong to an ideal J, we say that a,,...,a, is an M-regular 
sequence in I. 

For example, if M=R= @,, then z1,..., Zp, is an O,-regular sequence 
in the maximal ideal m. In fact, for any sequence 11,...,U%, of positive 
integers, the sequence z{',..., 2" is an @,,-regular sequence in m. 


Depth of an ideal: Let R be a ring and M an R-module. Let I be an 
ideal in R with IM #M. The depth of I on M, denoted by depth(J; M), is 
the length of a maximal M-regular sequence in J. The depth of J on R is 
simply called the depth of J and is denoted by depth I. 

Let (R,m) and (S,n) be Noetherian local rings and y : R > S a local 
morphism, i.e., a morphism with y(m) C n. The morphism ¢ endows S with 
an R-module structure. We say that ¢ is finite if S is finitely generated over 
R. In this case, we have: 


dims S = dime S, depth(n; S) = depth(m; S). (A.13) 


Cohen-Macaulay modules: Let (R,m) be a Noetherian local ring and 
M a finitely generated R-module. The R-module M is said to be Cohen- 
Macaulay, CM for short, if M = 0, or if M4 0 and depth(m; M) = dim M. 
The ring R is CM if it is CM as an R-module. 

For example, @;, is a CM ring. 

We have: 


Proposition A.22. Suppose a,,...,a@, 1s an M-regular sequence in m. 
Then M is CM if and only if M/(a1,...,a,)M is. 


Proposition A.23. Let (R,m) be a CM local ring. Then: 
1. For every proper ideal I in R, 


ht J=depth(I;R), ht /+dim R/I = dim R. 


2. A sequence a,...,a, in m is R-regular if and only if ht(a,...,a,) =r. 
In this case, every associated prime of (a1...,a,) has height r. 


Note that, in general, a sequence being regular depends on the order of 
the elements, however, in the situation of Proposition A.23, it does not. 
From (A.13), we have: 


If gy: R— S is finite and if S is a CM ring, then S is a CM R-module. 
(A.14) 
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Projective dimension: Let R be a ring and M an R-module. The pro- 
jective dimension of M, denoted by pdp M, is the minimum of the lengths of 
projective resolution of M. We quote the Auslander-Buchsbaum formula, 
which says that if R is a Noetherian local ring, M is finite over R and pd M 
is finite, 

depth(m; M) + pd M = depth m. (A.15) 


Determinantal ideals: Let R be a ring and f : R” — R” an R- 
morphism, which may be represented by an n x m matrix. We assume 
that m > n and denote by I(f) the ideal generated by all the n x n minors 
of f. We assume I(f) #R. Then we have: 


ht I(f) <<m—n+#1. (A.16) 
We also have: 
IfR is CM and if ht I(f)=m—n-+1, then R/I(f) is CM. (A.17) 


Analytic rings: Let @, = C{z,...,2n} denote the ring of convergent 
power series in n variables. A ring R is an analytic ring if R ~ @,,/I for 
some proper ideal J in @,, (for some n). The ring @,,/I is a Noetherian 
local ring with m/TJ as its unique maximal ideal, where m is the maximal 
ideal in @,,. The ring R inherits the structure of a Noetherian local ring via 
the above isomorphism. If X = (X, @x) is a complex space, then Cx, is 
an analytic ring for each point x in X (cf. Section 11.5). 

For an ideal J in @,,, we denote by V(J) the germ at 0 (in C”) of the 
variety defined by J (cf. Section 2.3). If R = @,/I, then dimr R = dim V (J). 
We denote by dime the dimension of a complex vector space. By the 
Nullstellensatz (Theorem 2.8), 

dimp R = 0 if and only if dime R is finite. (A.18) 

Let yg : R > S be a local morphism of analytic rings. The morphism 
y induces C = R@gR/mR > S @g R/m. We say that y is quasi-finite if 
this morphism makes S ®r R/m a finite-dimensional complex vector space. 
Clearly a finite morphism is quasi-finite. The coverse is also true: 

vy is finite if and only if it is quasi-finite. (A.19) 

Let (f,y~) : X = (X,@x) > T = (T,@r) be a morphism of complex 
spaces with T reduced so that we may think of @p as the sheaf of holomor- 
phic functions (cf. Section 11.5). For each point x in X, y induces a local 
morphism 

Pa? Ov, f(x) —> Ox,n; 
which endows @x 2 with an Of, ¢(~)-module structure. 
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We think of each point t in T as a complex subspace defined by the 
ideal .4, of holomorphic functions vanishing at t. The fiber X;, of (f,y) 
over t is the inverse image of t by (f,y). Thus it is the complex space with 
support X, = f—!(t) and structure sheaf Ox, = i; '(@x/(@x +4%)), where 
iy : X; — X is the inclusion. For each point x in X;, we have the exact 
sequence 


Ox,2 @67,1M —> Ox,2 —> Ox,2 @67, Or,4/m, — 0, 


where m; is the maximal ideal in @p,. Thus noting that (.%), = mi, we 
have 


Ox,,2 = Ox,2|(Ox,2™) ~ Ox,2 @67, O74 /m: ~ Ox,2 @ozr,, C. 
Hence by (A.18) and (A.19), we see that 
x is an isolated point in X;, if and only if yz is finite. (A.20) 


Suppose now that f is a finite map (cf. Definition 2.10) so that every 
point x in X is isolated in X;, t = f(x), and dimc @x,,, is finite. Let 
t be a point in T. For a point x in X;, we set v(x) = dimc @x,,, and 
v(t) = Yirex, U(x). We say that (f,y) is flat if Ox. is a flat Op, f(x)- 
module, for every x in X. In this situation, we have: 


(f,) is flat if and only if v(¢) is locally constant. (A.21) 


Notes 

The contents of Section A.1 may be found in most of the text books deal- 
ing with homological algebra. For spectral sequences, in particular the ones 
in Abelian categories, we refer to [Grothendieck (1957)]. For Abelian cate- 
gories, we refer to [Grothendieck (1957); Kashiwara and Schapira (1990)]. 

We list [Bourbaki (1961-65); de Jong and Pfister (2000); Eisen- 
bud (1995); Hotta (1987); Matsumura (1980)] as general references for 
Section A.2. For (A.16), (A.19) and (A.21), see [Macaulay (1916)], 
[Narasimhan (1966)] and [Douady (1968)], respectively. 
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Appendix B 


Algebraic Topology 


We summarize basic materials in algebraic topology relevant to our pur- 
poses. On the way we fix notation and orientation conventions. We adopt 
the singular homology theory as our reference theory and use cellular 
decompositions or triangulations of the space for actual computations. 

In the following, for a subset A in a topological space X, we denote 
by Int A and A the interior and the closure of A in X, respectively. A 
map between topological spaces means a continuous map, unless otherwise 
stated. We also let R denote a commutative ring with unity. In our case it 
will be mostly Z, Q, R or C. 


B.1 Singular homology 
We refer to Section A.1 for basics on homological algebra. 


Affine spaces: An affine space is a subset A of RN of the form A= v+V 

with v a point in R% and V a linear subspace of R%. In this case V is 

determined uniquely by A and v is determined modulo elements in V. The 

dimension of A is the dimension of V. For p+ 1 points vo,..., vp in A and 

p+1 real numbers to,...,t) with ~?_9t; = 1, the point 57?) tu; is in A. 
Let vp,...,Up be points in RY. Then the set 


Pp Pp 
v=) tivi, yaaa 
1=0 1=0 


A(vo,..-,Up) = {veR™ 


is the minimal affine space containing vp,...,Up. In fact, letting V be the 
subspace spanned by v1 — v0,...,Up — Vo, we may write A(vo,...,Up) = 
vo + V. We say that vp,...,Up are in general position if dim V = p. 
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A map f : A— R* is affine if f((1 —t)v + tv’) = (1—t)f(v) + tf (v’), 
for any points v and v’ in A. This is equivalent to saying that the map 
f :V — R¥ defined by f(v) = f(vo +. v) — f(vo), for a point vp in A, is 
linear. It is sometimes called linear in the affine sense, or simply linear. 


Simplices: Let vp,...,Up be points in general position in RY’. The p- 
simplex with vertices vp,...,Up is the set 
P P 
s={veR® v= > tim, Sad ti > 0h. (B.1) 
i=0 i=0 
For a point v in s, the numbers (to,...,¢t)) as in (B.1) are uniquely deter- 


mined by v and are called the barycentric coordinates of v. For each 1, t; 
is the barycentric coordinate of v relative to v;. The point a i vy; is 
called the barycenter of s and is denoted by b,. Note that in the case p = 0, 
s = bs = {vo}. 


Singular homology 


In R?, the points Pp = (0,...,0), Pi = (1,0,...,0),...,P, = (0,...,0,1) 
are in general position. The standard p-simplex A? is the p-simplex with 
vertices Po,..., Pp». Let X be a topological space. A singular p-simplex of 
X is a continuous map 
a: AP —+ xX. 

We denote by S,(X;R) the free R-module generated by all the singular p- 
simplices of X, i.e., the direct sum @ Ro with o all the singular p-simplices 
of X. If there is no fear of confusion, we omit the coefficient ring R and 
denote S,(X;R) by S$,(X). Thus an element c in S,(X), called a singular 
p-chain, is expressed uniquely as a finite sum c = }\a,o with a, elements 
in R and o singular p-simplices. For p > 0 and i = 0,...,p, we denote by 
ef, : AP-! —» A? the affine map with 


P; for j <4, 

Pyar for 9 > ite 
In short, ey, is the operation that leaves P; out of A?. For a singular 
p-simplex o, p > 0, andi = O,...,p, the i-th face djo is the singular 
(p — 1)-simplex defined by dijo = a 0 €4,: A?~! + X. We extend d; as an 
R-morphism of $,(X) to Sp-1(X) and define the boundary operator 

P ’ 
D = Op + Sy(X) — Sp-1(X) by Oy = S-(-1)'di. 


i=0 
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We set S,(X) = 0 for p < 0 and 0p = 0. Then we see that 
Op ° Op+1 =0 


and (S.(X), 0) is a chain complex (cf. Section A.1). By convention, we set 
S,(0) = 0 for all p. 


Definition B.9. The p-th singular homology H,(X;R) of X with coeffi- 
cients in R is the p-th homology of (S.(X), 0). 


Remark B.8. There is a canonical isomorphism $,,(X;R) ~ R®zSp(X;Z), 
through which the two R-modules may be identified. However, this relation 
does not directly descend to the homology level in general (cf. Theorem B.20 
below). 


We define the augmentation e: So(X) > R by e()> ago) = Yo a,. Since 
€00 : S\(X) — Ris the zero map, it induces a morphism ¢, : Ho(X;R) > R, 
which is also called the augmentation. Noting that we may regard a 0- 
simplex as a point and a 1-simplex as a path in X, we see that, if X (4 0) 
is path connected, €, is an isomorphism. 

In general, if X = ||, X) is the decomposition into path components, 
then H,(X;R) = @Qy Hp(Xa;R). 


Example B.4. If X = {x}, the space consisting of one point x, there is a 
unique singular p-simplex (the constant map) for each p and we see that 
R  p=0, 

0 p#0. 


In the following, the coefficients ring R in the homology is also omitted 
if there is no fear of confusion. 


Hy({x};R) ~ 


Homotopy: Let f, f’ : X — Y be two maps of topological spaces. We 
say f is homotopic to f’ if there is a map F : X x I > Y such that 
F(«,0) = f(x) and F(a,1) = f’(x) for all « € X, where I denotes the 
interval [0,1]. In this case, we write f ~ f’. The map F is called a 
homotopy between f and f’. Setting f,; = F(,t), we also say {fibo<t<1 is 
a homotopy from fp = f to fi = f’. 

Let A be a subspace of X. A homotopy F' as above is relative to A if 
F(a,t) = f(x) for alla e Aandte TI. 

Amap f : X > Y isa homotopy equivalence if there isa map g:Y > X 
such that go f ~ 1x and fog ly. Such a map g is called a homotopy 
inverse of f. 
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Recall that a map f : X — Y is said to be proper if the inverse image 
of each compact set in Y by f is compact. 

Let f, f’ : X — Y be two proper maps. A proper homotopy between f 
and f’ isa map F': X x IY as above that is proper. 


Induced morphism: Let f : X — Y bea continuous map of topological 
spaces. It induces a chain morphism f, : 5.(X) — S.(Y) by assigning to 
a: A? - X the composition foo : A? + Y. It in turn induces a morphism 


fx : Hy(X) — H,(Y). 


It is compatible with the augmentations, i.e., the following diagram is 
commutative: 


Ho(X) > Ho(¥) 
.e C (B.2) 


If two maps f, f’: X — Y are homotopic, then f., ff : S.(X) > S.(Y) 
are chain homotopic so that f, = ff: Hp(X) + H,(Y). If f:X + Y isa 
homotopy equivalence, f, : S.(X) > S,(Y) is a chain equivalence so that 
f. : Hp(X) > H,(Y) is an isomorphism. 


Deformation retract: Let A be a subspace of X andi: A X the 
inclusion. We say that A is a retract of X if there is a continuous map 
r:X — A such that roi=1y,. Such a map r is called a retraction. Also, 
A is a deformation retract of X if there is a retraction r such that ior ~ 1x. 
Thus in this case, i is a homotopy equivalence so that i, : Hp(A) > H,(X) 
with r, its inverse. A space X is contractible if there is a point xp in X 
such that {xo} is a deformation retract of X. 

A proper deformation retraction is a deformation retraction that is 
proper. 


Relative homology: Let A be a subspace of X andi: A © X the 
inclusion. The complex (5,(A),0) may naturally be thought of as a 
subcomplex of (5,(X),0) by identifying a singular simplex 0 : A > A 
with iog : A + X. Let (S.(X,A),0) denote the quotient complex, 
S.(X, A) = S.(X)/S.(A). 


Proposition B.24. For each p, S,(X, A) is a free R-module with basis the 
classes of singular p-simplices 0 of X with o(A”) ¢ A. 
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This can be seen from the decomposition S,(X) = Sp(A) © S;,, where 
ro is the free R-module generated by singular p-simplices o of X with 
a(A?) ¢ A. Note that S$ is not naturally a subcomplex of S,(X) in 
general. 

We denote by H,(X,A;R) the p-th homology of (S,(X, A),0) and call 
it the p-th relative homology of X mod A, or the p-th homology of the pair 
(X, A). Note that S.(X,0) = S,(X), thus H,(X,0;R) = H,(X;R). 

Denoting by 7 : (X,0) <— (X,A) the inclusion, we have the exact 
sequence of complexes: 


SAS eA 0: (B.3) 
From this, we have the long exact sequence (cf. Proposition A.9): 
HA) SO BK) SS Ae BA) 
We may also describe H,(X,.A) as follows. We set 
Zp(X, A) = {¢ € Sp(X) | Bc € Sp-1(A) }, 
B,(X, A) = {cE $,(X)|e~cd, c € S,(A)}. 
Then we have 
H,(X, A) ~ Z)(X, A)/Bp(X, A). 


If we have a triple (X, Ai, Ag) of spaces with Ag C Ai C X, we have 
the exact sequence of complexes 


OO Ai Ae) as So Aly HSS A yO: 
which yields a long exact sequence: 


ees (Ag hs) SX As) es FO A AG Aa) Se 
(B.5) 
If f : (X, A) > (Y, B) is a continuous map of pairs of topological spaces, 
i.e., a continuous map f : X > Y with f(A) Cc B, it induces a chain 
morphism f, : S.(X, A) > S.(Y, B) by assigning to the class of o the class 
of foo. Thus it in turn induces a morphism 


fe : Hp(X, A) — H,(Y, B). 
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Singular cohomology 


As a notion dual to the singular homology, we have the singular cohomology. 
Thus, for a topological space X, we set S?(X) = Hompy(S,(X);R) and 
define the coboundary operator 
6 = 6? : S?(X) — SP?t1(X) 
as the transpose of 0 (cf. (A.1)): 
(c', du) = (0c, u) for u€ S?(X) and c! € Sp41(X). 


Definition B.10. The p-th singular cohomology H?(X;R) is the p-th 
cohomology of the complex (S*(X), 6). 


Remark B.9. Let 1 denote the 0-cochain defined so that it assigns 1 to 
each singular 0-simplex and is extended R-linearly. Then we see that it is 
a cocycle and we have its class [1] in H°(X;R). 

If f : X — Y is a continuous map, it induces a cochain morphism 
f® : S*(Y) > S*(X) and thus a morphism 

f* : A?(Y) — A(X). 
If two maps f, f’: X + Y are homotopic, then f*, (f’)® : S*(Y) > S*(X) 
are cochain homotopic so that f* = (f’)* : H?(Y) — H?(X). If f: X — Y 
is a homotopy equivalence, f* : S*(Y) — S*(X) is a cochain equivalence 
so that f* : H?(Y) + H?(X) is an isomorphism. 

For a subspace A of X, we let S*(X,A) denote the cochain complex 
dual to S,(X,A). The p-th relative cohomology H?(X,A;R) of X mod A 
is the p-th cohomology of the complex (S*(X, A),6). From (B.3), for each 
p, we have the exact sequence (cf. Example A.2. 1) 


0 —+ S?(X, A) © 5?(X) © 8?(A) —> Ext}(S,(X, A), R). 
Thus we may identify S?(X,A) with 
{ue S?(X) | (c,u) =0 for c € S,(A) }. (B.6) 
Moreover Extg(Sp(X,A),R) = 0 by Proposition B.24 and #? is surjective. 
Thus we have a long exact sequence: 
.. 5 HP-1(A) 5 yee, A) © P(x) © HP(A) 3 ---. (B.7) 


The Kronecker product on chains and cochains descends to a product 
on homology and cohomology, which we still call the Kronecher product 
and denote by the same symbol: 


H,(X, A) x H?(X, A) — R, ({c], [u]) = (ec, u). 


Algebraic Topology 555 


If f : (X, A) > (Y, B) is a continuous map of pairs of topological spaces, 
it induces a morphism 
f* : H?(Y, B) — H?(X, A). 
In this situation, we have 


(a, f°(8)) = (fe(@),8) for a€ HA(X,A), BE H*(Y,B). — (B8) 


Excision 


A pair (X1, X2) of subspaces of X is called an excisive couple if the inclusion 
Se(X1) + S.(X2) @ S,(X1U XQ) is a chain equivalence. It is shown that, if 
Int X; U Int X2 = X, then (Xj, X2) is an excisive couple. If (X1, X2) is an 
excisive couple, the morphism S,(X1)/Se(X19X2) > So(X1UX2)/5.(X2) 
induced by the inclusion (X1, X1M X2) @ (X1 U Xo, X2) is a chain equiv- 
alence so that there exist canonical isomorphisms 

A, (X1,X1N X2) => Hy (X1 U Xe, Xo), 

HP(X1 U Xo, Xo) “4 H?(X1, X10 Xa). 


Let S be a closed set in X and U an open set in X containing S. Then 
(U, X \.S) is an excisive couple and there exist canonical isomorphisms 


H,(U,U\S8) —> H,(X,X~S), H?(X,X\S) —> H?(U,UXS). (B.10) 


(B.9) 


Mayer- Vietoris sequence 


Let X; and X2 be subspaces of X. Then there is an exact sequence of chain 
complexes 

O60 A Xs) 3s 8) Ce) ss BG) £ Sx SO: 
where i.(c) = (c, —c) and je(c1,c2) = 1 +c2. Thus if (X, X2) is an excisive 


couple, we have the following exact sequence: 


++ > Hy(X1 0X2) + Hy(X1) © Hp(X2) (B.11) 


On 
Hy (X1 U X2) —> Ap-1(X1N X2) — ---, 


where OQ, assigns to the class of c; + cg the class of c in X1;M X»2 such that 
Oc, =c and Ocy = —c. 
Likewise we have the exact sequence in cohomology: 


ay BP OU Xe) FO) HP OG) > 
F(X, OG) 2 BP 


556 Complex Analytic Geometry 


In the above, denoting by 7, : X,NXqg — Xx and jp : Xp GO XU X2, k= 
1,2, the inclusions, we may write j*(a@) = (j{(@),75(@)) and i*(a1, a2) = 
i7(a1) — 13(a2). For every cocycle u € S?(X 1M X2) there exist cochains 
Up € SP(X;,), k = 1,2, such that u = i (u,) — i8(u2). The connecting 
morphism 6* assigns to the class of u the class of v € S?+1!(X, U X2) such 
that j?**(v) = du, and j*"(v) = dus. 


Example B.5. 1. Consider the unit g-sphere in R47! = {(a1,...,2¢41)}: 
$= {2 ER | ja? = leaf? +--+ legal? = 1). 


We may write SY’ = St US” with St = S4\ {(0,...,0,1)} and S~ = 
S7\ {(0,...,0,—1)}. Note that both St and S~ are contractible. 
In the case g = 0, S° = {—1, 1} and we have: 


R@R  p=0, 


H,(S°;R) ~ 
o{ ) {o otherwise. 

In the case ¢ > 1, S1N {xq41 = 0} = SI" is a deformation retract of 
St S~. By a repeated use of (B.11), we have: 


R =0 
Hy(S%;R) = eee 


0 otherwise. 


2. Let BY = {a2 € R? | ||z|| < 1} be the closed unit g-ball in R?, q > 1. 
Then S?~! = OB? is the unit (q—1)-sphere. From the contractibility of the 
ball and (B.4) we have: 


R — 
H,(B?,S7~"; R) ~ tes 
0 otherwise. 


Note that the above holds also for g = 0, if we set B° = {0} and S~! = 9. 
In this case, Ho(B°,S~!;R) = Ho({0};R) has a canonical generator, ice., 
the class of the constant map A° + {0}. 

Note also that, if g > 1, 


0, : H,(B4,S1-';R) > Hy-1(S771;R) (B.12) 


is an isomorphism. 
Since RY and R?\ {0} deformation retract to BY and S7~!, respectively, 
there is a canonical isomorphism H,(R%,R%\ {0}; R) ~ H,(B2, S771; R). 
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For the cohomology we have: 
Example B.6. 1. For the unit sphere S% in R¢+1, q > 1, 


R  p=0, 4, 


0 otherwise. 


H? (S%;R) ~ 


2. For the closed unit q-ball B? in R¢ and the unit (q—1)-sphere S71 = OB4 
q21, 


HP(BY,St:R)e dR PES 
0 otherwise. 


The above holds also for g = 0. In this case, H°(B°,S~1;R) = H°({0};R) 
has a canonical generator, i.e., the class of the cocycle that assigns 1 to the 
constant map A° — {0}. 

Note that, if gq > 1, 6* : H9-+(S%!;R) 3 H4(B2,S%-1;R) is an iso- 
morphism. There is also a canonical isomorphism H?(R?%,R%~ {0};R) ~ 
H”(B7,S7-!;R). 


Spaces with finite homology type: A pair (X, A) of topological spaces 
is said to have a finite homology type if, for every p, Hp(X, A; Z) is finitely 
generated. For such a pair, by the structure theorem for finitely generated 
Abelian groups, we have 


H,(X,A;Z) ~ Z? © Typ, Tp = Z/(t1) ®--- OZ/(t,), (B.13) 


where bp is a non-negative integer and ¢1,...,t,, positive integers with 
t; Aland t, | t2|---|t,,. Note that r, may possibly be 0. The integers 
by and t1,...,¢,, are uniquely determined by (X,A). We call Z» the free 
part of H,(X,A;Z) and b, the p-th Betti number of (X, A). We also call 
T, the torsion part and t1,...,t,, the torsion coefficients. The torsion part 
may also be expressed as 


Tp = Z/(pj') © ++ © Z/(pj"'), 


where the p;’s are prime numbers (not necessarily distinct) and the k;’s are 
positive integers, i= 1,...,1. The powers pr are uniquely determined. 
Similar statements hold if we replace Z with a principal ideal domain. 
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Universal coefficient theorem 


The following is proved using Propositions A.18 and B.24 (cf. Exam- 
ple A.2.1 for Tor and Ext): 


Theorem B.20. Let R be a principal ideal domain. Then, for a pair of 
topological spaces (X,A) and an R-algebra S, there exist canonical exact 
sequences 


0 — S @p Hy(X, A;R) + Hp(X, A;S) > Tor? (Hp_1(X, A;R),S) > 0, 
0 > Extg(Hp-1(X, 4;R),S) > H?(X,A;S) > Homr(Hp(X, A;R),S) > 0, 
both of which split. 


Here are some of the consequences of the above: 


(1) If S is R-torsion-free, thus R-flat, there exists a canonical isomorphism 
H,(X, A;S) ~ S @r Hp(X, A;R). 


(2) If H,-1(X, A;R) is R-free, thus R-projective and R-flat, then there exist 
canonical isomorphisms 
H,(X, A;S) ~ S@rH,(X, A;R), H?(X,A;S) ~ Home(H,(X, A; R),S). 
(3) If R is a field, then there exists a canonical isomorphism 
H?(X, A;R) ~ H,(X, A;R)*. 
Note that the isomorphism is induced by the Kronecker product. 


(4) Suppose R = Z. IfS is divisible, thus Z-injective (cf. Proposition A.16), 
then there exists a canonical isomorphism 


H?(X,A;S) ~ Homz(H,(X, A; Z), S). 


(5) Suppose (X, A) is of finite homology type. Then, for K = Q, R or C, 
we have (cf. (B.13)) 


H,(X, A;K) ~ K™, H?(X,A;K) ~ K™. 
We also have 
H?(X, A;Z) ~ Z? © Ty-1. 
For the last isomorphism, let R = S = Z in the second sequence in The- 


orem B.20. First note that Homz(H,(X,A;Z),Z) ~ Z°». To compute 
Ext; (H)_1(X, A;Z), Z), take a free resolution of Hp_1(X, A;Z) of the form 


0 —> Zrr-1 Te . Zop-1 | Zp-1 S Hy-1(X, A;Z) — 0, 


where 7 is a morphism given by (71,..., Nr) > (0; niti,...,Nrtr), 7 = Ppt. 
Then we see that Extz(Hp_1(X, A;Z),Z) ~ Z/(t1)®---@Z/(tr,_,) = Tp-1- 
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Products 
Cup product: We define the cup product 
S?(X) x S4(X) —> SP+4(X), (u,v) Hurry 

by setting 

(0,u~ v) = (dpy1-+ + dp+qo,U) (do +++ dp—19, 0) (B.14) 
for a (p+ q)-simplex o and extending it R-linearly. 
Remark B.10. For a (p + qg)-simplex o, dp41---dp4+qo is the “first p- 
simplex” of o, i.e., the composition of the affine map ¢: A? > A?*? given 
by e(P;) = Pi, 0 <i <p, anda. Also, do---dp_i¢ is the “last q-simplex” 
of o, ie., the composition of the affine map «’ : A? > AP*4 given by 
e'(P;) = Poi, O< 1 <q, and o. If q = 0, the former is o itself and the 
latter the 0-simplex that assigns to Po the point o(P,) in X. 

The cup product is R-bilinear and we have 
d(uv v) =durv vt (-1)Puv~ ov. (B.15) 
This shows that the above induces the cup product on the cohomology: 
H?(X) x H4(X) —> H?+4(X), 

which makes H*(X) = @,>9 H?(X) a graded R-algebra with unity. The 
unity is the class [1] of the cochain that assigns 1 to each 0-simplex. Note 


that the cup product in H*(X) is anticommutative, i.e., for a € H?(X) 
and 6 € H1(X), 


av B= (-1)"B va. 


Let A; and Ag be subspaces of X. If the couple (A, Az) is excisive, we 
see that we also have the cup product 


H?(X, A,) x H4(X, Az) —> H?t4(X, Ay U Ag). 


If f : X > Y is a continuous map, f* : H*(Y) > H*(X) is a morphism 
of graded R-algebras with unity. 
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Cap product: We define the cap product 
S,(X) x S?(X) —>+ S,_»(X) 
by 
pe +17: dro, u) dg +++ dp—-10 (B.16) 


for an r-chain c = )*\ a,o and a p-cochain u, r > p (cf. Remark B.10). Then 
cu is R-linear in c and u and we have 


O(e nu) = (-1)?(Oe 7 u—c 7 Ou). (B.17) 
We also have 
en(uvv)=(enu)nv (B.18) 


for cE S,(X), ue S?(X) and v € S1(X). 
From (B.17) we have the cap product 


H,(X) x H?(X) —> H,—»(X). 


The relation (B.18) holds in homology and cohomology and the cap product 
makes H,(X) = ®@,s9 H-(X) a right H*(X)-module. 
In the case r = p, we have 


e(e7 u) = (c, 4), (B.19) 
where € : S9(X) > R is the augmentation. Thus from (B.18), ifp+q=r, 
(c,uv v) =(cen4,v). (B.20) 


The above identities hold also in homology and cohomology. 
Let A be a subspace of X andi: A X the inclusion. Then for c in 
S,(A) and u in S?(X, A), c~u=0. Thus we have 


S,(X, A) x S?(X, A) —+ Sp_»(X), (B.21) 
which induces 
H,(X, A) x H?(X, A) —> H,_»(X). 
Also we may define 
H,(A) x H?(X) —+ H,_,(A) by an a=a-ni*a. (B.22) 
For a continuous map f : (X, A) — (Y, B), we have 
fala am f°(B)) = fel@) > B (B.23) 
for a € H,.(X,A) and 6 € H”(Y, B), which generalizes (B.8). 
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Remark B.11. The cap product above is what is called the left cap prod- 
uct. There is also the right cap product 


S?(X) x S,(X) —+ Sp_p(X), 
which is defined by 
UnDC= S/ ag (do -++dg—10,U) dg41-++ dro 
for an r-chain c = )\ ago and a p-cochain u, r > p. Then u ~c is R-linear 
in u and c and we have 
O(unc) = (-1)" Pdunctu- dc. (B.24) 
We also have 
(uv v)nc=un(vnc) (B.25) 
for c€ S,(X), ue S?(X) and v € S4(X). Moreover we have 
(Unrp ce) 0,0 =U, (C7, v), (B.26) 


where ~; and ~, denote left and right cap products, respectively. 
From (B.24) we have the right cap product 


H?(X) x H,(X) —> Hy_»(X). 


The relation (B.25) holds in homology and cohomology and the right cap 
product makes H,(X) a left H*(X)-module. 

Note that, on the homology and cohomology level, the left and right 
cap products differ by a sign of (—1)?("-?). 


Kiinneth formula: Let X and Y be topological spaces. Denoting by pi 
and pz the projections X x Y > X and X x Y — Y, we define the cross 
product 


H?(X) x HUY) “> HPUX xY) by ax 8 = pi(a) ~ p3(8). 


Suppose the coefficient ring R is a principal ideal domain. If X is a 
space of finite homology type and if either H*(X) or H*(Y) is R-free, then 
there is an isomorphism 


H*(X x Y) ~ H*(X)@ H*(Y), (B.27) 


where a x 6 in H*(X x Y) corresponds to a @ 6 in H*(X)@ H*(Y). 
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B.2 Cell complexes 


In this section we review cell complexes and, as a special case, we discuss 
simplicial complexes. They provide practical ways of representing homology 
and cohomology of spaces that admit a cellular or simplicial decomposition. 


Cell complexes 
Let X be a Hausdorff topological space. 
Definition B.11. A cellin X is a subset e of X that admits a surjective 


continuous map x : B? > é such that y(S?~!) C eXe and that y|gagp-1 is 
a homeomorphism onto e. 


A map x as above is called a characteristic map of e. The integer p, 
which is determined uniquely by e, is called the dimension of e. A cell e of 
dimension p is called a p-cell and is sometimes denoted by e?. In the above 
we allow p to be equal to 0 and a 0-cell is a point of X, which has a unique 
characteristic map. 

A subset of the form €@ is referred to as a closed cell. In particular, B? 
is a closed cell in R? with the identity map as a characteristic map. 


Definition B.12. A cell complex is a Hausdorff topological space X to- 
gether with a family {e,}ye of cells in X with the following properties: 


(1) X =L],e, e (disjoint union). We set X? = |] 
(2) For every A € A, €Ex\ ey C XPAT?. 


1p <p €Q,,P.\ = dim ey. 


In this case, we say that {e,} ye, is a cellular decomposition of X. We 
call X? the p-skeleton of X. A subcomplex of a cell complex (X, {e,}ye 4) 
is a cell complex (A, {e,},e,’) such that A C X and A’ Cc A. For every 
p, X? is a subcomplex. The intersection and union of subcomplexes are 
subcomplexes. 

A cell complex (X, {e,},ea) is said to be finite if A is a finite set. It 
is locally finite if, for every x € X, there exists a finite subcomplex A with 
x € Int A. A subcomplex of a locally finite cell complex X is a closed set 
in X. A locally finite cell complex satisfies the conditions for what is called 
a “CW-complex” and in the following we only consider locally finite cell 
complexes. 
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Homology of cell complexes 


First we prove the following: 


Lemma B.7. Let e be a p-cell in X. If x : (B?,S?~') > (€,EXe) is a 
characteristic map of e, it induces an isomorphism 


Be. S? 'R) —> H,(€,eXe;R) for all q. 


Proof. Since B?~ {0} deformation retracts to S?~', there is a canonical 
isomorphism H,(B?,S?~*) ~ H,(B?’, B®\{0}), which is canonically isomor- 
phic with H,(B?\S?~', (BP\S?~1)\{0}) by excision. By similar arguments, 
we see that there is a canonical isomorphism H,(e€,é€\e) ~ H,(e,ex{z}), 


x = x(0) € e. Since x|grgp-1 is a homeomorphism, we have the lemma. 


Thus, for a p-cell e in X (cf. Example B.5. 2, with p and gq interchanged), 


R  q=pD, 
H,(€,e\e;R) ~ B.28 
al ) 0 otherwise. ( ) 


Let (X,{e,}xea) be a cell complex. For each p-cell e), the inclusion 
in : (Ex,Ex\ ey)  (X”, X?~1) induces a morphism 
(i,)« : Ha (€x, @x\ ex; R) — H,(X?, X?-}; R). 
With these, we have: 
Theorem B.21. In the above situation, we have an isomorphism 
Din)» : BB Ag (€x, @x\e;R) > Hy(X?, XP}; R), 
where the direct sum is taken over all the p-cells e, of X. 


Thus H,,(X?, X?~!;R) is a free R-module and H,(X?, X?~!;R) = 0 for 
FD: 


Orientation of cells: Let e be a pcell in X. Setting R = Z in (B.28), 
we have H,(€,@\e;Z) ~ Z. An orientation of e, or of €, is a generator of 
H,(€,@\e;Z). Thus each cell has two orientations. An oriented cell is a 
cell together with a specified orientation. 


Remark B.12. A 0-cell e° = {x}, x € X, has a canonical orientation, i.e., 
the class of the constant map A° > {x} in Ho(€,é\e; Z) = Ho({x};Z). 
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Homology and cohomology of cell complexes: For a cell complex 
(X, {ey}), we set 

Cp(X;R) = Hp(X?, X?~*;R). 
For each p-cell e,, we choose and fix an orientation uw, € H,(€x,€x\ ey; Z) 
and let i, : (€x,é,\ey)  (X?, X?~') be the inclusion as before. Then by 
Theorem B.21, C,(X;Z) is the free Z-module (Abelian group) generated 


by the (2))(j.)’s, for all the p-cells e, in X. By Theorem B.21 and (B.28), 
we have H,_(X?, X?~!;Z) =0. Hence by Theorem B.20, we have: 


Proposition B.25. There is a canonical isomorphism 
Cp(X;R) ~ R @z Cp(X; Z). 


Thus intuitively we may say that C,(X;R) is the free R-module gener- 
ated by all the oriented closed p-cells in X. 
We define the boundary operator (we omit the coefficient R) 


Op + Cp(X) —> Cp-1(X) 
as the connecting morphism 
H,(X?, X?-1) 25 A y(XP 1, XP) 
in the long exact sequence for the triple (X?, X?~!, X?~) (cf. (B.5)). Then 
we have Op; 0 0, = 0 and (C,(X;R), 0.) is a chain complex. 

If A is a subcomplex of X, we may think of C,(A;R) as the free R- 
module generated by the oriented closed p-cells in A, by Proposition B.25, 
and identify with a direct summand of C,(X;R). The boundary opera- 
tors are compatible with the inclusion C,(A;R) < C,(X;R) and we have 
the quotient complex C.(X;R)/C.(A;R), which we denote by C.(X, A; R). 
Note that we may think of C,(X,.A;R) as the free R-module generated by 
the closures of oriented p-cells in X \ A. 

Denoting by C*(A;R), C*(X;R) and C*(X, A; R) the cochain complexes 
dual to C.(A;R), C.(X;R) and C.(X, A; R), respectively, we have the exact 
sequence, as in the case of singular cochains: 

0 — C*(X, A;R) — C*(X;R) —> C*(A;R) — 0. 

We have: 


Theorem B.22. For a pair (X, A) of cell complexes, there exist canonical 
isomorphisms: 


H,(C.(X, A;R)) ~ H,(X,A:R), H?(C*(X, A;R)) ~ H?(X, A;R). 
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Example B.7. The sphere S%, g > 1, may be identified with the space 
obtained from B? by shrinking S?-! = OB? to a point. Let y : BY + S? be 
the projection in this process. Setting e? = y(S%~') and e7 = S7\ e®, we 
have a cellular decomposition {e°, e%} of S?. 

Suppose q > 2. For B?, we set ef = BY\ St?! and for S?-!, we take 
the above decomposition {e°,e7~'}. Then {e°, e%~!, e%} is a cellular de- 
composition of B?. Applying Theorem B.22, we come back to the results 
of Example B.5. 


A cell is said to be regular if it admits a characteristic map that is 
a homeomorphism. A cell complex is regular if every cell is regular. As 
particular regular cell complexes, there are “simplicial complexes” . 


Simplicial complexes 


Let s be a p-simplex with vertices vg,..., Up in RY. A face of s is a simplex 
with vertices a subset of {vo,..., Up}. If t is a face of s, we write t < s. 


Definition B.13. A simplicial complez is a collection K of simplices in RN 
satisfying the following conditions: 


(1) Every face of a simplex in K is in K. 

(2) If s andt are in K and if snt 40, sMt is a face of each of s and t. 

(3) Every point x in |K| = U,ex $ has a neighborhood intersecting with 
only a finite number of simplices in K. 


The set |A| as above is called the polyhedron of kK. Let K and K' be 
simplicial complexes. A simplicial map of K to K’ is a continuous map 
f : |K| — |K"| which carries each simplex of K linearly (in the affine sense) 
onto a simplex of K’. It is a simplicial isomorphism if, in addition, f is a 
homeomorphism. 

A subcomplex of K is a subset of K which itself is a simplicial complex. 
If L is a subcomplex of K, |L| is a closed subset of ||. Let A be a subset 
of |K|. The star and the link of A in K are defined, respectively, by 


Sx(A)={t¢ K |t Xs for some s,Ans 9}, 

L(A) ={t € Sx(A)| ANt=9}. 
They are subcomplexes of kK. We set Sx(A) = |Sx(A)| and LxK(A) = 
|C«(A)| and call them also the star and the link of A. The open star of A 
is Ox (A) = Sx(A)\ LK(A). Note that |K|\O,(A) is the polyhedron of 
the subcomplex consisting of simplices that are disjoint from A. 
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For a simplex s, we set €g = s\Uis. t. Thus e, = s. If K is a simplicial 
complex, (|K|, {e;}) is a regular cell complex. If L is a subcomplex of K, 
|L| is a sub-cell complex of |]. 


Orientation of simplices: Let s be a p-simplex with vertices vo,..., Up. 
Assume that p > 1 for the moment. We introduce a relation ~ in the 
set of ordered vertices of s by saying that (v,;,,...,Vi,) ~ (Ujo,---,U3,) if 
(io,...,%») is an even permutation of (jo,...,jp). Then it is an equiva- 
lence relation and there are exactly two equivalence classes, each of which 
is called an orientation of s. An oriented simplex is a simplex together 
with a specified orientation. The specified orientation is called positive and 
the other one negative. A simplex with the orientation represented by an 


ordered vertices (vp,..., Up) is also denoted by (vo,..., Up) and the simplex 
with the opposite orientation by —(vo,..., Up). Then for every permutation 
p of (0,...,p), 

(Up(0)1+ ++» Up(p)) = SEN p+ (V0,--- Up)- 


By convention we think of a 0-simplex s with vertex v as having two 
orientations and denote s with the “specified orientation” by (v) and s with 
the “other orientation” by —(v). 


Remark B.13. 1. Specifying an orientation of the standard p-simplex A? 
in R?, p > 1, is equivalent to specifying an orientation of R? as a vector 
space (cf. Section 3.7), since every orientation of A? is represented by an 
ordered vertices of the form (Po, Pi,,---, Pi). The standard orientation of 
A? is the one represented by (Po, Pi,..., Pp»). We always endow A? with 
the standard orientation; A? = (Po, Pi,...,P,), which is consistent with 
Convention 3.1. In the case p = 0, we specify an “orientation” of A° so 
that we may write A° = (Pp). 
The boundary 0A? is oriented as 
P 
OP ac, Ps) SOY Pig Peal) 

i=0 
We may think of A? as a p-dimensional piecewise C°° manifold with bound- 
ary in R” (cf. Definition 5.10). The above orientation of the boundary is 
consistent with Convention 3.2, modified for piecewise C° manifolds. 


2. There is a natural homeomorphism h : (A?, A? \ Int A?) + (B?,S?~'), 
p> 0. Thus H,(A?, A?\Int A?; Z) ~ Z (cf. Example B.5. 2). Moreover the 
homology has a canonical generator, i.e., the class [1,] of the identity map 1, 
of A?. This in turn gives a canonical generator h,([1p]) of Hp)(B?,S?~1;Z). 
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We always think of B? as an oriented closed cell with this orientation. By 
(B.12), H,(S?;Z), p > 1, has also a canonical generator. 


3. The above definition of orientation of a simplex s is made to be compati- 
ble with that of the cell e, in the following sense. For an oriented p-simplex 
8 =(U0,.--,Up), p= 1, we define an affine map y : A? > s by y(Pi) = vi. 
We may think of it as a characteristic map for e, and, noting that €, = s, 
we endow the cell e, with the orientation y.([1)]) € Hp(s,s \ es;Z) 
(cf. Lemma B.7). 

In the case s is a 0-simplex with vertex v, we specify an orientation of s; 
s =(v). Define x : A° > s by y(Po) = v, then yx([lo]) € Ho(s, s\es;Z) = 
Ho({v};Z) is the canonical orientation of es (cf. Remark B.12). 


Homology and cohomology of simplicial complexes: Let K be a 
simplicial complex. By Remark B.13, we may think of the chain group 
C,(|A|;R) as the free R-module generated by the oriented p-simplices in 
with the boundary operator given by 


(v0, --- 5%) = J (—1)*(v0, --., Gy. 5 Up). (B.29) 
i=0 


a 


If L is a subcomplex of K, we may identify C,(|L|;R) with a di- 
rect summand of C,(|K|;R) and we have the quotient chain complex 
C.K], |Z];R) = C.(/|;R)/C.(|L|;R). Denoting by C*(|A|,|L|;R) the 
cochain complex dual to C,(|A|,|Z|;R), we have canonical isomorphisms 
(cf. Theorem B.22) 


Ay(Co(|K|,|L£];R)) ~ Ap(|4], |L1; R), 


: (B.30) 
H?(C®(|K|,|L|;R)) ~ H?(|K|, |L]; R). 


The above isomorphisms may also be interpreted as follows. Let s be 
an oriented p-simplex of kK. Regarding the map y : A? > s Cc |K| defined 
in Remark B.13.3 as a singular simplex of |K|, we have a morphism 


Tp + Cp(|K], |L|;R) — Sp(|K], |£];R). 
We also have its transpose 
mp : S?(|K],|L|;R) — C?(|K], |Z]; R). 


Then the above morphisms are compatible with the boundary and cobound- 
ary operators, respectively, and induce the isomorphisms in (B.30). 
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Cup and cap products: Let K be a simplicial complex and VY the set 
of vertices of K. 


Definition B.14. An ordering on V is simplicial if its restriction to the set 
of vertices of each simplex of K is total. 


For example, a total ordering on VY is simplicial. The cup and cap 
products are defined on the level of simplicial chains and cochains. For this 
we fix a simplicial ordering on V. 

For an oriented simplex s of K we denote by ¥(s) its dual in C?(|K|;R), 
i.e., the element defined by 

1 if s’=s 
s’,0(s)) = , 
\ (s)) f otherwise 
and extended R-linearly. Then C?(|A|;R) is the free R-module generated 
by the J(s)’s. 
The cup product 


C?(|K|;R) x C4(|K|;R) — C?*4([K]; R) 


is defined by setting, for oriented p-simplex s;, q-simplex s2 and (p + q)- 


simplex s 

(s,0(s1) v 0(82)) =€61€2 (B.31) 
if we may write 8; = €1(U0,...,Up), 82 = €2(Up,...,Up+q) and s = 
E(U0,---,Uptq) With vo < --+ < Up4q, setting 0 otherwise, and extending 
R-linearly. 


The cap product 
Cr(|K|;R) x C? (||; R) —> Cr—p(|K15 R) 
is defined by 
(C7 u,v) = (cur v) 
for an r-chain c, a p-cochain u and an (r — p)-cochain v. Thus if s = 
é(vo,---,Ur) with up < +++ <u, and 81 = €1(v0,..., Up), 
80 0(81) = €€1(Up,---, Ur). (B.32) 
Also, for s and s; as above, 
8 ~ 60(81) = €(O(v0, ---, Up+1), ¥(81)) (Up4i,-- +, Ur) 


B.33 
= (=1)P een (tps; “Day te): 
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If L is a subcomplex of K, for c in C,(|L|;R) and u in C?(|K |, |L|;R), 
c~u=0. Thus we have 


C,(|K], |L];R) x C?(|K],|L|;R) — Cr—p(|K|;R). (B.34) 


Remark B.14. 1. The above products induce the cup and cap products 
on the level of homology and cohomology and correspond to the ones on 
singular homology and cohomology under the isomorphisms of (B.30). 


2. The above cap product is the left cap product. The right cap product 
C?(|K|;R) x C,(|K|;R) —> Cr—p(|K];R) 
is defined by 
(un c,v) = (cur u) 
for an r-chain c, a p-cochain wu and an (r — p)-cochain v. Thus if s = 
E(Voye. (U-) With ug <s>-<y, and 81S 21 (Opps 5 Up) 
U(81) 0 8 = €€1(U0,..., Ur—p)- (B.35) 


Barycentric subdivision: Let K bea simplicial complex. A subdivision 
of K is a simplicial complex A’ such that |K’| = |K| and that each simplex 
of K’ is contained in a simplex of kK. A particular type of subdivisions 
of K is given as follows. For a simplex s, we denote by bg, its barycenter. 
The barycentric subdivision K' of K is the set of simplices obtained in the 
following way. Take a sequence of simplices sy 3 --- 3 sp in K. Then the 
simplices in K’ consist of {bs,,..., bs, } for all the sequences as above. It is 
again a simplicial complex. 

A subcomplex L of K is full if s is a simplex in kK whose vertices are 
all in L, then s is in L. For any subcomplex L of K, L’ is full in K’, the 
barycentric subdivision of Kk. 

We give a proof of the following for the sake of completeness: 


Proposition B.26. If L is a full subcomplex of K, |L| is a deformation 
retract of Sx: (|L]). 


Proof. Let x be a point in Ox(|L|). For each vertex v in L, we define 
a number x(v) as follows. If there is a simplex s in K such that x is in s 
and v is a vertex of s, x(v) is the barycentric coordinate of x relative to v. 
Note that it is a positive number not depending on such an s. If there are 
no such simplices, we set x(v) = 0. Noting that >°,,-;, x(v) is a finite sum, 
which is non-zero, we set 
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It is in a face of a simplex of K whose vertices are in L. Since L is full, 
the point is in |L|. If x is in |Z|, )0,-, e(v) =1 and r(x) = a. Thus it is a 
retraction of Ox(|L£|) onto |Z]. Moreover, it is a deformation retraction by 
the homotopy r;(z) = (1 — t)a +tr(a). The restriction of r to Sx-(|L}) is 
a desired deformation retraction. 


Note that the above retraction r : Sx/(|L|) — |L| is proper. 


B.3 Homology of locally finite chains 


Let X be a locally compact topological space. A locally finite singular 
p-chain of X is a formal sum 


c= ) AoA, 
oO 


with o singular p-simplices of X and a, € R, such that, for every compact 
set Cin X, 
{a|a, #0, c(A?)NC#O} 

is a finite set. If c is a locally finite singular p-chain as above, its support 
lc| = Ua, 40 7(A®) is closed and the boundary dc is a well-defined locally 
finite singular (p — 1)-chain. The set 5,,(X ;R) of locally finite chains is 
an R-module and we have a chain complex (S.(X ;R),0.). The homology 
H, (X; R) of this complex is called the homology of locally finite singular 
chains. 

There is a natural inclusion S,(X;R) © $.(X;R), which induces a 
morphism 


H,p(X;R) — Hp(X;R). 
If X is compact, it is an isomorphism. 


If f : X — Y is a proper map of locally compact spaces, it induces a 
morphism 


fa: H,(X) at H,(Y), 
which is determined by the proper homotopy class of f. 


Remark B.15. The homology of locally finite singular chains is not a 
homotopy invariant as the following example shows: 


L p=q, 


HE) = f D#FQ 
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If A is a closed subset of X, then the inclusion A — X is proper and we 
may identify $,(A;R) with a subcomplex of $,(X;R). Thus we have the 
complex S,(X,A;R) = $.(X;R)/S.(A;R) of relative chains, which defines 
the relative homology Hx , A; R) of locally finite singular chains. We have 
also the exact sequence as (B.4) for this homology theory. 

For A as above, we may define the cap product 


Si.(X, A) x S?(X, A) > $,_»(X) 
as in (B.16), see also (B.21). It induces the cap product 
A,X, ANS Hey Ay CX (B.36) 


Let (X,{e,}axea) be a (locally finite) cell complex. We denote by 
OX ;R) the R-module of formal sums of oriented closed p-cells in X with 
coefficients in R, i.e., the direct product [[ Rex with €y all the oriented 
closed p-cells in X. Then we have a chain complex (C,(X;R),9). If A is a 
sub-cell complex of X, C.(A;R) is a subcomplex of C,(X;R) and we may 
consider the quotient complex C,(X,A;R) = C.(X;R)/C.(A;R). Then 
there is a canonical isomorphism 


A (G(X) AR) Ox, APR), (B.37) 

For a simplicial complex K, C,(|K|;R) is the R-module of formal sums 

of oriented p-simplices in K with coefficients in R. If L is a sub-simplicial 

complex of K, C,(|L|;R) is asubcomplex of C, (|K|;R) and we have the quo- 

tient complex C.(|K|,|L|;R) = Ce(|K|;R)/Ce(|L|;R). There is a canonical 
isomorphism 


H,(C.(|K|,|L|;R)) = Hp(|K, [£1 R). (B.38) 


The cap product (B.36) may also be described in terms of locally finite 
chains of K (cf. (B.34)): 


C;(|K|,|L|;R) x C?(|K|, |£];R) + Cp—p(|K|;R). (B.39) 


Notes 

As a basic reference on general topology, we list [Munkres (1975)]. There 
are a number of references on algebraic topology. Here we list [Greenberg 
and Harper (1981); Hattori (1991); Spanier (1966)]. 
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of a sheaf, 333 equivalence, 527 
of forms, 181 homotopy, 526 
of locally constant functions, cocycle, 526 
180 cofinal, 533 
complex, 180 Cohen-Macaulay (CM) module, 545 
theorem, 200 coherent sheaf, 343 
Cech-de Rham cohomologous, 526 
cohomology, 183 cohomology 
complex, 183 Bott-Chern, 284 
Stokes theorem, 194, 196 Cech, 179 
theorem, 199 Cech-de Rham, 183 
Cech-Dolbeault cohomology, 354 Cech-Dolbeault, 354 
cell, 562 de Rham, 178 
characteristic map of, 562 Dolbeault, 264 
complex, 562 of a cochain complex, 526 
finite, 562 of sheaves, 332 
homology of, 564 relative Cech-de Rham, 205 
sub, 562 relative de Rham, 206 
dual, 97 singular, 554 
regular, 565 collar neighborhood theorem, 86 
cellular decomposition, 31, 97, complete intersection, 376 
562 global, 378 
chain, 524 set-theoretic, 376 
complex, 523 complex 
equivalence, 525 acyclic, 527 
homotopy, 525 Cech, 180 
morphism, 524 Cech-de Rham, 183 
characteristic chain, 523 
class, 247, 279 cochain, 525 
form, 246 de Rham, 177, 339 


chart, 24 Dolbeault, 264, 339 


double, 531 

of sheaves, 339 
complex analytic space, 361 
complex conjugate 

of vector space, 46 

of vector bundle, 68 
complex curve, 25 
complex manifold, 24 
complex slice, 92 
complex space, 361 

model, 361 
complex structure, 24 
complex subspace, 365 
complex surface, 25 
complexification of vector 

bundle, 68 
cone, 136 
connecting morphism, 525 
connection, 240 

dual, 252 

Hermitian, 281 

matrix, 242 

metric, 282 

of type (1,0), 278 
coordinate 

neighborhood, 25 

system, 25 
coordinates 

homogeneous, 26 

local, 25 
cotangent 

bundle 

holomorphic, 71 
real, 69 

sheaf, 381 
covering 

analytically good, 354 

good, 186, 340 

simplicial, 180 
covering map, 27, 39 
critical 

point, 11 

set, 376 
cross product, 113, 561 
cup product, 201, 559, 568 

of Cech-de Rham cochains, 200 
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curvature, 241 
matrix, 242 
cycle, 524 


deformation retract, 552 
proper, 552 
degree 
of a map, 128 
of a projective algebraic space, 
485 
determinant bundle, 67 
de Rham 
cohomology, 178 
complex, 177, 339 
theorem, 199 
difference form, 247 
differentiable manifold, 43 
differential, 44 
differential form, 161 
of type (p,q), 164 
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with coefficients in a vector bundle, 


163 

dimension 

Krull, 40, 544 

of a complex manifold, 24 

of a C” manifold, 43 

of a variety, 40 

topological, 48 
direct image sheaf, 329 
direct limit, 14, 326, 533 
direct sum 

of connections, 250 

of vector bundles, 66 
discriminant 

of a polynomial, 540 
divisor 

canonical, 373 

Cartier, 369, 478 

effective, 372, 479 

principal, 370 

Weil, 370, 478 
Dolbeault 

cohomology, 264 

complex, 264, 339 

Theorem, 352 


Dolbeault-Grothendieck lemma, 351 
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domain, 348 
holomorphically convex, 349 
double complex, 531 
dual cell, 97 
duality 
Alexander, 104 
Lefschetz, 107 
Poincaré, 101 


effective divisor, 372, 479 
Ehresmann fibration theorem, 92 


elementary invariant polynomial, 243 


embedding, 27 
epimorphism, 523 
equivariant, 52 
Euler 

class, 134, 141, 150 

localized, 147 
relative, 136 

sequence, 274 
Euler-Poincaré characteristic 

of a holomorphic vector bundle, 

358 

of a space, 149, 272 
exact sequence 

of sheaves, 328 

of vector bundles, 63 
excellent, 483 
exceptional divisor, 373 
excision, 207, 555 
exterior derivative, 162 
exterior product 

of connections, 252 

of differential forms, 162 


family of sections (r-section), 128 
fiber bundle, 56 
fiber integration, 169 
on CdR cochains, 227 
filtration, 528 
Hodge, 268 
fine sheaf, 335 
finite 
homology type, 557 
map, 38 
finitely generated module, 534 


fixed point, 52 
flat module, 535 
fraction 
field, 539 
ring, 543 
frame, 64, 74, 128 
orthonormal, 258, 261 
free module, 534 
Frobenius theorem, 172 
Frélicher spectral sequence, 271 
Fubini-Study 
form, 275, 283 
metric, 276 
function 
algebraic, 33 
analytic 
one variable, 5 
several variables, 8 
holomorphic, 26 
one variable, 6 
several variables, 10 
meromorphic, 8, 15, 369, 478, 544 
of class C”, 5 
real analytic, 43 
regular, 32 
fundamental 
class, 101, 140 
cycle, 101, 140 


Gauss’ lemma, 19, 540 
Gauss-Bonnet formula, 152, 403, 
444 
general point of a pseudo-manifold, 
140 
genus, 277 
germ 
of a complex space, 364 
of a holomorphic function, 14 
of a variety, 34 
good covering, 186, 340 
Grassmann manifold, 26, 77, 146 
Grothendieck 
residue, 391 
spectral sequence, 538 
Grothendieck-Riemann-Roch 
theorem, 518 


group action, 51 
effective, 52 
free, 52 
properly discontinuous, 54 
transitive, 52 
GSV-index, 443 
Gysin morphism, 117, 418, 511 


harmonic form, 263, 265 
height, 544 
Hermitian 
connection, 281 
form, 262 
inner product, 259 
metric, 260 
vector bundle, 260 
vector space, 259 
Hilbert basis theorem, 20, 541 
Hodge 
filtration, 268 
metric, 277 
structure, 269 
holomorphic 
distribution, 304 
foliation, 174 


tangent 
bundle, 71 
space, 46 


vector field, 72 
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holomorphically convex domain, 349 


homogeneous space, 52 
homologous, 524 
homology 
of a chain complex, 524 
of locally finite chains, 98, 570 
singular, 551 
homomorphism, 523 
homotopy, 551 
chain, 525 
cochain, 526 
equivalence, 551 
exact sequence, 60 
group, 59 
inverse, 551 
proper, 552 
honeycomb system, 189 


Hopf manifold, 55, 59, 275, 276 
Hurewicz theorem, 61 
hypercohomology, 340 
hyperplane, 31, 483 

bundle, 73, 146, 283, 310 
hypersurface, 42 

projective algebraic, 31 


ideal 
maximal, 15, 542 
primary, 34, 542 
prime, 34, 542 
principal, 36 
immersion, 27, 45 
implicit mapping theorem, 12 
in general position (general), 485 
index 
of a 1-form, 403 
of a section, 134, 457 
of an r-section, 130 
Poincaré-Hopf, 150, 402 
virtual, 441 
injective module, 534 
inner product, 256 
Hermitian, 259 
integral domain, 14, 539 
integration 
along fibers, 169 
of differential forms, 167 
intersection 
of complex subspaces, 365 
intersection product, 117 
localized, 121 
invariant (symmetric) polynomial, 
243 
inverse image sheaf, 329 
inverse mapping theorem, 12 
irreducible 
decomposition 
of a variety, 36 
of an element, 19, 539 
element, 19, 539 
globally, 42 
variety, 35 
isomorphism 
Alexander, 114 
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of fiber bundles, 57 
of modules, 523 
of vector bundles, 62 
Poincaré, 114 
Thom, 114 

isotopy, 138 


Jacobian matrix, 11 


K-group, 497 
Kahler 
manifold, 276 
metric, 276 
Kodaira embedding theorem, 278 
Kodaira-Serre duality, 266, 267, 358 
Koszul complex, 506 
Kronecker product, 98, 527 
Krull dimension, 40, 544 
Kiinneth formula, 561 


Laplacian, 263, 265, 267 
Lefschetz 
duality, 107 
fixed point formula, 236 
morphism, 415 
ine bundle, 62 
associated with a divisor, 369 
associated with a hypersurface, 73 
inearly equivalent, 370 
ink, 136, 565 
of singularity, 379 
ocal C-algebra, 358 
ocal complete intersection (LCI), 381 
ocal defining 
function, 28 
map, 28 
ocal ring, 15, 542 
ocalization, 141, 289-291, 426 
differential geometric, 307, 389, 429 
topological, 141, 389, 426 
ocalized intersection product, 121 
ocally free sheaf, 342 


m-fold point, 364, 484 
manifold 
complex, 24 


differentiable, 43 
Kahler, 276 
piecewise C™, 139 
piecewise-linear, 137 
projective algebraic, 31 
pseudo, 139 
quasi-projective, 32 
real analytic, 43 
topological, 43 
with boundary, 85 
map 
biholomorphic, 10, 26 
finite, 38 
holomorphic, 10, 26 
mapping degree, 128 
maximum principle, 7, 13 
meromorphic function, 8, 15, 369, 
478, 544 
metric 
Fubini-Study, 276 
Hermitian, 260 
Hodge, 277 
Kahler, 276 
Riemannian, 257 
Milnor 
fiber, 379 
number, 380 
minimal polynomial, 540 
model complex space, 361 
monomorphism, 523 
morphism 
of complex spaces, 361 
of modules, 523 
of sheaves, 327, 330 
of vector bundles, 62 
multiplicative subset, 543 
multiplicity 
of a function, 380, 392, 404, 447 
a variety at a point, 483 
an irreducible component, 405, 
451 
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Nakayama’s lemma, 542 
Newton’s formula, 498 
nilpotent element, 362, 542 
non-singular variety, 29 
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normal 
bundle 
holomorphic, 72 
real, 70 
sheaf, 381 
space, 45 
nowhere dense, 29 
Nullstellensatz, 39 
for principal ideals, 37 


obstruction, 129 
open mapping theorem, 7 
orbit, 52 
order 
of a meromorphic section, 370, 479 
of a pole, 7 
of a power series, 15 
in a variable, 15 
of a zero, 7 
order of a covering, 48 
order relation (ordering), 532 
of vertices, 99 
simplicial, 99, 568 
total, 533 
orientation 
of a cell, 563 
of a fiber bundle, 88 
of a manifold, 84 
of a simplex, 566 
of a vector bundle, 88 


paracompact, 25 
piecewise C'° 
homeomorphism, 137 
manifold, 139 
piecewise-linear (PL) 
manifold, 137 
map, 136 
Poincaré 
duality, 101 
in forms, 215, 266 
isomorphism, 114 
lemma, 178 
morphism, 414 
residue map, 166 


Poincaré-Hopf 
index, 150, 402 
theorem, 151 
polarization, 243 
pole of a meromorphic function, 7, 
369, 478 
polydisk, 4 
polyhedron, 136 
of a simplicial complex, 565 
presheaf, 326 
primary 
decomposition, 543 
ideal, 34, 542 
prime 
element, 20, 539 
ideal, 34, 542 
principal divisor, 370 
principal ideal, 36 
domain (PID), 541 
product 
cap, 560, 568 
cup, 201, 559, 568 
exterior, 162 
Kronecker, 527 
of Cech cochains, 201 
product formula for Thom classes, 
114 
projection formula, 171, 227 
projective 
algebraic manifold, 31 
algebraic variety, 31 
space, 25 
projective dimension, 546 
projective module, 534 
proper 
deformation retract, 552 
homotopy, 552 
map, 552 
mapping theorem, 42 
proper case, 389, 433 
proper ideal, 541 
proper transform, 374 
properly discontinuous action, 54 
properly ordered index set, 182 
pseudo-manifold, 139 
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pull-back 

in Cech cohomology, 203 

in Cech-de Rham cohomology, 204 

of a connection, 249 

of a differential form, 163 

of a section, 65 

of a vector bundle, 64 
push-forward in cohomology, 109 


quasi-projective 
manifold, 32 
variety, 32 


radical of an ideal, 34, 542 
rank of a vector bundle, 62 
real analytic 
function, 43 
manifold, 43 
reduced 
complex space, 362 
germ of a holomorphic function, 
346 
reduced expression, 182, 184 
refinement, 24 
regular 
cell, 565 
function, 32 
in a variable, 15 
point 
of a holomorphic map, 11, 27 
of a variety, 29 
section, 384 
sequence, 544 
relative 
Cech-de Rham cohomology, 205 
Chern class, 135 
de Rham cohomology, 206 
Euler class, 136 
homology, 553 
residue, 290, 293 
differential geometric, 307 
Grothendieck, 391 
theorem, 143, 148, 294, 308, 427 
topological, 141, 427 
transverse, 144, 149, 294 
resolution of a sheaf, 339 


restriction of a sheaf, 326 
resultant, 540 
Ricci identity, 303 
Riemann 
extension theorem, 21 
sphere, 26 
surface, 25, 407, 496 
Riemannian 
metric, 257 
vector bundle, 257 
ring 
local, 15, 542 
Noetherian, 20, 541 
of convergent power series, 14 
of germs of holomorphic functions, 
14 


Sard’s theorem, 45 
Schubert 
cell, 79 
class, 147 
cycle, 80 
variety, 80, 146 
section 
of a fiber bundle, 58 
of a sheaf, 326 
self-intersection number, 488 
semianalytic set, 387 
series, 2 
absolutely convergent, 2 
convergent, 2 
multi, 2 
normally convergent, 3 
power, 4 
Taylor, 10 
sheaf, 325 
coherent, 343 
constant, 326 
cotangent, 381 
direct image, 329, 367 
fine, 335 
inverse image, 329 
locally free, 342 
morphism, 327, 330 
normal, 381 
of continuous functions, 331 
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of C° (p, q)-forms, 332 
of C® functions, 331 
of Abelian groups, 325 
of finite type, 342 
of holomorphic functions, 331 
of meromorphic functions, 368 
of modules, 330 
of real analytic functions, 331 
of relations, 343 
of rings, 330 
restriction, 326 
tangent, 332, 381 
simplex, 550 
standard, 550 
simplicial 
complex, 565 
covering, 180 
ordering, 99, 568 
singular 
chain, 550 
homology, 551 
point 
of a holomorphic map, 11, 27 
of a variety, 29 
of an r-section, 128 
simplex, 550 
slice, 92 
complex, 92 
smoothing of a PL manifold, 138 
spectral sequence, 528 
Frélicher, 271 
Grothendieck, 538 
sphere, 26 
stabilizer, 52 
stalk, 325 
standard simplex, 550 
star, 103, 136, 565 
open, 103, 565 
star operator, 262 
Stiefel manifold 
complex, 74 
real, 76 
Stokes theorem, 168 
Cech-de Rham, 194, 196 
stratification, 47, 190 
Whitney, 47, 190, 412 
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subanalytic 
set, 388 
triangulation, 388 
submersion, 27, 45 
support 
of a divisor, 371, 478 
of a sheaf, 330 
system of honeycomb cells, 189 


tangent 
bundle 
holomorphic, 71 
real, 69 
virtual, 382 
cone, 483 
sheaf, 332, 381 
space 
holomorphic, 46 
real, 44 
tautological bundle, 59, 81, 273 
tensor product of connections, 252 
Thom 
class 
as a localized Euler class, 
153 
in Cech-de Rham cohomology, 
225 
of a complex subspace, 510 
of a complex vector bundle, 
312 
of a submanifold, 110, 225 
of a subvariety, 416 
of an oriented vector bundle, 
111, 226 
isomorphism, 110, 114, 225 
morphism, 416, 510 
Todd 
class, 498 
form, 500 
topological 
dimension, 48 
manifold, 43 
torsion-free module, 535 
total transform, 374, 491 
transversality, 90 
transverse residue, 144, 149, 294 
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triangulation, 96 
c™, 96 
subanalytic, 388 
tube, 411 
tubular neighborhood, 89 
theorem, 89 
complex, 514 


unique factorization domain (UFD), 
19, 539 

uniqueness of analytic continuation, 
13 

unit, 15, 539 

universal bundle, 81, 146, 273 

universal coefficient theorem, 558 


variety 
affine algebraic, 30 
analytic, 28 
projective algebraic, 31 
quasi-projective, 32 
vector bundle, 61 
algebraic, 65 
Hermitian, 260 
Riemannian, 257 


vector field, 69, 161 
holomorphic, 72 
virtual 
bundle, 250, 497 
cotangent bundle, 446 
index, 441 
multiplicity of a function, 
447 
tangent bundle, 382, 440 
volume form, 259, 262 


Weierstrass 

division theorem, 17 

polynomial, 16 

preparation theorem, 18 
Weil divisor, 370, 478 
Whitney 

stratification, 47, 190, 412 

sum, 66 

formula, 155, 250, 311, 
317, 458 
umbrella, 30 
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zero section, 64 


